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Abstract 


been demonstrated to be feasible as confirmed by theoretical studies and experimental tests 


NONDESTRUCTIVE TESTING OF SOLID-PROPELLANT 
MOTORS 


M. E. LIEBMAN and L. P. DOLAN* 


Reliability Department, Polaris Engineering Division, Aerojet-General Corporation 


Nondestructive tests of solid-propellant motors utilizing gamma scintillation techniques have 


These tech- 


niques utilize a cobalt-60 source so oriented that the differential radiation flux associated with cracks or 
flaws that might be present in the propellant grain is detected, recorded, and analyzed electronically 
These inspection techniques support the POLARIS program by allowing assessment of the condition of 
the propellant grains before and after environmental tests and by providing assurance that delivered 


motors are free of critical flaws and defects 


Reliable weapons are seldom developed by 
and then 
sidering reliability as an afterthought. Instead, 
reliable weapons are achieved by developing 


designing for performance con- 


components of sound design, by confirming the 
reliability of the components and incorporating 
them into an integrated system that can be 
fabricated, assembled, and tested 
under a reliability program so comprehensive 


inspected. 


that every possible mode of failure is known, 
measured, and controlled. There- 
must be 


understood. 


fore, reliability and performance 
developed concurrently 

In recognition of these essential requirements 
Aerojet-General 


the responsibility 


for achieving reliability, the 


Corporation, charged with 
for the development of the propulsion subsystem 
for the POLARIS missile, established a separate 
Reliability Engineering Department in parallel 
with the Design and Development Departments 
One of the major problems encountered in the 
course of such a Reliability program is applying 
nondestructive testing methods to assure that 
the solid propellant within the rocket is an 
integral unit, free from harmful cracks, casting 
voids, and separations. These three types of 
flaws may develop which affect ballistic per- 
formance of the rocket: first, cracks or fissures 
can occur within the propellant web; second, 


* Mr. Dolan is now employed in the Propulsion 
Laboratory at Space Technology Laboratories, Inc 


voids may be present within the web; third, a 
separation can occur between a liner and the 
steel chamber wall or between that liner and the 
propellant grain. The cracks and separations 
usually result from stresses within the propellant 
grain caused by differences in thermal expansion 
and the 
materials 


between the steel case 


propellant liner system. The lining 


coefficients 


serve: (a) as an adhesive to secure the propellant 
to the steel chamber, (b) as a surface burning 
restriction, and (c) as an insulating material to 
prevent chamber overheating. Separation of the 
liner material from either the steel or the 
propellant may cause motor failures associated 
with the above three liner functions 
flaws within the propellant add to the total 
burning surface as they become exposed during 


burning 


Voids or 


firing. An increase in area 
pressure, 


increase in burning surface due to voids may 


motor 


increases the therefore an excessive 


cause the motor chamber to rupture. Cracks 
also add to the burning surface and, in addition. 
are dangerous for structural reasons. When 


the chamber is pressurized, a crack may be 
propagated to the extent that sections of the 
grain would break away 

On the basis of the results of recent investiga- 
tions, a Solid Propellant Grain Inspection 
Facility (Fig. 1) has been constructed at Aerojet- 
General Corporation. All POLARIS 
motors will be subjected to a series of non- 
destructive tests in the facility to ensure the 


fullscale 


— 
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integrity of the solid propellant grain and the 
absence of liner-chamber or liner-propellant 
separation 

The first of these inspections utilizes a large 
scale boroscope, which is designed to view all 
inside surfaces of the propellant with a 1-5 
power optical magnification and with a light 
source that allows the inspector to detect 
cracks and casting imperfections that have access 
to the surface 

The next inspection process involves the use 
of a pulse-echo ultrasonic tester. This device, in 
our application, is presently being calibrated 
for maximum sensitivity at the steel-to-liner 
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appears when the probe passes over an unbonded 
area. The separation that can cause this extreme 
difference is actually less than two thousandths 
of an inch. A direct-reading meter is now 
designed to eliminate the interpretation of the 
oscilloscope and records inspection results as a 
percentage bonded 

The most thorough and significant grain 
inspection will be performed by means of 
gamma scintillation techniques. These techniques 
are based on the fact that the radiation from a 
gamma source transmitted through a material 
is constant (within statistical fluctuations). 
provided that no change occurs in either the 


MOVABLE 


DOORS 


A BOROSCOPE 
\— ULTRASONIC 
INSPECTION 


PEDESTAL 


Fig. |. Solid rocket grain inspection facility. 


bond; additional circuitry is under development 
that will extend the sensitivity to the detection 
of separations between the liner and the main 
body of propellant. In steel-to-liner inspection. 
the sound pulse is transmitted perpendicular 
to the surface of the motor with a quartz 
crystal “probe”. The calibration is accomplished 
using a sample that contains both bonded and 
unbonded areas. Once calibrated. the probe is 
placed in contact with the motor surface and the 
oscilloscope is observed for changes in pattern. 
When the probe passes over an area that is 
bonded, the pattern on the scope is essentially 
a straight line after the main sound impulse 
appears (Fig. 2). Fig. 3 shows the pattern that 


density of the material or the thickness through 
which the radiation beam travels. In our applica- 
tion, except for manufacturing and processing 
tolerances, neither the density nor the thickness 
change unless a crack, void or flaw appears in 
the radiation path. The transmitted gamma rays. 
which impinge on a detector crystal attached to a 
counting instrument, give rise to a counting rate 
proportional to the incident intensity. A void 
in the path of photons passing through a material 
results in more photons striking the crystal and 
thus causes higher counting rates than occur 
when the path is integral and no voids are 
present. This system has a cobalt-60 source that 
emits photons of 1:17 and 1-33 MeV. a sodium 
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iodide (thallium activated) scintillation crystal 
attached to a photomultiplier tube, an electronic 
scaler, and an IBM 650 computer, which stores 
and analyzes the counts accumulated by the 
scaler 

The solid propellant motor is examined by 


and I 
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(Fig. 4), a cobalt-60 source is placed on the motor 
centerline and 24 sodium detectors, 
properly collimated, are placed about the rocket 


iodide 


periphery and focused on the source. Inspection 
for nonradial cracks ts accomplished by placing 
the cobalt source off-center, between the gear 
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DETECTORS 


CASE 
LINER 
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VIEW - 


Fig. 4. Radial defects. Gamma inspection of large solid rocket propellants 
5! longitudinal positions per angular location 60-4 


Rotational movements per motor 5! 60 
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48 146,880 readings for 100 per cent coverage 
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Fig. 5. Nonradial defects. Gamma inspection of large solid rocket propellants 


Orientation of source, detectors and web fingers 
Detector center lines maintained, with source as focal point 


51 longitudinal positions per angular location 
g 


Area covered by each detector 


Each finger examines eleven locations, 6 apart 


means of the gamma scintillation technique for 
(1) radial cracks, (2) nonradial cracks that could 
escape detection by radial detection methods, and 
(3) separations between steel and liner or liner 
and propellant. 

For detection of radial or nearly radial cracks 


teeth of the propellant, and rotating in incre- 
ments both and motor, keeping the 
detectors synchronized with the source as it 
moves. Fig. 5 shows this technique, and it can 
be seen, that as the described rotation takes 
place, a large number of scans are made in a 


source 
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variety of nonradial lines so that the probability 
of detection of nonradially occurring cracks is 
vastly improved. The third process, that of 
inspection for bonding defects, is accomplished 
as shown in Fig. 6. Two highly collimated 
photon beams traverse the steel-liner and liner- 
propellant interfaces, respectively, as the motor 


SOLID-PROPELLANT MOTORS 


activity positioned by a _ source-handling 
mechanism from its “safe” position inside the 
main elevator ram. The motor. in the first 
angular position, is elevated in |-in. increments 
stopping at each position for a period of 9 sec 
which is the time required for valid statistical 
data collection. The motor goes through these 


SIDE VIEW 


Fig. 6. Bonding defects. Gamma inspection of large solid rocket propellants 
Schematic presentation of bonding examination 


passes through its mechanical operating 
sequence. 

The sequence of operations for all three 
processes is automatically programmed. After 
the motor is placed on a hydraulic elevating and 
rotating platform, it is leveled and aligned 
precisely and the detector banks are positioned. 


The cubicle is cleared of personnel and the radio- 


pata sweet 


com purer 


Fig. 7. Basic technique. Gamma inspection of large solid rocket propellants 
Radial defects 


Nonradial defects Bonding defects 


l-in. stops until a complete longitudinal sector 
has been examined. It is then rotated 0-25° (in 
the radial examination) or 6 (in the nonradial 
examination), at which time it is lowered, again 
in l-in. increments. In the radial examination. 
146.880 individual data points are taken, and 
15,300 in the nonradial detection; these are 
programed through a digital computer for 
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Fig shows schematically, the 
motor, the gamma source, one detector (in the 
actual inspection there are sixty), the amplifier- 
scaler, the computer, and the final inspection 


evaluation 


record sheet 
data that has been collected will be taken from 


After inspection is completed, the 


the punched cards and stored on magnetic tape 
From the tapes, histories of motors and their 
subsequent performance during static and flight 
be made 
determine the effects of various flaws on ballistic 


tests, correlation analyses can to 


performance 


THEORETICAL AND EXPERIMENTAI 
EVALUATION OF PARAMETERS 

Various parameters have been investigated, 
both theoretically and experimentally, to deter- 
mine their effect upon the overall applicability 
of the gamma scintillation nondestructive method 
of inspection for solid propellant rocket motors 
The parameters evaluated included determina- 
tion of the sensitivity of the system to flaw 
detection, the relative sensitivity of X-ray and 
gamma-scintillation methods, and the effects of 
the cobalt-60 the 
physical and ballistic properties of the propellant 


radiation from source on 


grain 


DETERMINATION OF THE SENSITIVITY OF 
THE SYSTEM TO FLAW DETECTION 
(A) Theoretical Discussion 
The probability with which an increase in the 
base or no void counts can be attributed to a 
a function of the base counts and the 
A definition of the 


void ts 
degree of confidence desired 


sensitivity 1s given as follows 


(1) Assumptions and Definitions 


(a) Individual counting levels follow a Poisson 
distribution, and 
for a single observation (1) 


standard deviation 
\ number of counts 


where o 


(b) For large counting rates (in the order of 


magnitude of those considered here), the 
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counting distribution is closely approximated by 
a normal! distribution 


of observations 


for a series 
(2) 


standard deviation 
mean counts 

observed count rate 
number of observations 


(3) 


the effective size 
incident to the absorber (propellant) in counts 


per unit time 


Source size /, ts source 


II, (4) 


Linear absorption coefficient « for propellant 
and x is the absorber thickness in in 


J» — mean counting rate after passing through 


absorber of XY, in. thick with linear absorption 
coefficient 

] mean counting rate after passing through 
absorber of x, in. thick and with linear absorp- 
tion coefficient 

Assume a void in the absorber which is such 
that /p//, — 0-90 


(2) Determination of Sensitivity 
Assume a void such that /,// 0-90 using 
various effective source sizes 
(a) Case A sketch 


such that /p 10° counts time 


(refer to No 


0-9 10° 


(10%) 10° 


30R 3000 


10%) — 1-05 10° 


30 3150 


+ — 10° + 3000 
1.003.000 


30, 10° 


1,068,500 


3150 
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(5) — (4) — 1,068,500 — 1,003,000 (6) (c) Case C: (refer to sketch No. 2) J, is such 
65,500 that Jy — 10? counts/time 


Base upper limit is separated from void lower 


limit by I, = [p/0-9 — 110 (1) 


A = 65,500 and op 1000 (7) 


Then the limits are separated by y 100 — 10 (2) 


— 65,500/1000 — k 65-5 


and probability of overlapping of the two 
distributions ~ 0 
or, probability of detection ~ 1-0 % 31-5 
(b) Case B: (refer to sketch No. 1) /, is 


such that — 10* counts/time 
lr IOR 130 (4) 


1n/0-9 11 10" (1) 


(10*) — 100 (2) — = 78-5 (5) 
— 300 


1-1 10! 


315 


105 


10! 300 


10,300 In this case, there is an overlap of the base 

j te 1] 10! 315 (5) Upper limit with the void lower as in Sketch 2 

t 10.685 Therefore, the only time that a count rate will 
4 be interpreted as that associated with a void 
A (5) — (4) 10,685 10,300 (6) is when the count rate is greater than /p 3oR 

385 Ihe probability of this occurring can be found 


by calculating the area (indicated by shading) 
under the normal distribution curve. 


Base upper limit is separated from void upper 
limit by 4 — 385 counts and o 100, then the 
limits are separated by 


Alo 


385/100 


3-85 


and the probability of overlapping of the two In I, Ip + 3ep 
distributions ~ 0 or the probability of detection Sketch No. 2. 
~ 1-0. 


The area under the normal curve which lies 


between /, and + is found to be 
0-4716. The occasion when this void will be 
“detected is indicated by the shaded area and 

Ip 30, 30, equals 


0-5000 — 0-4716 — 0-0284 


Sketch No. |. 


7 
‘ 
‘i = (5) 4 (e) — (d) 78-5—130 (6) 
51-5 
le + = (4) 
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(3) Tabulation of Derived Values 


Table | 


Effective source size 10° 


Transmitted Radiation, No Void 10 ; 10 10' 

Standard Deviation, No Void oa, 10 1-0 10° 
Transmitted Radiation, Void 1-1 1-1 10° 

Standard Deviation, Void 1-05 1-05 10° 

Base (No-Void) 3¢ Upper Limit 1-003 10,300 

Void 3e Lower Limit 1-068 ; 10.685 

4 Lower minus upper Limits 65,500 385 

4 65-5 2-25 

Probability of Detection, P (approx.) 10 1-0 0-0008 


As shown in Table |. the theoretical (tit) Theoretical Standard 
probability of detection of a given void, as deviation o , N 


defined, increases from 0-0008 to approximately , 13,500 cpm 


1-0) when the effective source size is increased 116 cpm 


from counts'time to 10' counts/time 
(iv) Therefore 122 = 116 and S a 
Further increasing the effective source size from 
10* to 10° increases the theoretical probability of 


(b) The question arises if a void, 4x, causes 
detection since A +85 for 10". and 65-5 


the same percentage increase in counting rates 
lor 10° sources, which means there is even less regardless of the incident source size. Stated 


probability the two distributions overlap mathematically 


(4) Experimental data 


The following experimental! data are presented 


In Support of assumptions and definitions and 


where /» /, is independent of /,. which cancels 

experimental standard devia- Using an integral 24-in. section of Lucite for 
tion the base material and a 24-in. section of Lucite 
theoretical standard deviation with a hole (0-375 in. dia, 1-00 in deep) drilled 

for the void material, the data in Table 2 were 

\ series of a hundred = !-min experimentally obtained. The varying effective 
determinations was made using 
source size was effected by source collimation 

214 millicuries cobalt-60 source The conclusion drawn is that varying the 
tbsorber thickness 24 in effective source size /» does not affect the 

? source to detector 34 in percentage change in transmission with and 
without void. (This conclusion is currently being 

(ii) The mean counting rate further tested in full-scale experiments in which 
/ 13.500 cpm the counting levels will be of the order of 10° 


with S 122 cpm counts.) 


Table 2 


13,435 17,755 21,400 

16.076 0.863 75.100 

2.641 3,108 3,700 
Jil 19-6 17-5 17.2 


ih 
19) 
e 
: 
I~ he 
(a) 
‘ 
(100) 


(B) Tests 


(1) Sensitivity to Internally Located Flaws 


(a) Procedure. Tests were performed to deter- 
mine the sensitivity of the inspection system to 
flaws located within the grain of a_ solid 
propellant motor by simulating conditions in a 
propellant mass. The tests were performed under 
the following conditions: 


Propellant thickness 25 in. 
Source-to-propellant 

distance 14 in 
Propellant-to-detector 

collimation 14 in. 
Detector collimation 

dimensions x 6in 
Source-to-detector distance 34 in. 
Source 20 curies cobalt-60 
Counting time 334 sec 


Void location Source end 


The experimental setup is shown in Fig. 8. The 


Detector 


rection of Trove 


Fig. 8. Experimental setup for detection of internal 
flaws 


voids were placed in specified positions in each 


of five slabs of live propellant 24 = 4 1 in 
thick 
same radial thickness but different widths 


Each piece contained five voids of the 
The 
radial thicknesses of the voids were |, }. 4, }, 
and | in., depending on the void slab used. The 
%&. and in. (Because 


void widths were |. 


of the visco-elastic properties of the propellant. 
the 4 in. wide void flowed the 
machining.) 

Figure 9 shows a typical void piece and the 
location of the voids. The entire propellant test 


after 
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specimen, including the void piece, was mounted 
on a movable platform. The platform was con- 
trolled from the instrumentation room and was 
set so that the specimen could be located in 
various fixed positions during the tests. These 
positions were designated as x, 1, 2, 3, 4, and 5 


Fig. 9. Configuration of typical void block 


| in. dimension of detector cross-section is parallel 
to the | in. longitudinal dimension c for all tests 
Each hole, | in. long; | in. deep. Hole heights from 
left to right: +5, Jin. center to center of 
each void. Void nomneciature relative to motor: 
Width adimension circumferential; Depth b dimension 
radial; Length c dimension longitudinal 


Position x was in line with 25 in. of propellant 
in which there were no voids. Position | corres- 
ponded to the } in. wide void, Position 2 to the 
fy in. wide void, Position 3 to the } in 
void, etc. 

The results of the first test showed that, with 
void slab in place, the observed count at Position 
5 (4s in. wide) was consistently higher than that 
at Position 4 (4; in. wide), and that the count at 


wide 


Position 4 was consistently higher than that at 


Position 3 (} in. wide). It was also found that 
when counts were taken at the same positions 
without the void block in place, the observed 
count at Position 5 was again higher than the 
Position 4, and that the count at 


Position 4 was higher than that at Position 3 


count at 


This indicated that there were flaws in one or 
both of the 12 12 24 in. blocks of grain in 
Positions 4 and 5 

The tests were performed by taking blank 
readings in all positions from x through 5 
The 


25 known voids (5 widths at each of 5 radial 


consecutively and then at position x again 


depths) were then inspected, with each void 
block being inspected in the same sequence as the 
blanks. After the blank 


this, readings were 


repeated. A correction was made to determine a 
base count that accounted for the additional 


if 
— 4 
‘ 
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ittentuation between using 24 in. and 25 in. of depths of }, 4, 7, and 1 in. Significant increases 


propellant in count-rates for the void having a radial 


depth of 4 in. were not obtained. Each count-rate 


(b) Resu Figure 10 gives the test results 


value ts the average of the five observed values 


showine the count-rate increase as a number of 


taken for each position 


standard deviations caused by having radial 


(c) Conclusion. The tests showed that voids 


may be detected which are } in. deep by | in 


high by in. wide and larger 


Relative Sensitivity of 
\-rai md Gamma-Scintillation thods 


(a) P edure Tests were performed to com- 


a pare the sensitivity to voids askew to the photon 

a beam for both the gamma-scintillation technique 

and the 2 MeV X-ray film technique. The 

; arrangement of the scintillation equipment is 

shown in Fig. The propellant was moved 


past the source detector path in } in. increments 
as shown in Fig. 12 


: Both the radiographic and the gamma- 


scintillation methods were used to inspect a 


25 in. thick section of live propellant. The 


Fig. 10. No. of sigma increase vs. void width 


SOURCE COLLIMATOR 


3/16" STEEL 


1- 3716" 


VOID BLOCK WHEN 
AT SOURCE END 


volo , BLOCK 
wre In bad 
TABLE TRAVEL MIDDLE POSITION 2s 


1/8" INCREMENTS 


LOCATION OF 
VOID BLOCK WHEN STEEL 
AT DETECTOR END/ 


DETECTOR | 
COLL IMATOR’ 


_DETECTOR 


Fig. 11. Void arrangement for gamma scintillation system. 
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propellant for a given test consisted of a 12 
12 = 24 in. block, and one |! 12 « 24 in 
block containing the artificial voids 

Seven | 12 » 24 in. blocks were used that 
contained voids of various cross sections 
Blocks with voids |! Lixix«}, 
in. were used 


24 — 
= 
! 
2 
! Bion 
a ~ 
Qe 


Fig. 12. Void block location for scanning in } in 
increments 


Each void block contained one size of void 
However, the void had its axis oriented parallel, 
and at 30, 60, and 90 degrees to the axis of the 


NOTE: SOURCE TO FILM 
DISTANCE- 10 FT 


POSITION - 
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photon beam as shown in the block designated 
as “Position I”’ in Fig. 13. The figure also shows 
the location of the void blocks with respect to the 
X-ray beam center line (Positions I, If, III, IV) 
and with respect to the film: top, middle, and 
bottom. (The void locations were picked to dupli- 
cate as closely as possible actual conditions that 
occur when examining a full-scale motor.) 

Since the film cassettes used in production 
testing are 17} in. long, the only results of the 
radiographic examination that were compared 
with the gamma-scintillation system were voids 
c and d in Position II and voids a and fh in 
Position III, as shown in Fig. 13 which corres- 
ponds to a 17 in. X-ray film. The resulting films 
were interpreted and results were reported as 
locations of visible flaws 

(b) Results and Conclusions. Data resulting 
from the gamma-scintillation test are shown in 
Figs. 14, 15, and 16. The gamma-scintillation 
system detects a void } } } in., even when 
the major axis of the void is rotated 90 degrees 


SOURCE 


\ 
\ 


\ 


‘coe OF EXPOSURE FOR ACTUAL 
\ EXAM. OF POLARIS MOTORS 


CONE OF EXPOSURE FOR 
EXPERIMENTAL EXAM 


.. 


TYP. VOID 
ORIENT 


Fig. 13. Void arrangement for radiographic examination. 
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220,000 
20 
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Fig. 14. Sensitivity of gamma scintillation system 


260,000 L 


| 


220,000 + 


60 
Position 


Void | 4 Date 20 January 1959 


100 


Grain Position 


Fig. 15. Sensitivity of gamma scintillation system 


with relation to the photon-beam path. This size 
of void was not detected in any position by the 
radiographic system. Also, the gamma- 
scintillation system can detect a void | ™ | 

# in. even when rotated 90°, while the radio- 


Void | Date 2! January 1959. 


graphic system was only able to detect this size 
of void when its axis was parallel to the photon 
beam. The gamma-scintillation system detected 
35 of the 36 voids inspected, while the radio- 
graphic system detected 21 of the same 36. The 


280, 
260,000 
a 
8 
| 
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40 80 100 
> 
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200,000 4. 
20 


60 80 


Grain Position 


only voids that were not detected when inspected 
by the gamma-scintillation system were the 
« in. voids. (The radiographic inspec- 
tion detected neither the § in. voids nor 
the } x ] in. voids.) 

(c) Effects of Gamma Radiation on POLARIS. 
Each first-stage POLARIS grain will receive an 
interior surface dose averaging 3-0 « 10* roent- 
gens. These dosages are for one inspection 
only. Those motors, which are subjected to 
environmental and surveillance tests, may re- 
ceive additional inspection. For these reasons 
the effects of gamma radiation of the ballistic 
and mechanical properties of POLARIS propel- 
lants were evaluated. 

Small motors and gallon cartons containing 
POLARIS propellant were exposed to irradia- 
tion by 2 MeV X-ray equipment. The motors 
and cartons were exposed to X-rays for periods 
ranging from 4 hr to 103 hr to provide radiation 
dosage in excess of the dose received by the 
motor during inspection. The actual radiation 
dose was calculated by graphically integrating 
the dosage received at various examination 
planes. 

Test data indicates that up to twenty examina- 
tions will not significantly change the ballistic 
or mechanical properties of ANP2639AF. Four 
small rockets, one a control, the other three 
previously irradiated to various gamma radia- 
tion levels were test fired for ballistic data. One 


Fig. 16. Sensitivity of gamma scintillation system 


Void | | as. Date 22 January 1959 


irradiated rocket suffered a mechanical mal- 
function, which could not be attributed to 
radiation effects. The ballistic data from the 


remaining two irradiated rockets and a control 
rocket were essentially identical. 

Tensile specimens and burning rate strands 
prepared from the irradiated gallon cartons were 
tested and showed no evidence that 
gamma radiation levels up to and including 10° 
roentgens will change the mechanical properties 
of the propellant. 10° however, 
reduces the mechanical strength by approxi- 
mately one-third. Gamma radiation of 10° or 
10° roentgens causes a definite increase in the 
burning rate of the propellant. All burning 
rates were determined by the standard Crawford- 
Bomb burning rate determination method. 

On the basis of these data, it can be concluded 
that gamma radiation up to 10* roentgens, which 


results 


roentgens, 


is roughly equivalent to twenty grain inspections, 
will have no significant effect on this POLARIS 


propellant. 
These inspection techniques support the 
POLARIS environmental test program by 


allowing assessment of the condition of motors 
after each test. They support the R & D effort 
by providing additional means for pre-firing 
failure prediction and post-firing failure analysis. 
They also support the total reliability program 
by providing assurance that delivered motors are 
free of critical flaws and defects. 
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ADVANCED FABRICATION TECHNIQUES FOR SOLID 
PROPELLANT COMBUSTION CHAMBERS 


LEWIS E. ZWISSLER 


Aerojet-General Corporation 


Abstract—Research and development effort in the field of materials and fabrication processes is directed 
toward reducing the weight of the inert parts of the rocket motor case consistent with maintaining reliability 

A review of the current status of fabrication processes and materials applied to the manufacture of 
propulsion subsystems using solid propellants is given, including structural alloys and high temperature 
materials. Brief statements are made giving the development objectives for the next generation of 


rocket motor cases 


INTRODUCTION 


The propulsion subsystem is a major portion of 
any complete missile system and may utilize 
any of several types of propulsive methods. The 
following discussion will be limited to the inert 
parts of a solid propellant rocket motor. In the 
normal application, a solid rocket motor case 
serves as a storage container for the solid 
propellant, a pressurized combustion chamber 
with suitable nozzles for converting the energy 
of the burning gases into propulsive forces, and 
as a vehicle with suitable attachment points for 
other functional parts of the missile system. The 
major way in which the performance of a 
particular system is influenced by the inert 
parts, granting that they meet the performance 
requirements, is in the effect that the weight of 
the inert parts has on the performance of the 
missile. As an example of this, Fig. | shows the 
effect of inert parts weight on the performance of 
a single stage missile. It may be seen that for 
ideal conditions, assuming a ratio of burn-out 
velocity to exhaust gas velocity equal to |, that 
the ratio of total vehicle weight to payload 
weight is approximately 5 when the propellant 
weight fraction is 0-8. 


burn-out velocity 


exhaust gas velocity 


propellant weight 


total missile weight 


total vehicle weight 


payload weight 


Now, if the propellant weight fraction is 


increased to 0-9 by a reduction in the weight of 


the inert parts, and the ratio of V’/C is maintained 
constant, the ratio of total vehicle weight to 
payload weight is 3-5. Comparing these two 
values, if we assume a missile of the same 
total weight, the payloads for the two missiles 
are in the ratio of 5 to 3-5. This is equal to 1-43, 
or 43 per cent increase in the payload for the 
same total missile weight as we decrease the 
inert parts weight so that the propellant weight 
fraction changes from 0-8 to 0-9. It may be 
desirable, of course, to utilize the increased 
performance in terms of increased range, rather 
than increased payload 

It is apparent that the objective of the research 
and development programs related to metal 
parts fabrication is the reduction of the weight 
of the inert parts consistent with maintaining 
reliability. In addition to the primary function 
of serving as an ultra-high strength pressure 
vessel capable of meeting the requirements of the 
missile propulsion subsystem, the solid rocket 
motor case normally acts as a part of the missile 
structure and must satisfy the extremely precise 
dimensional requirements imposed by the 
missile 

The purpose of this paper is to review the 
current status of the fabrication processes and 
materials applied to the manufacture of propul- 
sion subsystems using solid propellants and to 
give a brief statement of the research and 
development objectives for the next generation 
of rocket motors. 
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PROPELLANT WEIGHT FRACTION OF ROCKET POWER PLANT 


Fig. | 


STRUCTURAL MATERIALS 

In the past, solid propellant rocket motor cases 
have been fabricated from alloy steels at ultimate 
tensile strength levels of 200,000 psi or less 


Little difficulty was encountered with these 
materials. Typically, AISI 4130 has _ been 
utilized for pressure vessels in the range of 


180—200,000 ultimate tensile strength levels in the 
major share of the rocket motor cases fabricated 
prior to 1956. With the increasing demand for 
larger and lighter weight, high performance 
solid propellant rocket motors, investigations 
have been initiated into the use of alloy steels 
above 200.000 psi ultimate tensile strength. The 
development of such cases, which must com- 
bine extremely lightweight inert parts with a high 
degree of reliability, requires the utilization of 
materials with high strength-to-weight ratios 
The effect of this requirement is to force the 
designer to use the presently available materials 
as close to their maximum strength capabilities 


The relationship of propellant weight fraction to payload for values of the ratio of burn-out velocity to 
exhaust gas velocity, V/C, from 0-2 to 2-0 


At the present time the successful 
application of materials has been restricted 
largely to the use of steel alloys because they 
have offered the best compromise of availability, 
ease of fabrication, and reliability. In addition 
to the ferrous alloys, several materials offer 
their high 


as possible 


potential advantages because of 
strength-to-weight ratio, but they have not been 
considered in current designs because of the 
limitations in the technology involved in the 
production of the raw material, as well as the 
lack of reliable fabrication techniques 

A major criterion for evaluating structural 
materials is the strength-to-weight ratio defined 


as follows 


Strength-to-weight ratio 


yield strength (lb/in?) 
density (Ib/in*) 


The strength-to-weight ratios for several materials 
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are shown in Table |. An evaluation of this data 
indicates that alloys of titanium and beryllium 
offer potential advantages over steel: however, 
there are significant fabrication problems which 
must be solved before the titanium alloys can 
be fabricated into reliable lightweight pressure 
vessels. Materials of lower density have an 
advantage over heavier materials of equivalent 
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obtaining a proper combination of the desirable 
mechanical properties. The traditional tensile 
test, which measures ultimate strength, yield 
strength, and ductility in terms of percent 
elongation and percent reduction of area under 
conditions of uniaxial loading, is merely the 
starting point. The mechanical properties and 
toughness of the material must also be measured 


Table |. Strength-to-Weight Ratios of Materials 


Material 


Stee! (Austenitic) 

Titanium alloy B-120VCA 
6Al-4V 

Beryllium alloys 

Steel alloys 

Aluminum alloys 

Steel alloys 


Magnesium alloys 


Strength- 
Yield Density to-weight 

strength (Ib in*) ratio 
(psi) (x 10-*)t 


330,000 0-287 1150 
200,000 0-171 1170 
150,000 0-160 940 
60,000 0-067 900 
230,000 0-280 820 
79,000 0-100 790 
210,000 0-280 750 
190,000 0-280 680 
40,000 0-064 630 


* Strength-to-weight ratio 


strength-to-weight ratios as a result of the greater 
stiffness associated with the larger moment of 
inertia of sections having the same strength. At 
the present time steel alloys are being used at yield 
strength levels of 210,000 psi in the fabrication 
of homogeneous steel chambers. A_ limited 
number of development chambers have been 
fabricated of the 6A1-4V titanium alloy at a 
strength level of 145,000 psi yield strength. The 
use of work hardenable austenitic steels at 
strength levels of 330,000 psi appears possible on 
the basis of laboratory results 

Beryllium, while attractive from a_ weight 
standpoint, must be ruled out because of the 
fabrication difficulties and the high cost. The 
all-beta titanium alloy (B-120VCA) is still in the 
development stage with major problems 
occurring in the control of chemistry, achieving 
reliable welds, and the development of fabrica- 
tion and heat treating techniques 

The suitability of a material for a particular 
rocket chamber application depends upon 


yield strength (Ib, in*) in* 


density (Ib in’) in* 


Tensite Tests 


Ultimate strength 
Yield strength 
Ductility (elongation) 
(reduction in area) 
BIAXIAL AND TRIAXIAL STRENGTH Tests 
Bulge tests 
Subscale pressure vessels 
Fracture TouGHNess Tests 
NRI G, and net section strength 
NASA Notched tensile ratio 
Charpy V notch impact 


Fig. 2. Representative tests for determining 
mechanical properties of structural materials 


under biaxial and triaxial loads simulating the 
conditions to which the material will be sub- 
jected in actual use. A series of tests, Fig. 2, is 
necessary to determine the suitability of a 
particular material, and sub-scale pressure 
vessels must be fabricated by the manufacturing 
methods contemplated for use for the final 
rocket chamber to insure that a reasonable 
compromise is achieved between the basic 
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properties of the material and the fabrication 
processes. 

Probably the most significant development in 
the application of steel alloys to the fabrication 
of ultra-high strength thin walled motor cases 
was the realization that many of the failures 
were caused by brittle fracture as a result of 
crack propagation from small defects. In an 
attempt to explain the causes of these failures, 
Dr. G. R. Irwin and J. A. Kies of the United 
States Naval Research Laboratory" applied 
the results of previous investigations into the 
theory of crack propagation and developed 
criteria for the use of materials in solid propellant 
rocket chambers. A parameter designated G, 
has been defined as the crack extension force 
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Table 2. Chemical Compositions of Ultra-High Strength Steels 
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The G, (fracture toughness) values were ob- 
tained on 0-090 in. thick sheet stock. The first 
two steels, AMS 6434 and AISI 4340 are those 
that have been used for large solid rocket 
chambers designed at strength levels up to 
210,000 psi yield. The other six alloys have been 
proposed for use in chambers designed to a 
yield strength of 230,000 psi. At the present time 
it has not been possible to obtain this strength 
level in large, thin-walled rocket motor cases 

In Table 3 the headings “Notch Strength 
Ratio” and “Impact Energy” refer to 
performed on 0-375 in. thick plate stock. The 
notched tensile specimen was a round bar with 
a reduced section in the center of the gage length: 
the stress concentration factor of this specimen 


tests 


Mn 


Steel Si 


4340 0-38/0-43 0-65/0-85 0-15/0-25 
AMS 6434 0-33/0-39 0-60/0-80 0-40/0-60 
Tricent 0-40/0-47 0-65/0-90 1-45/1-80 
Ladish D6A 0-43/0-49 0-60/0-90 0-15/0-35 
Aircool X-200 0-40/0-45 0-70/0-90 1-40/1-75 
Vascoyet 1000 0-37/0-43 0-20/0-40 0-80/1-00 
Unimach Il 0-48 /0-53 0-25/0-40 1-00/1-20 


Peerless 56 0-35/0-45 0-50/0-70 0-90/1-10 


Cr 


Ni Mo 


0-70/0-90 1-65/2-00 0-20/0-30 

0-65/0-90 1-65/2-00 0-30/0-40 0-17/0-23 
0-70/0-95 1-65/2-00 0-30/0-45 0-05 
0-90/1-20 0-50/0-60 0-90/1-20 

1-90/2-10 0-40/0-60 0-05/0-10 
4-75/5-25 1-20/1-40 0-40/0-60 
4-75/5-25 1-40/1-60 1-25/1-50 0-90/1-05 


3-00/3-50 25/2-75 


0-30/0-40 


necessary to initiate the propagation of an 
existing crack at a rapid rate, thus causing 
failure. The value of this force has been called 
“fracture toughness”. Tests have been devised 
to measure this force on metal samples. Other 
investigators have proposed different speci- 
mens for evaluating the ability of a material to 
brittle fracture. The final will 
depend primarily the application and 
reproducibility of the test method. At the present 
time, fracture toughness appears to be a limiting 
factor in increasing the strength level at which a 
given material can be utilized in the fabrication 


resist choice 


on 


of thin walled pressure vessels. 

A representative list of the structural steel 
alloys which are being used or evaluated for use 
in the solid rocket industry today is shown in 
Table 2. Several of the important mechanical 
properties of these materials are listed in Table 3. 


was 5 and the ratio noted is the notch tensile 
strength divided by the un-notched 
strength. The impact energy was obtained by 
determining the energy absorbed in fracturing a 
V-notch Charpy bar. 

A short description of the evaluation of these 


tensile 


mechanical properties for each material is given 
below. 

AMS 6434. The maximum yield strength that 
can be reliably obtained with thin sections of 
this steel is 210,000 psi. At this level it has 
acceptable elongation and 
toughness. The impact strength is just passable, 
while the notch tensile ratio is adequate. Its 
weldability is good, among the best of the steels 
considered herein. Fabrication characteristics 


tensile fracture 


are good; it can be machined, spun, shear spun. 
rolled and hot formed readily. 
4340. This steel can be hardened to the same 
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Comparative Mechanical Properties of Air Melted High Strength Steel Alloys 


Comparative Properties 


Elongation Fracture Notch \ notch 
(per cent in 2 toughness strength Charpy impact 
G. (tb in®) ratic energy (ft-lb) 


890 70 
ORD) 
1050 
1100 
1x0) 
140 
240 
$21 


1100 


nd tensile test specimen divided by ultimate tensile 


A 


evels of vield strength as 6434 sheet. It has good = «acceptable at this level. The fracture toughness 
fracture toughness at this level and the impact and notch tensile ratio are not acceptable 
streneth is passable. Its clongation and notch Welding characteristics are good, as are the hot 
tensile ratio are similar to 6434. The weldability forming characteristics. The remainder of the 
is below X-200, 6434 and Vascojet 1000 steels fabrication characteristics remain to be evaluated 
Its other fabrication characteristics are not as_ in large scale rocket motors 
good as 6434 steel Unimach II. This steel can be heat treated to 
Tricent. Tricent can be heat treated to 230,000 230,000 psi yield strength. At this level it ts 
psi yield strength reliably. At this level, it has deficient in all of the reported properties. The 
acceptable tensile clongation but the fracture weldability is poor, about equivalent to Tricent 


toughness is slightly low. Its impact strength is the remainder of its fabrication characteristics 


not quite acceptable at this level and its notch have not been evaluated in large scale rocket 


tensile ratio is also slightly deficient. The motors 
weldability has been reported to be the poorest Peerless 56. This steel can be heat treated to 
of the steels discussed herein, and its fabrication 230,000 psi yield strength, but at this level its 
characteristics are only fai tensile elongation is deficient. The notch tensile 
\-200. The maximum vield strength for X-200 = strength and impact strength are the lowest of 
steel 1s 230,000 psi. At this level it has acceptable the steels. Its weldability is slightly below 
tensile elongation and impact strength. The Vascojet 1000, the remainder of the fabricating 
notch tensile ratio is slightly deficient and the characteristics are still being evaluated. This 
fracture toughness is very low. The weldability is alloy ts hardened by air cooling 
ibout the same as 6434 steel. It has the advantage Ladish D6A. Ata yield strength of 210,000 psi 
of air hardenability up to thicknesses of one- which can be reliably obtained with thin sections 
quarter inch. Other fabrication characteristics of Ladish D6A, it has good fracture toughness 
are still being investigated an excellent notch tensile ratio and excellent 
Vascojet 1000. This steel can be heat treated impact strength. Its tensile elongation is slightly 
to a yield strength level of 235,000 psi Its deficient. The weldability has been reported 
tensile elongation and impact strength are to be not quite as good as 6434 steel. The forming 
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Table 3. 
Allo Tempering Yield 
temperature strength 
6434 $00 215 $.3 
725 205 $-8 
$340 425 205 
700 180 60 
\ yet 1000 1000 235 
Ladish D6A $00 244 
Notch Strength Ratio— Ultimate tersile strength of notched 19 
Py streneth of smooth tensile test specimen. Stress concentration factor, HE 
Not Available 
7 
is 
a 
= 


FABRICATION OF SOLID PROPELLANT COMBUSTION CHAMBERS 19 


characteristics of sheets must still be evaluated. 
Machining of the hardened steel is better than 
any of the other steels reported. 


Materials 


Other 
As mentioned previously, there are other 


materials which offer attractive possibilities for 
structural applications. There has been very little 
materials in large size rocket 
chambers, primarily the lack of 
adequate technology to produce the sizes and 
shapes required 
promising materials ts given below. 

6Al-4) 
treated to yield strengths of 150,000 psi, but its 


use of these 


because of 
A short description of the more 


Titanium Alloy. This alloy may be heat 
use in rocket chambers has yet to be proved. Its 
mechanical properties indicate that it could be 

parts including the 
skirts, support and 
attach structures. Its weldability is acceptable, 
appears that 
properties must be accepted when it 1s welded 

B-120VCA Titanium Allo, 
heat treated to yield strengths of 170,000 psi 


used in. structural not 


chamber, such as nozzle 


although it some sacrifice in 


This alloy may be 


when the chemistry and processing are carefully 
controlled, but successful application to large 
size, high strength pressure vessels has not been 
demonstrated. It reported to be 
low in when 


has been 


fracture toughness fully heat 
The weldability is uncertain at present 
{/loys 


technology of aluminium alloys may conceivably 


treated 

Aluminum Continued advances in the 
result in the development of alloys suitable for 
chambers. At the present time the high yield 
strength alloys cannot be fusion welded with any 
reliability 
made in sintered aluminium powder and it is 
possible that 
temperatures up to 1000 F may result 
{/loys 


tion does not appear to be a likely field for these 


assurance of Advances are being 


parts capable of resistance to 


Vaenesium 


Rocket chamber applica- 
alloys. Because of the low density, however, 
magnesium alloys can be and are used for 
lowly stressed parts at operating temperatures 
up to 600 F. 
Beryllium Alloys 
and high modulus of elasticity, the development 
of alloys beryllium benefits in 


Because of its low density 


offers 


weight savings. The initial use of beryllium alloys 
will most likely be for strip wound chambers 


DEVELOPMENT OBJECTIVES FOR 
STRUCTURAL MATERIALS 


The foregoing discussion has presented the 
State-of-the-art in the application of structural 
materials to the current 
propellant motors. In 
emphasis has been placed 


generation of solid 


rocket general, the 


upon thin-walled 
large size motor cases inasmuch as the theme of 
this conference is Space Flight. It 
noted that the remarks which have been made 
apply the 
Looking ahead, it is the task of the materials 
and 
engineers to achieve lighter and more reliable 
which can be 
propellant rocket motor cases. 


should be 


equally well to smaller rockets 


fabrication research and development 


pressure vessels used for solid 

With the utilization of structural steel alloys 
at higher strength levels, the immediate task is 
to perfect the steel alloy which will permit 
designs at 230,000 psi minimum yield strength 
It is expected that it will be possible to achieve 
this goal with heat treatable alloys and it may 
not be too much to hope that strength levels of 
250,000 psi minimum yield will be obtained 

In addition to heat treating, another method of 
obtaining increased strength is hardening as a 
result of working the material. This work may 
be performed at extremely low temperatures, at 
room temperature, or at a higher temperature 
level. In the laboratory, results have indicated 
that strength levels above 300,000 psi yield may 
be obtained 


may be a 


The reduction to practice of this 


technique longer range program 


fabrication 
part in 


inasmuch as the development of 
plays 
perfecting this development. 

Other materials are beginning to assume an 
important the 
rocket and it 


methods such an important 


solid 
that 
titanium will be utilized to a greater degree in 
future. An benefit 
can be achieved in the utilization of the titanium 


role in manufacture of 


motor cases 1S expected 


the very near immediate 


alloy 6AI-4V, since this alloy at a strength level 
of 150,000 psi yield strength is equivalent to 
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steel at a strength level of 265,000 psi. Another fabrication of solid rocket motor cases may 
promising application of titanium is the use of divided into four categories as follows: 


the all-beta alloy which can be heat treated to a : a 


Assembly 
Final Machining 


higher strength level and it is hoped that the 
proper combination of cold working and heat 
treating will result in usable strengths in the 
range of 180,000 to 200.000 psi yield, which is 
equivalent to steel at 300,000 to 330.000 psi While there are specific difficulties encountered 


vield strength in each of these areas, it is necessary to develop 


Manufacturing Processes. 


ATTACHING STRUCTURE 
CLOSURE 


CLOSURE JOINT 


cAFT WEAD 


“FORWARD WEAD 
CYLINDRICAL SECTION 
Fig. 3. Typical fabrication for a large size solid propellant rocket motor case “7 
FABRICATION OF STRUCTURAL the total manufacturing process which most i 
MATERIALS effectively combines these to produce a satis- 
One of the most important tasks in the factory product 
development of suitable solid rocket motor 
cases is obtaining a suitable compromise solution Detail Part Fabrication 
to the integrated design problem considering all 2 , 
Aside from the component parts required to 
the following factors 
‘ effect ignition, thrust vector control, thrust 
To achieve the highest possible strength to termination, and attaching structure for other 
weight ratio missile parts, the solid rocket motor case is 
To achieve sufficient ductility to overcome essentially a pressure vessel. The pressure vessel , zs 


local stress concentrations consists of a cylindrical section with a forward 


To employ manufacturing techniques and aft head whose geometry is controlled 
achieving dimensional tolerances adequate largely by the optimization of the missile contour 
to attain the desired weight control. to its particular mission, Fig. 3. The outside 

diameter of the solid rocket motor case generally 

forms the aerodynamic surface for a portion of 


To locate or establish equipment capable of 
handling large chambers. 


a missile structure and the head contours are 
To obtain raw stock of sufficient width, 
_ derived from a consideration of envelope require- ~ 

minimum thickness tolerance, and minimum 


ments for packaging and overall length. The 
rocket case must be designed to permit loading 
of the propellant and to furnish the openings and 
attachments required for igniter nozzles and 
thrust termination devices. As a result, the 
The major problem areas encountered in the chamber becomes more than just a simple 


decarburization for the manufacture of these 
units. 


To develop the weldability and the optimum 


heat treat cycle for the material. 
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pressure vessel, since bosses must be inserted 
for reinforcement around these openings and 
they must be designed to furnish adequate 
structure for the attachment of such devices 
Normally, the only major problems associated 
with the design and fabrication of these reinforce- 
ments are to produce a lightweight design and to 
develop suitable manufacturing processes for 
attaching these elements to the pressure vessel 
case. The manufacturing problems involved are 
largely the production of a part to sufficient 
dimensional accuracy to minimize mismatch and 
deformations when they are welded or attached 
to the rocket case. Because of the difficulty in 
achieving perfect geometry and since the 
welding process is basically one of casting 
material with the attendant problems of 
achieving complete homogeniety throughout 
the weld joint, it has been desirable to attempt to 
minimize the amount of welding in ultra-high 
strength rocket cases. A great deal of develop- 
ment effort has been directed toward these 
ends and the fabrication of the detail parts, as 
well as the development of a manufacturing 
process which will eliminate or minimize 
welding altogether. The cylindrical portion of the 
pressure vessel shell and the two end heads and 
closures are the primary parts affected by these 
developments. 

The most widely used fabrication processes 
are described in the following discussion 


Conventional Spinning 

The conventional spinning method of forming 
consists of starting with a flat blank of the 
thickness required in the finished article. This 
material is then clamped between the tail stock 
and a spinning mandrel which has the desired 
contour of the inside surface of the shape to be 
formed. As the blank and mandrel are rotated, 
the material is gradually worked down against 
the mandrel. In the true spinning process there 
is no reduction in the thickness of the metal but 
only a change in the form. This method has 
been applied to the forming of heads for rocket 
cases of all sizes. There are major limitations in 
the production of large size heads, inasmuch as 
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these are usually relatively thick in order to 
attain sufficient strength, and since they are 
large, it is impossible to spin these using manual 
methods. Modern development of the spinning 
equipment is toward applying hydraulic actua- 
tion to the spinning roll to replace the manual! 
operator. It is difficult, however, to replace the 
manual dexterity and skill of an operator by 
hydraulic control. Machines have been developed 
which include motions parallel to the spinning 
axis, perpendicular to the axis, and a variation 
of the angle of inclination of the spinning roller 
to the work piece 

It is possible to produce heads in small sizes 
with a high degree of accuracy in thickness and 
contour. As the size is increased, the ability to 
maintain adequate tolerances decreases. 

In addition to the mechanical problems 
associated with spinning heads, the application 
of ultra-high strength steels has resulted in the 
utilization of materials which are more difficult 
to form. A great deal of development effort is 
being expended to improve the dimensional 
quality of spun parts. This effort is being directed 
toward improvement of equipment and the 
addition of subsequent forming or machining 
operations to improve the dimensional accuracy 
of the parts. 


Deep Drawing 

The deep drawing process involves plastic 
deformation of the metal by stretching and 
bending to form a part to the desired contour 
The conventional process utilizes a draw ring 
through which a blank is drawn by a male 
punch. The contour of the male punch is 
determined by the inside contour of the finished 
part, and the diameter of the draw ring is 
determined by the degree of “ironing” required 
to provide uniform wall thickness. In order to 
eliminate wrinkling as the material is pulled 
through the draw ring, the blank is clamped 
under a hold-down ring. The major difficulty 
encountered in forming heads by this method is 
excessive thickness variation. Since the material 
must yield in tension, the area subjected to the 
maximum stress is thinned to a greater degree 
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than elsewhere. A thickness variation of approxi- 
mately 10 per cent has been obtained on large 
diameter heads, as shown in Fig. 4. In addition 
to the thickness variation, it is difficult or 
impossible to satisfy the extremely precise 


MEASURED THICKNESS OF BLANK 
AND COLD DRAWN HEAD 
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Fig. 4. Thickness variation from flange to center in a 

cold drawn elliptical head showing the thickness 

variation which was present in the blank prior to 
forming 


control of head contour required in the design of 


modern rockets. Small variations from the true 
contour, particularly in the region where bosses 
are welded to the head, result in high stress 
regions due to discontinuities in the true geo- 
metry. A typical requirement in a large head 
would be maximum variation from true contour 
of 0-060 in 

Cold drawing operations are performed at 
temperatures ranging from room temperatures 
up to as high as 1000 F and are confined to 
temperatures below the recrystallization tempera- 
ture for the material. Hot drawing or pressing 
operations are carried out at temperatures above 
the recrystallization temperature, usually in the 
range of 1450° to 1650 F. At these temperatures, 
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it is necessary to provide adequate protection 
against decarburization of the material being 
worked 

In addition to the problems of developing the 
mechanical operations associated with the 
drawing process, success or failure of the 
operation depends largely upon the drawing 
quality of the material being processed. In 
order to draw properly, experience has shown 
that it is necessary to obtain from 90 to 100 per 
cent complete spheroidization 


Shear Spinning 

In the shear spinning process, Fig. 5, as in 
conventional spinning, a flat blank is clamped 
between the tail stock of the shear spinning 
machine and a spinning mandrel, and the 
contour of the mandrel is the same as the inside 
surface of the finished part. The material ts 
forced to flow on to the mandrel by the action 
of hydraulically controlled forming rollers 
While this process appears to be similar to 
conventional spinning, there is a fundamental 
difference in that the material thickness ts 
reduced a significant amount. A given volumetric 
element of the flat blank is forced to move 
parallel to the spinning axis and the center 
line of this element assumes a position different 
from its perpendicular starting position. Inas- 
much as the volume of this element does not 
change. the thickness must decrease by an 
amount equal to the sine of the angle of inclina- 
tion. This principle is popularly termed “the 
sine law of shear spinning”. It is necessary. 
therefore, to initiate the shear spinning operation 
with a preformed blank which, for simple 
shapes such as a truncated cone, can be calcu- 
lated with a fair degree of accuracy. However, 
for more complicated shapes which include 
curvilinear elements rather than straight line 
elements, the calculated thickness variation in the 
starting blank is usually only a first approxima- 
tion and the final preformed shape must be 
developed through experimentation. 

The more complicated shapes cannot always 
be spun to the finished shape in one pass and so 
they have to be spun in steps. The part preferably 
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Fig. 6. Thickness measurements being taken on a typical cylindrical section formed by the shear spinning process 
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should be spheroidize annealed prior to the 
shear spinning operation and may require process 
annealing between each step to remove the 
work hardening caused by the previous spinning. 

The application of shear spinning for large 
rocket chambers arises from the abilities of the 
process to meet close thickness and shape 
tolerances in all the materials usually considered. 
The preparation of the blank requires attention 
to size, surface condition and material hardness 
in order to realize the full capabilities of the 
method 

The ability of the shear spinning process to 
produce completely adequate components de- 
pends to a large degree upon the accuracy which 
is required in the finished product. The 
dimensional control which has been achieved in 
the forming of straight cylindrical sections ts 
adequate for the most precise requirements and 
in large size components exceeds the accuracies 
which can be obtained by straight machining 
Additional development work is needed to 
perfect the forming of elliptical heads to precise 
dimensions. A typical cylinder formed by this 
process is shown in Fig. 6. 


Three-Dimensional Profile Machining 

At the present state of technology in the metal 
forming processes, it has been impossible to 
meet completely the requirements for precise 
weight control of the rocket motor case. The 
inability of the manufacturing processes to 
produce adequate dimensional accuracy has 
resulted in the need to add a thickness margin 
above the minimum thickness required by the 
stress level. This margin may be directly trans- 
lated into a normal increase in the weight of the 
inert parts. In an effort to reduce this margin it 
has been necessary to resort to machining 
completely the desired head contour from a 
thick forging. In this process a forging of 
sufficient thickness is obtained so that the head 
and the required bosses may be machined in one 
integral structure, thus eliminating all welding. 

There are many advantages in the production 
of unsymmetrical shapes from solid forgings 
using improved methods of contour milling and 


turning. The operation may be performed on 
machines which are controlled from a template 
or by machines whose motions are programmed 
by a tape controlled computer. The material 
itself is refined by the forging process and it is 
possible that the grain flow may be improved 
over that obtained in a mill rolled product 


Welding 


It is difficult to visualize the fabrication of a 
complete solid rocket motor case without the 
use of welded joints: Fig. 3 illustrates graphically 
the amount of welding on a roll and welded 
chamber. The welding process is fundamentally 
one of depositing a cast metal and the structure 
achieved must be refined in some manner: 
usually by the heat treating processes of stress 
relieving.  austenitizing. quenching, and 
tempering. Welding is not completely successful 
in achieving complete homogeniety across the 
weld joint and the parent metal, and as a result, 
there are metallurgical stress concentrations 
present to some degree in all weld constructions 
The resultant weaknesses may be metallurgical 
in nature and result from a coarse dendritic 
grain structure due to slow cooling: from 
embrittlement of the heat affected zone due to 
absorption and migration of hydrogen: and 
differences in hardenability between the cast 
weld metal and the parent material. In addition, 
stress concentrations may be present due to 
cracks, porosity, non-metallic inclusions, in- 
complete fusion, mismatch, and deformation. 

There are several welding methods which may 
be used in the fabrication of solid rocket motor 
cases. These are: 


Submerged arc 

Shielded arc 

Flash 

Resistance 

Tungsten inert gas 

Metallic are inert gas 

Ultrasonic. 

The submerged melt welding is an excellent 

process for heavy pressure vessels and has been 
used for many years. This method does not 
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qualify, however, for the fabrication of ultra- 
high strength, lightweight rocket chambers 
where metal thicknesses are under 0-100 in. 
because of the large amount of heat generated 
during welding. In addition, there is no available 
combination of filler rod and flux which will 
produce a ductile weld with yield strengths of 
230,000 psi. It is possible that sufficient develop- 
ment effort would result in such a combination, 
but experience to date indicates that the use of 
the inert gas processes are more successful. 

The consumable electrode-inert gas welding 
method, while considered to be potentially the 
optimum method of welding, has not been refined 
to the point high-quality 
welds can be achieved. More research is needed. 

Flash welding has been used with a great deal 


where consistent. 


of success in joining ultra-high strength steel 
alloys. However, these applications have been 
for relatively heavy metal sections. It has been 
demonstrated that it is extremely difficult to 
obtain adequate alignment in the longitudinal 
seam of a relatively thin-walled rocket motor 
case and this abandoned after 
several attempts to produce a suitable joint 
failed. 

Resistance welding of the primary pressure 
may be possible: 


method was 


joints of a pressure vessel 


however, additional development is required 
before this method is proven to be adequate for 
this service. 

Ultrasonic welding ts a method for bonding 
materials through the use of ultrasonic energy 
applied in the area to be joined. This energy 
is supplied in the form of high intensity and high 
frequency elastic vibration while the two pieces 
to be joined are clamped together under low 
pressure, and a_ bond similar to that 
obtained in spot welding is produced without the 
application of heat. This method of welding is a 
recent development and although it appears to 
be a potentially powerful tool for fabrication, it 
will be necessary to develop power sources of 
greater capacity than those now available before 
ultra-high strength the thicknesses 
required in solid rocket motor cases can be 
successfully fabricated. 

It is necessary, at present, to use the reliable 


very 


steels of 
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tungsten arc-inert gas process, in which a cold 
wire of filler metal is fed into the molten pool 
generated by an arc maintained between the 
workpiece and a tungsten rod. This particular 
process, while slow (6 in./min) will, if properly 
controlled, produce a quality weld time after 
time. Inert gases such as argon and helium are 
used in the process, and quite often, combina- 
tions of the two gases are used since argon has a 
relatively low rate of heat transfer and produces 
a wide, shallow weld: helium, on the 
hand, has a high rate of heat transfer and pro- 
duces a deep, narrow weld. Proper mixtures of 
the two gases will produce a weld bead of desired 


other 


width and penetration. 

Another important feature is the type of filler 
wire used to fill the joint being welded. The 
steels used. or contemplated for use, are all 
difficult to weld. They all contain a medium 
carbon and medium alloy content and conse- 
quently are both high hardening and deep 
hardening. The physical condition of the wire is 
thus quite important. Drawing compounds 
must be very carefully and completely removed 
so that they will not add to the inherent difficulty 
of welding these steels. Slivers and seams on the 
surface are also detrimental; while inequalities 
in coiling will cause the wire to twist during un- 
reeling, with consequent excessive buildup or 

Packaging should be of 
that physical 
moisture pick-up 


undercutting. high 
quality so 
attack, or 
during transit. 

Chemical composition of the filler wire is 
important also. The melting practices 
allow too much variation in alloying elements 
A double-vacuum 


damage, chemical 


cannot occur 


usual 


and nonmetallic impurities. 
melted grade of filler metal, in which alloying 
elements are controlled within a narrow range. 
and sulfur and phosphorus are maintained at 
less than 0-015 per cent total, is recommended 


Explosive Forming 

The basic principle of the explosive forming 
process is the application of extremely high 
forces developed by pressure waves generated by 
the detonation of an explosive charge. The part 
to be formed, plus an explosive charge and a 
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should be spheroidize annealed prior to the 
shear spinning operation and may require process 
annealing between each step to remove the 
work hardening caused by the previous spinning 

The application of shear spinning for large 
rocket chambers arises from the abilities of the 
meet and 
tolerances in all the materials usually considered 
The preparation of the blank requires attention 


process to close thickness shape 


to size, surface condition and material hardness 
in order to realize the full capabilities of the 
method 

The ability of the shear spinning process to 
produce completely adequate components de- 
pends to a large degree upon the accuracy which 
is required in the product. The 
dimensional control which has been achieved in 


finished 


the forming of straight cylindrical sections is 
adequate for the most precise requirements and 
in large size components exceeds the accuracies 
which can be obtained by straight machining 
Additional 
perfect the forming of elliptical heads to precise 
A typical cylinder formed by this 
process is shown in Fig. 6 


development work is needed to 


dimensions 


Three-Dimensional Profile Machining 


At the present state of technology in the metal 


forming processes, it has been impossible to 


meet completely the requirements for precise 


The 


processes to 


weight control of the rocket motor case 


inability of the manufacturing 


produce adequate dimensional accuracy has 
resulted in the need to add a thickness margin 
above the minimum thickness required by the 
stress level. This margin may be directly trans- 
lated into a normal increase in the weight of the 
inert parts. In an effort to reduce this margin it 
been 
completely the desired 
thick this forging of 


sufficient thickness is obtained so that the head 


has necessary to resort to machining 


head contour from a 


forging. In process a 


and the required bosses may be machined in one 


integral structure, thus eliminating all welding 


There are many advantages in the production 
of unsymmetrical shapes from solid forgings 
using improved methods of contour milling and 


turning. The operation may be performed on 
machines which are controlled from a template 
or by machines whose motions are programmed 
The material 
itself is refined by the forging process and it is 
possible that the grain flow may be improved 
over that obtained in a mill rolled product 


by a tape controlled computer 


Welding 


It is difficult to visualize the fabrication of a 
complete solid rocket motor case without the 
use of welded joints; Fig. 3 illustrates graphically 
the amount of welding on a roll and welded 
chamber. The welding process is fundamentally 
one of depositing a cast metal and the structure 
achieved must be refined in some manner: 
usually by the heat treating processes of stress 
relieving, austenitizing, quenching, and 
tempering. Welding is not completely successful 
in achieving complete homogeniety across the 
weld joint and the parent metal. and as a result. 
there are metallurgical stress concentrations 
present to some degree in all weld constructions 
The resultant weaknesses may be metallurgical 
and from a coarse dendritic 


m nature result 


grain structure due to slow cooling: from 
embrittlement of the heat affected zone due to 
absorption and migration of hydrogen: and 
differences in hardenability between the cast 
weld metal and the parent material. In addition. 
concentrations may be due to 


stress present 


cracks, porosity, non-metallic inclusions, in- 

complete fusion, mismatch, and deformation 
There are several welding methods which may 

be used in the fabrication of solid rocket motor 


cases These are 


Submerged arc 
Shielded arc 

Flash 

Resistance 

Tungsten inert gas 
Metallic are inert gas 
Ultrasonic. 


The submerged melt welding is an excellent 
process for heavy pressure vessels and has been 


used for many years. This method does not 
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qualify, however, for the fabrication of ultra- 
high strength, lightweight rocket chambers 
where metal thicknesses are under 0-100 in. 
because of the large amount of heat generated 
during welding. In addition, there is no available 
combination of filler rod and flux which will 
produce a ductile weld with yield strengths of 
230,000 psi. It is possible that sufficient develop- 
ment effort would result in such a combination, 
but experience to date indicates that the use of 
the inert gas processes are more successful. 

The consumable electrode-inert gas welding 
method, while considered to be potentially the 
optimum method of welding, has not been refined 
point 
welds can be achieved. More research is needed. 


to the where consistent, high-quality 

Flash welding has been used with a great deal 
of success in joining ultra-high strength steel 
alloys. However, these applications have been 
for relatively heavy metal sections. It has been 
demonstrated that it is extremely difficult to 
obtain adequate alignment in the longitudinal 
seam of a relatively thin-walled rocket motor 
and method abandoned 


several attempts to produce a suitable joint 


case this was after 
failed 

Resistance welding of the primary pressure 
joints of a vessel be possible: 


pressure may 


however, additional development is required 
before this method is proven to be adequate for 
this service. 

Ultrasonic welding ts a method for bonding 
materials through the use of ultrasonic energy 
applied in the area to be joined. This energy 
is supplied in the form of high intensity and high 
frequency elastic vibration while the two pieces 
to be joined are clamped together under low 
bond that 


obtained in spot welding is produced without the 


pressure, and a very similar to 


application of heat. This method of welding is a 
recent development and although it appears to 
be a potentially powerful tool for fabrication, it 
will be necessary to develop power sources of 
greater capacity than those now available before 
ultra-high strength steels of the thicknesses 
required in solid rocket motor cases can be 
successfully fabricated 


It is necessary, at present, to use the reliable 
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tungsten arc-inert gas process, in which a cold 
wire of filler metal is fed into the molten pool 
generated by an arc maintained between the 
workpiece and a tungsten rod. This particular 
process, while slow (6 in./min) will, if properly 
controlled, produce a quality weld time after 
time. Inert gases such as argon and helium are 
used in the process, and quite often, combina- 
tions of the two gases are used since argon has a 
relatively low rate of heat transfer and produces 
a wide, shallow weld; helium, on the other 
hand, has a high rate of heat transfer and pro- 
duces a deep, narrow weld. Proper mixtures of 
the two gases will produce a weld bead of desired 
width and penetration. 

Another important feature is the type of filler 
wire used to fill the joint being welded. The 
steels used, or contemplated for use, are all 
difficult to weld. They all contain a medium 
carbon and medium alloy content and conse- 
both hardening and deep 
hardening. The physical condition of the wire is 
thus quite important compounds 
must be very carefully and completely removed 


quently are high 


Drawing 


so that they will not add to the inherent difficulty 
of welding these steels. Slivers and seams on the 
surface are also detrimental: while inequalities 
in coiling will cause the wire to twist during un- 
reeling, with consequent excessive buildup or 
Packaging should be of high 
that physical 


moisture pick-up 


undercutting 


quality so damage. chemical 


attack, or cannot occur 
during transit 

Chemical composition of the filler wire is 
The 


allow too much variation in alloying elements 


important also usual melting practices 


and nonmetallic impurities. A double-vacuum 
melted grade of filler metal, in which alloying 
elements are controlled within a narrow range. 
and sulfur and phosphorus are maintained at 
less than 0-015 per cent total, is recommended 


Explosive Forming 

The basic principle of the explosive forming 
process is the application of extremely high 
forces developed by pressure waves generated by 
the detonation of an explosive charge. The part 
to be formed, plus an explosive charge and a 
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shock transmitting medium are arranged so that 
the 


female 


waves force the 


One of 


pressure 
dic major applications of 


this process at the present time has been in the 


final forming of previously shaped components 
to produce parts with very close dimensional 


tolerances. One of the typical applications to the 


metal against the 
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form the plate into the dic. A typical example of 


the results which have been obtained to date is 


shown in Fig 
this fabrication 


high 


A major advantage of 
that 


»ressures can be developed using simple tools 


technique ts extremely forming 


and a tank of water. in contrast to the verv heavy 


Fig. 7. Large elliptical head fabricated by explosive forming techniques 


is the 
torming of elliptical domes used for end closures 


fabrication of solid rocket motor cases 
A blank of rolled sheet metal is placed over a die 
the area between the sheet and the die is sealed 
and a vacuum is pulled in the area under the 
plate 
the plate and the entire assembly is lowered 
imto a tank of 


combination of shock waves and pressure waves 


Then an explosive charge is placed over 


water. Upon detonation, a 


presses and massive tools which are required by 
the Considerable 


success has been achieved in the forming of 


normal forming processes 
high strength steels and in the sizing of parts 
made by other forming methods. It must be 
emphasized that a considerable amount of 
development effort must be expended before the 
full potential of this forming technique can be 


attained 
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Heat Treating 

One of the major processes in the manufacture 
of solid rocket cases is heat treatment: this is 
required the 
properties of strength, ductility, and toughness 


to obtain desired mechanical 


Since a final heat treatment is usually required 


in a completely assembled chamber consisting 


of parts with large variations in section thick- 
nesses, it is necessary to carefully control this 


The 


operation to reduce unwanted deformation 


design of heat treating fixtures for the support of 


the chamber during the high temperature 
portions of heat treating are extremely important 
in minimizing deformations which may occur at 
this time. In addition to tooling of this nature. 


it is quite often necessary to perform additional 
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Fig. 8. A large gantry-type bottom drop furnace for heat treating large solid propellant rocket motor cases 


the 


operations by 


and 
proper 


Straightening sizing 


application of tooling during the 


tempering cycle 

rhere has been considerable experience gained 
in the heat treatment of smaller sized rocket 
cases; however, with the trend toward the design 


of larger lightweight rocket motors the problems 


of achieving acceptable heat treating operations 
have become difficult. The equipment 


itself must be very large, and experience with 


more 


furnaces capable of precise temperature contro! 
of the size required for large rockets is very 
limited. It is desirable to minimize the 
temperature drop which can occur in the transfer 
from the austenitizing furnace to the quench 


bath, and so it has become the practice to use a 
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bottom drop austenitizing furnace. This arrange- 
ment permits a large size chamber to be dropped 
from the heating furnace into the quenching 
tank in a little 
possibility of temperature gradients being ob- 


minimum time, with very 
tained during the transfer interval. A photograph 
of such an installation is shown in Fig. 8 

Since the mechanical properties of the steel 
are to a large extent dependent upon the carbon 
content, it is important that heating furnaces 
protective 
carburization of the 


that de- 
kept to a 
minimum. Conversely, carbon pickup from the 


provide atmosphere so 


surface is 
because of the 


atmosphere is detrimental 


adverse effect on ductility. A neutral moisture- 


free atmosphere is essential. 


DEVELOPMENT OBJECTIVES FOR THE 
FABRICATION OF STRUCTURAL 
MATERIALS 


The development objectives for the fabrication 


of structural materials can be stated very 


simply. It is developing fabrication techniques to 
maximum 
The realization of this objective. 


utilize materials at their strength 
capabilities 
however, is not quite so simple. The improve- 
with the 


structural 


ment of associated 


preparation 


technologies 
and mill processing of 
materials 1s necessary. It 1s becoming increasingly 
apparent that 
contribution to 


make 
available 
materials through proper control of the prepara- 


the basic industries must 
their improving 
tion of the raw material 

In the last year the industry has witnessed the 
application of techniques such as shear spinning, 
explosive forming, strip winding, the control of 
and feed- 
many others 
which have permitted significant advances in 
the production of lightw eight rocket motor cases 


machining processes by computer 


back positioning systems, and 


The search for new manufacturing methods must 
continue, but it is difficult to foresee where the 
significant break-through — will 
A major advancement will be obtained 
through the more careful application of known 
techniques to produce dimensionally precise 
and very large thin walled pressure vessels and 


development 
occur 
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structures. This, however. will not be sufficient 
to meet the needs of advancing technology 

In the field of the application of ferrous alloys, 
the objective for the next generation of missiles 
is to utilize heat treatable steel alloys at strength 
levels of 230,000 psi minimum yield strength 
Longer range objectives are to develop alloys 
which can be heat treated to strength levels of 
250.000 psi minimum yield strength and to 
explore the possibilities of combining work 
hardening and heat treating to obtain strength 
levels as high as 300,000 psi minimum yield 
strength 

In addition to the use of ferrous alloys, the 
application of titanium is receiving a great deal 
In the near future it ts 

motor cases will be 
150.000 psi 


the long-range 


of development effort 
expected that 
fabricated at 
minimum yield strength 


titanium 
levels of 

For 
outlook, development effort will be expended 


strength 


on the all-beta titanium alloy using a combination 
of work hardening and heat treating to obtain 
strength levels above 180,000 psi minimum yield 
strength 


HIGH TEMPERATURE MATERIALS 
Once a pressure vessel has been constructed 


which is capable of meeting the structural 


to provide the 
means of transforming the energy of the combus- 


requirements, it is necessary 
tion gases into propulsive forces. The component 
parts of a rocket motor which perform this 
function are exposed to the full temperature of 
the propellant gases and, in addition, control and 
direct the extremely high velocity encountered in 
stream. The high temperature 

in the manufacture of 
and thrust vector devices will be discussed in 


the exhaust 
materials used nozzles 
this section 

The environment in which 
operate is characterized by 

(1) Ultra-high flame temperatures (presently 

4500 F, future 6000° to 8000 F). 

(2) Steep transient temperature gradients 

(3) High heat flux. 

(4) Supersonic gas flow. 


these materials 


(5) Chemically reactive combustion products. 
(6) Abrasion by high velocity particles 
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(7) Stresses due to pressure, structural loading, 
temperature, and acceleration. 

The materials which are used for this service 

may be classified as refractory metals and their 

alloys, graphites, ceramics, cermets, plastics, 

list 


and composite structures. A of materials 


with melting points above 4500°F is shown in 
Table 4. 


Table 4. 
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rocket motors with aluminized propellants 
having theoretical flame temperatures 
5000 F. Recently, however, the use of higher 
energy propellants has the 
temperatures of the nozzle gases to the point 
where the molybdenum, even though present 
in heavy sections, melts and is not satisfactory 


below 


increased flame 


for use. 


Melting Points and Densities of Selected Refractory Materials and 
Carbides with Melting Points above 4500 F ‘4.5.®) 


(C) 


3890 
Tat 3880 
3530 
Carbon 
Tungsten 3380 
Ti 3250 
Rhenium 3170 
Tantalum 3000 
2830 
Si 2700 
Mo 2695 
Molybdenum 2600 


Melting point 


Density 
(g/cm”) 


( F) 


7030 12-7 
7020 14-5 
6386 
6381 1-5-2-0 
6120 19-3 
S880 49 
5740 20-5 
5430 
5130 5-8 
4890 3-2 
4880 8-4 
4710 10-2 


Graphites 
The 


applications has been found to be a function of 


performance of graphites in nozzle 
their density. The higher density graphites have 
performed most satisfactorily in these applica- 
tions. The influence of the processing method, 
for instance extrusion processes, is also quite 
marked. Graphites such CVD (Crescent 
Carbon) and ATJ (National Carbon) have 
performed very well when the designs used their 


as 


basic resistance to compression loadings. The 
erosion resistance of the graphites is affected 
by the amount of aluminum in the propellant 
and uncoated graphites when tested in full-scale 
firings eroded severely and had to be abandoned. 
The use of impregnates and coatings on graphites 
offers attractive possibilities. 


Molybdenum 


Molybdenum nozzle inserts, entrance caps, 
and exit cones have been successfully used in 


Tantalum 


Tantalum is an extremely malleable metal and 
tests on subscale motors have indicated that it 
has the necessary erosion resistance and high 
melting point to withstand the abrasive condi- 
tions encountered for nozzle use: however, its 
to chemical The 
mechanical properties of tantalum are extremely 
low near its melting point and has 
occurred mechanically. It may be possible to 
applications. 


resistance action is low. 


failure 


utilize tantalum for nozzle 
providing that it can be alloyed with tungsten 
or rhenium to improve its mechanical properties 


at the high temperatures of nozzle use 


Rhenium 

Although this metal has a high melting point 
and suitable mechanical properties at high 
temperatures, it is extremely scarce. In addition. 
its density is higher than either molybdenum or 
tantalum and these disadvantages combine to 
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restrict its use to alloying with other refractory 
metals or as a coating for these metals. 


Tungsten 

Tungsten, because of its high melting point 
and abrasion resistance, is a likely candidate 
for use with the high energy propellants. One 
disadvantage of this material ts its high density, 
in addition, the commonly used methods of 
production introduce small amounts of inter- 
stitial elements such as oxygen, carbon and 
nitrogen making it extremely hard and brittle 
Recent advances in high vacuum melting 
techniques using consumable electrode melting 
or electron beam melting have made the produc- 
tion of ductile tungsten possible. Only develop- 
ment quantities have been produced so that 
large nozzles of this material have not been 
made and fired. It may be that initial use of 
tungsten for nozzles will be based on the use of 
powder metallurgy products, but it is probable 
that tungsten will be used extensively in nozzle 
applications when the melting techniques have 
been developed to produce large size ingots of 
ductile material 


Alloys 


The refractory metals, molybdenum, rhenium, 
tantalum, columbium. and tungsten are mutually 
soluble in all proportions. Therefore, the melting 
points of alloys prepared from these metals can 
be adjusted by a proper mixture of the various 
metals. Columbium and tantalum are extremely 
malleable and it may be possible to obtain 
ductile alloys based on these two metals using 
sufficient admixture of the others to obtain a 
high melting point. Research in_ refractory 
metallurgy is urgently needed to develop such 
alloys. Several producers are working currently 
with alloys of molybdenum and tungsten. 


Ceramics 

The ceramics such as hafnium carbide. 
tantalum carbide, and columbium carbide offer 
attractive possibilities for future use in solid 
rocket nozzles because of their extremely high 
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melting points. 
these materials in subscale motors has shown 
that they are prone to thermal checking and 
cracking. It may be possible to eliminate this by 
using a combination of refractory metal and 
ceramics in which the ceramics are held in a 
matrix of the refractory metals, thus reducing 
the tendency to crack when subjected to high 
heat gradients. Further development work is 
needed to determine the relative amounts of 
ceramics and metal required. Another promising 
approach to the utilization of ceramics appears 
to be the use of carburizing techniques that 
would provide a thin film of refractory carbide 
on the surface of the metal 

The principal disadvantages of the ceramics 
for fabrication of nozzle parts are their extreme 
fragility at normal temperatures, and their 
extreme hardness. The fragility requires careful 
handling during manufacture and shipment and 
the hardness of these materials introduces the 
problem of machining to obtain the required 
shape and dimensions of the part 


Resin-Bonded Fibers 

Materials such as fiberglass impregnated with 
phenolic resins and bonded by heat and pressure 
have been successfully used for nozzles of short 
firing durations. The use of long firing durations 
at high gas pressures has imposed conditions 
under which these materials are no longer 
satisfactory. Small scale firing tests have demon- 
strated that aluminum propellants severely 
erode this class of material and its is probable 
that the use of these in the nozzle entrance and 
throat sections will not be extensive; however, it 
may be possible to use them in the divergent 
nozzle exit sections. 


FABRICATION OF HIGH TEMPERATURE 
MATERIALS 

The information which ts available on the 

physical properties of refractory materials 

indicates that successful designs for high 

temperature service might be developed: how- 

ever, a major deterrent to the development of 


Unfortunately, evaluation of 
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these designs has been the inability to fabricate 
parts of sufficient size for full-scale chambers. 
Several fabricating techniques which may offer 
solutions to this problem are summarized in the 
following discussion. 


Forging 

The forging process has been used to obtain 
large-size parts made of molybdenum. The 
forging blanks have been prepared using both 
the arc cast and the sintered metal process. It 
has not been possible to obtain forgings of 
tantalum and tungsten except in experimental 
quantities, and the maximum 
available has been too small to permit evaluation 
It appears likely that 


usually size 
of full-size components 
tantalum has sufficient ductility so that this 
material can be forged and throat inserts 
manufactured in this way. Tungsten, which is 
normally quite brittle. insur- 


mountable problems in the development of 


may present 


forgings. It may be possible, however, to use 
the electron beam melting process for the 
preparation of tungsten forging blanks and 


achieve sufficient ductility. It is anticipated that 


arc melted tantalum forging blanks can be 


produced 
controlled. The inclusion of interstitial elements 


provided the process is carefully 


such as nitrogen and oxygen must be minimized 
because of their adverse effect on ductility 


Spin Casting 

In this process the metal is poured into a 
rotating vertical mold under vacuum. Small 
castings of molybdenum have been produced 
and development programs are needed to extend 
this technology to the production of tungsten 
and tantalum castings of large sizes. Because of 
the close control of the gas content during 
melting and pouring, the likelihood of producing 
ductile material is high when compared to 
conventional arc melting or sintered metal 
techniques. The major problem involved is 
increasing the size of the equipment and ob- 
taining extremely high temperatures and high 
vacuum required to melt materials such as 
tungsten without gas pickup. 
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Slip Casting 


In this process, a slurry of powdered metal is 
prepared by suspending the powder in an 
organic or other highly volatile solvent. This 
slurry is poured into a mold of the desired shape 
and the solvent drained off and evaporated. The 
mold and cast are then heated to drive off all 
traces of the solvent and the cast sintered to 
produce a homogeneous solid casting. The major 
problems encountered in the application of this 
technique are to provide support for the “‘green” 
slip casting during evaporation and sintering 
and the design of sintering furnaces capable 
the and high temperature 


of meeting size 


requirements. 


Wire Wrapping 
The wire wrapping process consists of building 
up a nozzle assembly by wrapping a refractory 


metal wire around a mandrel of the desired 
configuration. The wrapping is then tack 
welded, infiltrated with a low melting alloy 


which is insoluble in the refractory metal, and 
then either brazed or sintered. An advantage of 
this type of fabrication is that wires of refractory 
metals have already been produced and the 
technology and metallurgy is well developed. As 
in all cases where high temperatures are needed 
for processing, the provision of suitable furnace 
equipment becomes a major problem 


Form and Weld 

This technique includes a variety of designs 
such as honeycomb and marcel structures. It 
is necessary to develop techniques for the 
production of ductile sheet material wide enough 
to fabricate large nozzles. This sheet 
material will serve as the surface of a honeycomb 
or marcel structure in contact with the 
stream. Additional development effort is needed 
to perfect the forming and joining procedures 
used to fabricate sandwich structures of this 
kind. 


size 


gas 


Flame Spraying 


The flame spraying of refractory metals on a 
formed mandrel 


to form shapes has been 
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achieved in small sizes and the technical 
feasibility of producing larger sizes has been 
demonstrated 
the high temperature strengths of these materials 
without suffering an unwanted weight penalty, it 
IS necessary to produce very thin walls. It 


appears possible to do this using the flame 


spraying technique. Small, thin wall-shapes of 


pure tungsten have been produced by this method. 


DEVELOPMENT OBJECTIVES FOR HIGH 
TEMPERATURE MATERIALS 


During the past few years the development of 


the technologies associated with the preparation 
of solid propellants outstripped the ability of 
the materials and fabrication engineers to take 
full 
propellants. This is particularly true in the field 


advantage of the capabilities of newer 
of high temperature materials. It is apparent that 
the objective of the research and development 
programs in high temperature materials is to 
find ways of producing large size components of 
materials capable of withstanding long duration 
firings at high propellant temperatures. It is 
worthwhile to state this objective in two parts 
The first, to select and utilize materials capable 
of meeting the performance requirements regard- 
less of weight: and the second, to develop and 
perfect lightweight hightemperature components 

In order to meet the first part of the objective. 
programs are being carried on in the selection 
and preparation 
components using refractory metals and their 


of materials of full-scale 
alloys. It is recognized that these may be too 
heavy to meet the optimum requirements, since 
they are the heaviest of the high temperature 
materials 

The directed 
producing the lightest weight high temperature 
components, will most probably be achieved by 


secondary objective. toward 


the use of refractory metal coatings on a lighter 
material such as graphite or plastic. In addition, 
it may be possible to utilize composite structures 
in which a high melting point ceramic material 
is strengthened by a matrix of refractory 
material. It appears that the materials for 
solving the high temperature problem are 


In order to take advantage of 


available. The major task is in developing 
methods for the preparation of these materials 


and the fabrication of full-scale components. 


CONCLUSION 


The present state-of-the-2-t in the utilization 
of materials and the fabrication of lightweight 
solid propellant rocket motor cases may be 
summarized as follows: 

(1) Large size solid propellant rocket motor 
cases are being produced at strength levels of 
210,000 psi minimum yield strength. 

(2) Satisfactory performance 
achieved in the application of high temperature 
materials for propellant temperatures of less 
than 5000 | 

It will be necessary to make significant break- 


has been 


throughs in the preparation of ferrous and non- 
ferrous materials and in the development of 
fabrication techniques in order to increase the 
Strength-to-weight ratio of structural materials 
It appears that the following objectives may be 
achieved in the near future 

(1) Structural steel alloy chambers will be 
manufactured at strength levels of 230,000 psi 
minimum yield strength 

(2) The application of titanium alloys will be 
successful at strength levels equivalent to 265,000 
psi minimum yield strength in steel. 

In the area of high temperature materials and 
their application it is expected that ways will be 
developed to obtain material and fabricate large 
size components of refractory metals and their 
alloys to obtain relatively heavy high temperature 
components 

The long-range development programs should 
result and 
fabrication processes which would permit the 


in the development of materials 
following 

(1) Fabrication of steel alloy chambers at 
strength levels from 250.000 to 300,000 psi 
minimum yield strength 

(2) The utilization of 
produce rocket motor cases at strength levels 
equivalent to steel at a strength of 330,000 psi 
minimum yield strength 

(3) The fabrication of 


titanium alloys to 


lightweight high 
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temperature components capable of operating 
at service conditions imposed by solid propellant 
flame temperatures well above 5000 °F. 
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Abstract—The distributions of residual propellant (outage) and of range are obtained as functions of the 


ind one half, and two stage ballistic missiles flown 
of fuel lo ided above 


nominal, is selected to maximize the probability that residual propellant does not exceed a specified value 


w that ranee exceeds a specified distance 


INTRODUCTION 

This paper discusses the optimum selection of 
fuel bias for maximizing the range and for mini- 
mizing the residual propellant of a single stage 
of a “one and one half” stage. and of a two 
stage bi-propellant ballistic missile 

The most important figure of merit of a 
ballistic missile weapon system ts the maximum 
range the re-entry vehicle can be expected to 
exceed with some reasonable probability. De- 
mions regarding allowable tolerances. engineet 


4 


en changes, etc., are based ultimately on 
what effect they have on the range of the hallistic 
missile. It is necessary to deri precisely the 
distribution of range which results from the 
distributions of vehicle weights and other per- 
formance parameters. The operation and tar- 
geting problems relating to maximum target 
range to be attempted cannot be answered with- 
out this range distribution function 

This study assumes that no propellant utiliza- 
further. that thrust is 


ton svstem use 


terminated only when one or the other of the 
propellants 1s exhausted rather than by terminal 
guidance cut-off. The distributions derived do 
not take into account the reliability of the weapon 
system and im that sense they are truly con- 
ditional probabilities, the condition being that 
there have been no critical malfunctions of the 
weapon system 


Considered as basic random variables are 


thrusts, specific impulses, staging velocity, dry 
weights, fuel and oxidizer weights. and average 
in-flight burning mixture ratios. All of these 
random variables are assumed to be indepen- 
dently normally distributed with parameters 
known for each lot of missiles. The assumption 
that tank loading variations and engine mixture 
ratio variations are uncorrelated is a conservative 
one as it ts generally supposed that the rocket 
engines exhibit a self-correcting tendency which 
is not. at this time. well defined 

Nominal mixture ratio is defined to be the 
expected value of actual in-flight burning mixture 
ratio, and it ts equal for each stage to the ratio 
of a nominal oxidizer load to a nominal fuel load 
Fuel bias, say JF. is defined to be the excess of 
fuel above a nominal load 

Since the nominal mixture ratio is usually 
larger than two, and since actual burning ratio 
is as likely to be larger than the nominal as it is 
to be smaller. at least twice as much oxidizer 
will remain unburned in the latter event as would 
fuel in the former, for an equal deviation in 
mixture ratio 

It is. therefore, advantageous to load some 
positive amount of fuel bias in order to burn the 


larger oxidizer residual, when it occurs 


The optimum fuel bias is selected according to 
one of the following criteria 


(1) Maximize the probability that residual 
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propellant does not exceed a fixed amount, 
say Z,: 

(2) Maximize the probability that range ex- 
ceeds a fixed distance, say Ry. 


The choice of fuel bias according to criterion 
(1) has been studied through simulation by 
Douglas Aircraft Co.,“ and analytically by D. 
W. Whitcombe, by A. Africano, and by the 
present authors.“ All the results obtained in 
these studies are essentially in agreement. The 
choice of fuel bias according to criterion (2) 
is new, and has been reported.“ J. Brooks has 
recently obtained new results in this area, and 
has also extended the considerations to include 
terminal accuracy as well as range capability. © 

The authors are indebted to their colleague 
Mr. R. S. Gaylord of Space Technology Labora- 
tories, Inc., for stimulating discussions during the 
preparation of this paper 


1. THOR 


1.1 Distribution of Residual Propellant for Thor 

Burning of the engine is terminated by the low 
level of one or the other of the propellants. That 
amount of the remaining propellant which could 


have been burned is defined to be residual 
propellant 
We introduce the following notation 
Z residual propellant 
l actual amount of oxidizer available for 
burning 
f actual amount of fuel available for 
burning 
! actual average burning mixture ratio 


In the above, “fuel actually available for 
burning” excludes expected amounts trapped in 
lines, lost to vortex, and used in start. Similarly 
“oxidizer actually available for burning” ex- 
cludes expected amounts trapped in lines, lost to 
vortex, lost before start due to evaporation and 
draining, used in start, and lost in flight due to 
evaporation 

If residual propellant is fuel, then F — L/r > 0 
and the amount of residual propellant is F — L/r: 
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if residual propellant is oxidizer, then F — L/r 

0 and the amount of residual propellant is 
L —rF r(F — L/r). This can be summarized 
in the equation 


Z = — L/r| + (F — L/r)j2 
— L/r (F — L/r)\/2 
which can also be written 
Z ry/2\F Lir) 


The subscript N will indicate the nominai value 
of the quantity to which it is attached. Thus 


rn Ly/Fy. (3) 


Consider the following RULE: always load 
oxidizer to the nominal value Ly. Any change in 
loading (aside from random 
changes) will be effected by changing the fuel 
loaded from Fy to Fy AF where 4F is the 
The reason for this fuel bias has been 


from nominal 


fuel bias 
indicated in the introduction. The constituents 
of expression (2) for Z will be linearized about 


the point (ry, Fy, Ly). This yields 


(1 + — Lir) 


[Fy + Ly)/2\Sr/ry + 5F/Fy — d5L/Ly~) (4) 
and 
ry 2\F Lir) 

[Fy Ly)/2dr/ry dF/Fy — dL/Lw) (5) 
where 


and 4/ Ly. 


Writing 

\ or/ry dF/ Fy bL/ Ly (6) 
Z can be approximated as 
Z [( Fy Ly)/2|x (Fy Ly)2|X. (7) 


It will be assumed that dr/ry. 5F/Fy. and 4L/Lyw 


are independently normally distributed and. 


35 
. 
or r rn. oF F \ 


letting Via, b) denote a normal distribution with 


mean a and variance /. that 


wry WS 


V(O, 


Fy is MAF Fy, o}). 
and 


ws 


Writing ao}, X ts distributed 


i 
Fy. o*). The cumulative distribution can 
now be found easily. Bear in mind that Z is a 


non-negative random variable 


PO <Z =< 


10 Lyi Le 

10 Zo Fr} 
Zaks 0} 
Zaks \ Zo Fr} 


AF Fy — SF/Fy 


ao 


Fx AF Fy (8) 


(\ SF Fy) ots distributed (0, 1) so that for 
given JF, Fy, Ly, and o the cumulative distribu- 
tion of residual propellant can be obtained using 
tables of the normal distribution 


1.2 Optimum Fuel Bias to Minimize Residual 
Propellant for Thor 


In order to maximize the probability P{Z 
Z,; that residual propellant does not exceed a 
specified amount Z,. we must choose 4F ap- 
propriately 
equations (8) we note that the interval in which 


Referring to the last expression of 


the standard normal variable (1/0) A AF Fy) 
lies has constant width [= (Z,/o)(1/Fy 
independent of 4F. Thus, the probability is 
maximized by centering this interval about the 


origin. That is, set 
Fx AF Fy) 


(l/oZ,/Ly + Fy) 


This yields 


AF — srw). 
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The probability associated with this choice of 
AF is 
N l 
< Z,) = (22)] exp(— dr (10) 
0 
and it can readily be obtained from tables of the 
normal distribution 


1.3 Distribution of Range for Thor 


In this section we derive an expression for the 
function of the 
R of a single stage missile. The factors considered 


cumulative distribution range 
as random variables here are thrust (7), specific 
impulse (/), dry missile weight (W,), fuel avail- 
able for available for 
burning (L), and mixture ratio (r). These factors 
will be assumed to be independently normally 
distributed 

In addition to the notation introduced above. 
denote the amount of propellant burned by M 
and the burnout weight of the missile by W, 
If the concept of “dry” missile weight is extended 
to include expected fuel and oxidizer trapped in 
lines. in vapor form, and lost to vortex. then 


burning (F). oxidizer 


W, + Z, 
and 
Z (11) 
Range will be expanded linearly in the quan- 
tities 7, J, W,. and M about 
values, yielding 


their nominal 


OR 


where 5 means the difference between a quantity 
and its nominal value 

The partial 
coefficients” 


derivatives, called “exchange 
, are often obtained by perturbation 
methods applied to trajectory computation pro- 
grams. An alternate method for obtaining these 
coefficients is discussed herein in the sections 
dealing with the Atlas missile. 


Be 
; 
0- 
0) 
A 
P 
oe 
(9) 


Using (11), (6), and (7), equation (12) can be 
written, with the a's suitably defined, as 


R R, 
CR 87 oR 5) OR 
CR ry CR ry 
ow, ? oM 
oR ry CR 
CW, oM 
OR | Ly Fy oR 
wi ~ * 
oR CR \ Ly + Fy 
47 4/ oF él 
at aj I ~ OF ay 
or OW, 13 
a ay|. . (13) 


By previous assumptions I" is normally distri- 
buted. Since each 4 refers to deviations from 
nominal values, which for 7, /, L. r. and W, are 
equal to their expected values, ” has mean 


AF 14 
= ( ) 
Fy 
and variance 
a? a? + (15) 


where the o’s are percentage standard deviations 
Since, clearly @€R/@M ay is 
positive, the second bracketed quantity in (13) 


can be written as vs} where 


(CR/CM CR/CW,) ((Ly 
ayX. (16) 
ys is normally distributed with mean 
ay(4F/Fy) (17) 


and variance 
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Let p denote the correlation between I and & 
Then one can readily compute. 


apayo; aayo*. (19) 


poy ous 


We have written R R,as i w&| where 
and are normally distributed with means. 
variances and correlation given in (14), (15), 
(17), (18) and (19). The cumulative distribution 
of such a form is given in the Appendix, whence 


Ry, D} 
(p')*] 


2p’ uv + 


(u? 
ern; 20 
| exp dr du (20) 


(D) 


where 
D ply 
ug D) (21) 
\ + of 2p oy) 
D fly 
re D) — (22) 
\ (ao? + 2p oy) 
oF oF (23 
p \ [(o? a2) 


1.4 Optimum Fuel Bias Selection for Maximizing 
Range for Thor 
In this section fuel bias selection will be de- 
termined on the basis of two criteria. 
14: For fixed D, choose 4F so that 
D} is maximized. 


Criterion / 
PIR R, 

Criterion B: For fixed P{R — R, 
4F so that D is maximized. 

For criterion A set — R, > D\/cAF =0 
For criterion B set €D/c4F — 0. This derivative 
can be obtained implicitly as 


choose 


CPiR R, 


D 


Ry = D} 
Since the denominator is not zero, the solution 
under criterion A also yields a solution under 
criterion B. Note that criterion A is criterion | 
stated in the introduction. 


= 
| 


2 
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Referring to equations (20), (21) and (22) we 


find 
OP{R — R, > D} 
cAF 2ry [I 


[u? — 2p'ur,( D) 


— 


D) 
Cug( D) CAF 


{w2(D) — 2p'ug Dit 


ied 21 — 


. 


D) CRN 


\ (oF oF 2 


and 


CU D) 
cAF 
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D) 


D)| 


di 


I 


(CR 1) + (eR/CW 


\ (o; P 2p a, 
Now write 


2p urg D) 
[uw pred D)P 


and 


2p ug Dit 
pud D)P + 


and let 
pu D) 
v{l — 


in the first integral of (24), and 


pu D) 
— 


in the second integral of (24). Upon setting 


Ry 
cAF 


oy) 


(p')*] 


(p')*] 


0 


one obtains 


(CR/CW,)y (of + + 2po, a, cM) 


(ry + 1) — (ER/OW, (02 + — 2poye,)) 


[w3(D) — v3(D)] 


where 


(32) 


Equation (31) can, for given D, be numerically 


solved for 4F 


2. TITAN 
2.1 Basic Assumptions and Definitions 

In this section we extend the results obtained 
for a single-stage ballistic missile, like Thor, to a 
two-stage ballistic missile, like Titan. 

It is assumed, as before, that engine shut down 
occurs only when either of the two propellants 
is exhausted. Since there are two separate engine 
and tank systems, we will be concerned with two 
residual propellants. Each of the symbols 7, /. 
r, Wy, Z, and AF will now appear with 
subscripts | or 2 indicating first or second stage 
respectively; the letter 6 preceding a symbol indi- 
cates the difference between that quantity and its 
nominal value. The random variables 7. /. 
F AF, L, r and W, (for both stages) are 
assumed to be mutually completely independent. 
and to be normally distributed about their 
nominal values with known variances. In addi- 
tion, the symbol M will be used to indicate total 
propellants burned (in each stage) 


2.2 Optimum Fuel Biases for Minimizing Residual 
Propellants for Titan 


The distributions of Z, and of Z, are the same 
as that of residual propellant Z for a single- 
stage missile like Thor. The cumulative distribu- 
tion of Z has been derived earlier and is given in 


* 
| 
= 
(p')*}} 
1 
| 
e- 2dr 
10% 
(25) 
4 
1 
(26) 
| 
| 
27) 
| 
4 
i 
4 
= 
| 
(30) 


nominal 


equation (8). The values of 7, /., 
F — AF, L and W, are (for each stage) their 
mean values and the nominal values of Z, and 
Z, are zero. Note that 7, and Z, are non-negative 
random variables. 

Optimum fuel biases to maximize residual 
propellants are selected for each stage in exactly 
the same way as for the single-stage Thor. That 


1S, 


(33) 


2.3 Distribution of Range, and Optimum Fuel 
Bias to Maximize the Range of Titan 


The basic relation assumed here is 


OR CR 
/ 


7 
! 
OR CR OR . 


5 


cZ 


This constitutes a Taylor series expansion, to 


range considered as a 
and Z for both stages 
and 


order terms, of 
function of 7. /, M, W,. 

Denote the first sum by } 
sum by 4,27, 1,7, (recall nominal Z 
that 6Z — Z). The random variable Y has mean 


first 


the second 


0. so 


ER 


jty 


and variance a}, say 


Z, and Z, are sta- 
[his assumption greatly 


We shall assume that Y. 


tistically independent 
simplifies the analysis, and is a sufficiently good 


approximation in most cases considered. 
The densities of Z, and of 7, can be obtained 
by differentiating expression (8). the cumulative 


of Z. This yields for i 1,2 
{{Z,) — Nz(AF,, 07) 
Nz(—r,wAF,, L303), (36) 
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(34) 


where 
a? variance associated with 7 
and 
N (a, b) — normal density with mean a and 
variance h 
We seck 


P{R Ry D} 


Let 
F(D) Ry dD} 
F(D) P\y 


(38) 


By the independence of Y. Z,. and Z, we have 
F(D) 


| | | Ny(py. Y (39) 
JJ. 


where R is the region 


Putting in the expressions for /(Z,). expanding. 
and making standard changes of variables. we 
obtain 


where the R, are polyhedral regions. An IBM 704 
program (Reference 9) is available to evaluate 
each of the integrals. 

In order to choose 4F, and AF, optimally to 
maximize range, it is necessary to numerically 


find (4 F,,4F,) which maximizes P{R — R, > D}, 


a function of 4F, and 4F, for D fixed. 


39 
= 
= (37) 
) 1,2, D : 
Z,>0 (40) 
| 
(35) 
M, 2 | (Inj? 2 
(41) 


3. ATLAS 


3.1 Basic Formulae and Assumptions 

The Atlas is accelerated during two periods 
In the first period two booster engines and a 
sustainer engine provide the thrust. In the second 
period, after the booster engines are jettisoned. 
the sustainer engine alone keeps burning 

Propellants are supplied from the same tanks 
during both periods. The sustainer engine re- 
mains burning until at least one of the propellants 
is exhausted 

It is assumed that the following variables 
determine the range attained in any particular 
flight 


I total amount of fuel loaded and avail- 
able for burning 

total amount of oxidizer loaded and 
available for burning 

ry burning mixture ratio during the first 
period 

rs burning mixture ratio during the 
second period 

] total initial thrust 

, total effective specific impulse during 
the first period 

I, total effective specific impulse during 
the second period 

Vr, velocity at end of first period 

HW weight jettisoned at end of first period 

dry weight of missile excluding 

HW, — initial weight of missile at beginning of 
of first period 

H initial weight of missile at beginning of 


second period 


The nominal values of the above-mentioned 
variables will be denoted by a subscript A 

The equations relating the basic variables to 
the range R as given in Reference 8 are 


R = Die": 1). (42) 
and 
W, initial weight in ith period 
W, burnout weight in ith period 


where D is primarily a function of N, — ratio of 
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initial thrust to weight rwW,, and B is 
essentially constant. 

Let Z be the amount of residual propellant at 
the burnout of the second period. 


Then from (42) and (43) 


B 


Woo \! 
R D- exp(V, Bg)| 


W, 
D- expt, Be)| (44) 


3.2 Distribution of Residual Propellant for Atlas 


= Fp — = (F — F,) — (L—L (49) 


where F, and L, are the amounts of fuel and 
oxidizer, respectively, available for burning in 
the second period and F, and L, are the amounts 
consumed in the first period 

Residual propellant Z is either all fuel or all 
oxidizer since the sustainer its assumed to burn 
until at least one of the propellants is exhausted 
If residual propellant is fuel. Y ~ Oand Z — A 
If residual propellant is oxidizer, 4 0 and 
Z lL, roFy r{F, — L,/re) 
This can be summarized in the equation 


oO! 


The distribution of Z can be approximated by 
expanding YX linearly about the point 


Px 
(Fy. Ly. ten. Ty. W vy. Wan) 
(47) 


Note that. excluding the unlikely event that 
propellants are exhausted during the first period, 


L, = (48) 
and 
We, — (F, + L,) (49) 


40 
™ 
3 
Let A 
1a 
= 
ad 
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Substituting (48) and (50) into the expression 
for X and expanding linearly about Py, we get 


1) (72%) 


It should be noted that this X differs from that 
defined for the Thor by a factor of Fy. 

We shall assume that the random variables 
. . ., are independently normally 
distributed; all have zero means—except 5F/Fy 
which has mean 4F/Fy; and that the variances 
are of, ..., of. Then X is approximately 
normally distributed with mean 


| 
len Wow 
and variance 
b? of +... + 5} (55) 


Note that wy — 4F if ryy = rey and that then 

by, 61,, bw,, and by, are all equal to zero. 
The cumulative distribution of Z can now be 

found. Since Xv = 0, Z is approximately given 


(56) 


ron) X + KM 


(57) 


Since (X — ux)/oy is a standard normal vari- 
able, this cumulative distribution can be readily 
obtained. 


3.3 Optimum Fuel Bias to Minimize Residual 
Propellant for Atlas 


In order to maximize the probability 


PiZ < Z,} 


that residual propellant does not exceed a specified 
amount Z», we must choose 4F appropriately. 


Thus 
p fit hy Wa Wn 
Ww 
exp (— V,/hg)] 
r, +1 
F+L+w,;+ We 
[1 exp(— V,/f,g)}. 
r+ 
(50) 
ry ‘ 
F — Lire 1) 
F L/r, 
F t L W, t W 
ls by 
exp(V,//,g)} > (SI) 
FinFy 
Fy len Wow 
| 4 Fin Ly P{O ron X Ze X < 0} 
Ly len len Won 
ory lon | Ors P. Xx Le 
rin fen Tin + | Tan 
Z xX 
[ren F.vWen p. /Ton \ 
F + | . : oY 
u dan lon OLN 
4 5W, FiyWyy 3 
+a 1) 4 (52) 
Win Won 
1 N lon 
nn + | Ing 
OWae Wan Woy Vy Fon 
53 | 
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Referring to the last expression of (57) we note 
that the interval in which the standard normal! 
variable (\ wy) oy lies has the constant width 
ray) independent of 4F 


Thus the probability is maximized by centering 
the interval about the origin. That is, set 


where jy is given by (54). This yields 


+ 


1) (58) 


as the optimum choice for 4F. Note that if 
rin rex. this solution coincides with that for 


T hor 


3.4 Distribution of Range for Atlas 


The distribution of range for Atlas is obtained 
here from the basic trajectory equations given 
in Section 3.1 

Expanding R linearly about the nominal values 
of all the variables, that is, about the point Py 
of (47), and noting that Zy — 0, we get from (44) 


47 bv, 
R R, ay ay, al, 
Ty Vin hy 
Wy 
aj an aw». 
Wy W aon 
ay aj azZ 
Fy Ly 


) azZ. (59) 


where Y ts the quantity in square brackets and 
where the coefficients (the a's) are functions of 
partial derivatives of R evaluated at Py 

As we have previously assumed, all the con- 
stituents of Y in (59) are independently normally 
except 6F Fy 
which has mean JF Fy—and have variances 


distributed, all have zero means 


o}, of. etc. Therefore Y is normally distributed 
with mean 


ty ap (AF Fry). (60) 


and variance 


ajo, (61) 


Referring to equations (46) and (59). we have. 


since az — (ER/eW,,) < 0. 


R Ry 
haz (1 


haz (1 roy) XJ 

rev) X| |p|, (62) 
where 
haz (1 Pow AX, (63) 
and 


haz(! row )X. (64) 


I’ is normally distributed with mean 
uy > ran WAN. (65) 


and variance 


aX. Y). (66) 


¥ 1s normally distributed with mean 


lon WAN. (67) 
and variance 


a? jaz! rey Po? (68) 


The correlation between I’ and is 
Py 
l ly? 2 2 
+ reylo( X, + rev 


where 


of X, Y) 


aw, bw,on 


Was? 
ay, by (70) 


o; 


ay by o; 
Now 
PiR R, D} Pir ub D}, (71) 


and the probability on the right-hand side of 
(71) ts evaluated in the appendix as 


— 2p uw + v*] 


*x 
| | ex — 


. 
wiD) erAD) 


drdu, (72) 


where uo D), ro D), and p are defined in the 


we 
= 
2 19 
| 4 
. 
{ p ) ] 


appendix and also in equations (21), (22) and (23) 
in section 1.3. 


3.5 Optimum Fuel Bias to Maximize Range for 
the Atlas 

To choose 4F so as to maximize range, we 
must maximize (72) with respect to 4F. The 
mechanics of this maximization proceed exactly 
as in the case of Thor—completely discussed in 
Section 1.4. 
The result for Atlas is 


lon 1) 


Azren 
Fiy/W (of + oF 


Fy 
2 py 


[u2(D)— 
exp 
G { D) D)\/y [1 (p')*]} 


where G(x) is defined in equation (32). 
Equation (73) can, for given D, be numerically 


solved for 4F. 
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APPENDIX 


Let x and y be normally distributed random 
variables with means and variances 
and o?, and correlation p. We derive here the 
cumulative distribution of x y) in two forms 
The first is for use with existing tables and the 
second is to be used with an existing computa- 
tional routine. 

Specifically we seek 


Pix y T}. (A.1) 


We change to new variables x’ and yp 
rotation through — 45 


by a 
via the transformation 


x (x 
(A.2) 


v)/4/2 


(x 2. 


The random variables x’ and y 
distributed with means 


are normally 


2 
(A.3) 
(u 2 
variances 
(A.4) 
Moa o- ipo a,) 
and correlation 
o? — 
p (A >) 


The reader may draw himself a sketch and 
observe that 
Pix Pix’ > 7T/+/2, 


(7 \ 2)p (A.6) 
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The random variables uv and r are standard 
norma! variables with correlation p . It is readily 


verified that 


Pix 
{(A.9) 


This probability is tabulated in Reference 7 
The sequel is devoted to putting (A.9) In a 
form that can be used with an existing computa- 
tional routine 
Let 
\ 
(A.10) 
u 


pd 


It can readily be verified that £ and » are inde- 


pendent standard normal variables. Solving 
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equations (A.10) for w and r in terms of £ and » 
yields 

(A.11) 


Substituting (A.11) into (A.9) we obtain 


P. 
| p wae — 10 


which upon setting 


is equivalent to 


Pix 


>(A.14) 


rAT) 


2, 


The expression (A.14)can be numerically evalu 


ated by an existing computational routine 
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OPTIMIZATION STUDY OF LINEAR AND NON-LINEAR 
SHAPED CHARGES FOR METAL CUTTING AS APPLIED 
TO SOLID PROPELLANT PROPULSION SYSTEMS 


S. BARRON and A. W. DATTILO 
Hunter-Bristol Division, Thiokol Chemical Corporation 


Abstract — Initiation of the thrust termination process in a ballistic missile must be accomplished by means 
of highly reliable accurate porting mechanisms. The shaped charge method of metal cutting was selected 
as a porting mechanism because it has significant advantages over conventional types currently in use 
This paper describes an experimental test program conducted on Shaped Charge Metal Cutting. It out- 
lines the variables affecting the metal cutting and how these variables should be utilized to optimize the 


cutting operation 


1. INTRODUCTION 


A. Historical Background 


About a century and a half ago, it was dis- 
covered that an explosive in contact with a 
steel plate would be more destructive if a cavity 
were provided in the surface of the explosive 
which faced the plate. Considerably later, about 
1936, it was discovered that if the cavity were 
lined with a metallic material a huge increase in 
penetrating power would be obtained. The 
term “shaped-charge”’ is applied to this type of 
detonating explosive. The shaped charge 
principle found extensive usage in the well- 
known rocket-propelled Bazooka of World War 
I! fame; it becomes obvious that its penetration 
effectiveness is almost totally independent of its 
striking velocity and hence paves the way for 
many and varied military applications. Further. 
and of considerable importance to any experi- 
mental research program, it thereby permits the 
test units to be statically fired 


B. Scope and Nature of Program 

The accuracy of a ballistic missile depends 
upon the termination of thrust at the precise 
instant the payload achieves the velocity vector 
required for the prescribed trajectory. Initiation 
of the thrust termination process must be 
accomplished by means of highly reliable, 
accurate porting mechanisms. The device must 


be simple in order to develop reliability, must 
be highly accurate, and should utilize common 
light-weight materials to avoid embarking upon 
lengthy and costly developmental efforts. It 
must have highly reproducible results, must 
undergo minimum time lapses from initiation 
of signal to operation in order to insure simul- 
taneous action in multiple devices, and must 
possess proper safety characteristics 

An experimental program has been carried out 
at the Hunter-Bristol Division of the Thiokol 
Chemical Corporation for the express purpose 
of applying shaped charges to metal cutting 
Specifically, the program was aimed at thrust 
reversal mechanisms: the technique is readily 
applied to destruct and stage separation systems 

The shaped charge method of metal cutting 
was investigated as a porting mechanism because 
it has significant advantages over the con- 
ventional types of porting mechanisms currently 
in use. The advantages of this method are that 
it is simpler, has fewer parts, can be accurately 
designed and controlled, and hence is inherently 
more reliable. These advantages also apply to the 
use of shaped charges for destruct, stage separa- 
tion systems, etc. in all types of multistage 
missiles 

Two applications of this principle for effecting 
thrust reversal are illustrated in Figs. | and 2 
which depict cutting of engine cases and thrust 


reversal ducts 


i 
| 
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The object of the program was to obtain 
maximum penetration of metal with minimum 
explosive weight and bulk, at the same time 
eliminating detrimental 
adjacent equipment This 
accomplished by investigating the effect of the 


any side effects to 


or material was 
following dimensional parameters: 

(1) Apex Angle 

(2) Liner Thickness 


Engine Case 
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Finally, it shows how to precisely design shaped 


charges to reliably and effectively accomplish 
desired cutting operations 


2. EXPERIMENTAL PROGRAM 
A. Test Set-up and Instrumentation 
In order to investigate the parameters as 
outlined above, the target and shaped charge 


Pressurized Case 


Fig. |. Shaped charge porting sequence—engine cases. A. Before firing; B. Charge initiated; C. Ejected. 


(3) Width of Charge 

(4) Charge Standoff 

(5) Weight of Charge per Linear Inch 

This paper describes the experimental test 
program conducted on Shaped Charge Metal 
Cutting. It explains how a number of variables 
affect the metal cutting, and how these variables 
can be utilized to optimize the cutting operation 


devices were arranged for test as shown in 
Fig. 3. This permitted control of charge width, 
charge height. apex angle, liner thickness, and 
standoff. Preliminary conducted with 
various charge widths indicated that a charge 
width (W) of 0-200 in. 
(g) of 0-75 g linear in. appeared to fill our require- 
ments and accordingly were used throughout 


firings 


and a charge weight 


ow 
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the test program. In addition it eliminated the 
complexities of a specially designed ignition 
system. Liner considered were 
aluminum, copper, and brass. Composition C-4, 
a military high explosive, was chosen for all 
tests because it is readily adaptable as it ts, i.e. 


materials 


does not require elaborate die setups to increase 
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hand-load_ the To that in- 
consistencies in so doing did not arise which 
could affect test results, the detonation rate was 


charges. insure 


periodically measured throughout the testing 
program. This was accomplished by means of 
the instrumented test setup shown in Fig. 4. 


The ionization switches, each three inches 


Reverse Thrust _ 


Duct 


| Duct 


| 


Fig. 2. Shaped charge porting sequence—reversal ducts. A. Before firing; B. Charge initiated; C. Ejected 


its density to obtain the high detonation rates 
necessary to form cutting jets, and is relatively 
safe to handle. Type 4130 steel was used for 
target material because it represented the actual 
missile material; all penetration measurements 
were made with this material. 

At the beginning of tests, it was decided to 


long, were fabricated by twisting two No. 30 gauge 
formvar wires tightly together. These switches 
were soldered to two conductor shielded cables 
which returned to the instrumentation equip- 
ment. The ionization switches were placed under 
each end of the shaped charge. The ionization 
switch that was located next to the detonator 


Cc 
B 
\ 
\ 
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“harge Device 


W = Charge Width ——~ 


Charge Heigt? t= Liner Thickne 


Explosive, Comp 


Penetration 


Aluminum Copper 


Brass 
Liner \ \ Liner / Liner 


= 


Fig. 3. Typical shaped chargeftest’configuration Shapefof[typical penetrations 


Detonator 


Firing Circuit 


Ionization Switch 


Volt Battery 
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45 Volt Battery — 
Vertical Input  _Oscilloscope _ 
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Fig. 4. Schematic of test setup used for measuring detonation rate of composition C-4 
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side of the charge was used to trigger the sweep 
of a Tektronix 535 oscilloscope. The other 
ionization switch, 4 in. away, used to 
produce a stop pulse on the oscilloscope trace. 

The ionization switch used to trigger the sweep 
of the oscilloscope was wired in series with an 
18 V battery and the external trigger input 
on the oscilloscope. Initially, the resistance of 
the ionization switch is infinite, but as the 
explosive charge detonates it ionizes the area 


was 
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seen in Fig. 5. The sweep was adjusted for a 


speed of 2 ywsec/em. For the measurement 
shown a detonation rate of 7050 m/sec was 
obtained. Detonation rates varied from 7000 to 
7100 m/sec. 


B. Discussion of Results 


The test program for optimum metal cutting 


was conducted utilizing a constant charge 
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around the switch, thus completing the circuit 


between the 18 V_ battery and the external 
trigger input and starting the sweep. The 
second ionization switch at the end of the 


4-in. charge was wired in series with a 45 V 
battery and the vertical input circuit of the 
oscilloscope. When the detonation wave reaches 
this ionization switch the circuit is completed 
and it produces a deflection on the oscilloscope 
trace. The trace was photographed using a Speed 
Graphic camera with a Polaroid back. An en- 
larged view of the oscilloscope trace may be 


Fig. 5. Oscilloscope trace measurement of detonation rate of composition C-4 in a 4 in. linear charge. Enlarged 
view of oscilloscope trace. Time scale 2 usec/cm. 


vent End 


width of 0-2 in. and a constant charge weight of 
0-75 g/linear in.; all other parameters were 
varied as described above. The results of such 
tests with aluminum liners are plotted in 
Figs. 6, 7, and 8. These curves show the effects 
of liner thickness and apex angle upon penetra- 
tion depth at 0, £ and } in. standoff. 

At a standoff distance of 0 in., Fig. 6, it can 
be seen that cutting depth with 
increasing liner thickness up to the 0-025 in 
liner thickness, beyond which penetration de- 
creases. Note that each liner thickness has its 


increases 
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Fig. 6. Penetration vs. apex angle at various aluminum liner thicknesses at 


Shaped charge test dato.—Standoff: in; Liner material: aluminum; Target: 4130 steel (C45-48), ¢ in thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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Fig. 7. Penetration vs. apex angle at various aluminum liner thicknesses at in. standoff. 


Shaped charge test doto.—Standoff: g in. Liner material: aluminum; Target: 4130 steel (C45-48), 4 in. thick; Explosive 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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Fig. 8. Penetration vs. apex angle at various aluminum liner thicknesses at 4 in. standoff. 


Shaped charge test data.—Standoff: $ in.; Liner material: aluminum; Target: 4130 steel (C45-48), + in. thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in. 


4 


APEX ANGLE, DEGREES 


Fig. 9. Penetration vs. apex angle at various copper liner thicknesses at 0 in. standoff. 


Shaped charge test data.—Standoff: 0 in.; Liner material: copper; Target: 4130 steel (C45—48), ¢ in. thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 


5] 
0.09 
08 
0.07 t olf 
0. OF 
t=.012 
—0, 05 
te 
t=. 025 
—0,03 
t 032 
0. 02 
10 2¢ i ( j 
0.09 
t= 016 
0.08 
As 0.07 _t= .013 
: 
0.06 + 
4 ° t= .020 
0.04 
t.024 
es 03 
t= .032 
02 


BARRON and A. W. DATTILO 


60 7 


APEX ANGLE. DEGREES 


Fig. 10. Penetration vs. apex angle at various copper liner thicknesses at 4 in. standoff 


Shaped chorge test dote.—Standoff: 4 in.; Liner material: copper; Target: 4130 stee! (C45~-48), } in. thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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Fig. 11. Penetration vs. apex angle at various copper liner thicknesses at } in. standoff 


Shaped chorge test dote.—Standoff: in.; Liner material: copper; Target: 4130 steel (C 45-48), in. thick; Explo:ive 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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own maximum point of penetration and the 
major difference between maximum points of 
penetration for the different liner thicknesses is 
characterized by a shift in apex angle. Generally, 
the thicker the liner the smaller is the apex angle. 
Similar trends may be observed for standoffs of 
, in., and } in. in Figs. 7 and 8 respectively 

A summary of the maximum penetrations for 
these three figures is shown in Table | 


Table |. Optimum Penetrations for Aluminum Liners 
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The above data have been cross-plotted, and are 
shown as Figs. 12-17. The main purpose here is 
to expand the test data by defining limits of 
apex angle and liner thickness within which 
certain penetrations may be predicted. The curves 
shown are equi-penetration lines, or they may be 
though of as contour maps showing depths of 
penetration instead of elevations. 

Additional tests were run using apparent 


Stand off Penetration 
(in.) (in.) 


0-085 
0-088 
0-072 


0 


Apex angle _ Liner thickness 
(deg.) (in.) 


45 0-025 
60 0-016 
80 0-016 


It is quite evident that for charges placed 
beyond } in. standoff the penetration decreases 
rapidly. This is probably due to the break-up of 
the jet caused by the increased effects of air 
resistance 

The above tests were repeated using copper 
liners; the results are shown in Figs. 9, 10, and 11. 
Of significance is the fact that in all cases the 
optimum apex angle for corresponding liner 
thicknesses is larger for copper than for 
aluminum. Copper liners of 0-016 in. thickness 
produced optimum results under all conditions 
of test, in contrast with results obtained with the 
aluminum liners. Copper liners produced a 
maximum penetration at | in. standoff while 
aluminum liners produced a maximum penetra- 
tion at | in. standoff. Copper liners produced 
thin and sharp cuts in the target material 
compared to wide and flat cuts created with 
aluminum liners 

A summary of the maximum penetration with 
copper liners is given in Table 2. 


Table 2. Optimum Penetrations for Copper Liners 


optimum liner thicknesses while the charge 
weight per linear in. (g) was varied. It was 
possible to obtain greater penetrations by 
increasing charge weight at optimum points but 
a maximum was reached after which no increase 
in penetration could be obtained: in fact. the 
penetration decreased. Although penetration 
increased with greater charge weights a loss in 
cutting efficiency took place. The term cutting 
efficiency is defined as the maximum penetration 
per minimum explosive weight and bulk. For 
the aluminum liners maximum efficiency was 
obtained at g = 0-75 g/linear in. at a standoff 
distance of | in 

From the above program sufficient informa- 
tion was obtained to predict controlled methods 
of metal cutting. Some examples of this applica- 
tion are illustrated in the photographs of 
Figs. 18-21. In Fig. 18, a non-linear charge has 
been used to produce a circular cut. It is 
interesting to note, Fig. 18, that a secondary jet 


Stand off Penetration 
(in.) (in.) 


0 0-084 
0-085 
0-086 


Apex angle Liner thickness 
(deg.) (in.) 


60 0-016 
80 0-016 
80 0-016 
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Fig. 12. Aluminum liner thickness vs. apex angle at various penetrations at 0 in. standoff 
Shaped charge test dato.—Standoff: Oin.; Liner material: aluminum Target: 4130 steel (C45-48), fin. thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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Fig. 13. Aluminum liner thickness vs. apex angle at various penetrations at 4 in. standoff. 
in.; Liner material: aluminum; Target: 4130 steel (C45~48), in. thick; Explosive: 
Width of charge: 0-200 in 


Shoped charge test doto.—Standoff: 4 
composition C-4, 0-75 g/linear in.; 
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detonation waves met 


SHON] - WENT! 


180 
initiation; the time required to do this apparantly 
caused the secondary jet to form off center. An 


Shaped charge test data.—Standoff: 0 in 
composition C-4, 0-75 g/linear in.; 


inner walls of the shaped charge 
from the point of 


Liner material: copper; Target: 4130 steel (C45-48), 
Width of charge: 0-200 in 


formed slightly off center by the collapse of the 
The 


APEX AN 


by aluminum liners 


50 


A practical demonstration of shaped charge 


14. Aluminum linear thickness vs. apex angle at various penetrations at } in. standoff 


a 


in. thick; Explosive 


enlarged view of the cut is seen in Fig 
showing the typical shape of the cut produced 


metal cutting can be seen in Fig. 20. In this 


APEX 


ANGLE, 


a 


DEGREES 


Fig. 15. Copper liner thickness vs. apex angle at various penetrations at 0 in. standoff. 


Shaped charge test data.—Standoff: 0 in.; Liner material: copper; Target: 4130 steel (C4548), ¢ in. thick; Explosive 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in. 
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Fig. 16. Copper liner thickness vs. apex angle at various penetrations at 4 in. standoff, 


Shaped charge test data.—Standoff: 4 in.; Liner material: copper; Target: 4130 steel! (C45~-48), 4 in. thick: Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 


mstance a pressurized dome was utilized to 
simulate a solid propellant rocket engine case 
Since it was desired to remove the cut out 
section in a direction away from the dome, the 


shaped charge was designed to cut only part way 


SSS NMOMLL WANTT 


SA HONI 


through the target. This is clearly demonstrated 
by Fig. 21, which shows that a 0-050 in. penetra- 
tion left enough structure to permit the internal 
pressure to shear the remaining material. Note 
that a secondary jet again appears 
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Fig. 17. Copper liner thickness vs. apex angle at various penetrations at + in. standoff 


Shaped charge test data.—Standoff: j in.; Liner material: copper; Target: 4130 steel (C45—48), 4 in. thick; Explosive: 
composition C-4, 0-75 g/linear in.; Width of charge: 0-200 in 
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Fig. 18. Circular cut in plate made by circular shaped charge 


Fig. 19. Enlarged view of cut in plate. 
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Fig. 21. Enlarged view of section cut from pressurized vessel. 
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3. CONCLUSIONS 


On the basis of completed tests, the following 

are concluded: 

A. Shaped charges will reliably and effectively 
cut metal in a predictable, controllable 
manner. 

Fabrication and assembly of the charge is 
simply effected inasmuch as composition 
C-4 does not require elaborate die setups 
to increase its density to obtain high 
detonation rates. 
Penetration depth is a_ function of 
optimized liner thickness: under the test 
conditions, (standoff — } in, lirer thick- 
0-016 in., charge weight — 0-75 
g/in.), an apex angle of 60° is optimum for 
the greatest penetration. Liner material is 
aluminum 


ness 


While the test results thus far are largely 
qualitative, it is believed they have not only 


served to provide necessary design data, but have 


substantially contributed to advancement of the 
state-of-the-art of explosive metal cutting. In 
particular, they serve to fit a specific demand in 
ballistic missiles. It further becomes increasingly 
evident that an almost entirely new field lies 
fallow, paving the way for continued investiga- 
tion and advancement, particularly on the 
quantitative side. 
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Abstract 


A STUDY OF THE FEASIBILITY OF AN ATOMIC OXYGEN 
RAMJET 


4. ZUKERMAN and C. B. KRETSCHMER 


Aerojet-General Corporation 


The utilization of the upper-atmosphere, atomic-oxygen-recombination energy for propulsion 


purposes through the use of different ramjet types of engine was investigated. The fuelless ramjet, the 
ramjet with fuel addition, and a catalytic-ramjet-rocket (ram-rocket) were investigated as possible satellite 
sustainers in the atomic-oxygen layer. Optimum configurations of the different types were determined, and 


INTRODUCTION 

A large percentage of the ultraviolet emission 
of the sun reaching the earth’s atmosphere is 
absorbed by the atmosphere at altitudes above 
100 km. In 1930, Sydney Chapman showed 
theoretically that this absorption should cause 
oxygen molecules to dissociate at these altitudes 
Recent balloon and rocket experiments have 
proved this theory to be correct. Since the 
recombination of atomic oxygen yields 118 kcal 
mole of O,. the atomic-oxygen layer of the upper 
atmosphere ts a vast reservoir of energy. Further- 
more, only a negligible percentage of the atomic 
oxygen is recombined at night because of the 
low densities in the atomic-oxygen layer and the 
reaction rate 

The investigation of possible utilization of this 
energy for propulsion purposes was prompted 
by recent advances in high-altitude high-velocity 
flight. The region of flight velocities at which 
an “atomic-oxygen power plant” might be 
useful is limited to orbital and near orbital by 
the low air density in the atomic-oxygen layer. “? 
For continuous flight at lower flight velocities. 
the lift-producing surfaces will have to be 
extremely light (orders of magnitude lighter 
than present practice). In this paper three 
possible types of power plants, utilizing the 
energy stored in the atomic oxygen layer, were 
mvestigated in detail. Among the possible 
plants, utilizing the energy stored in the dissoct- 
ated molecular oxygen, the most attractive one 
is the fuelless ramjet. The fuelless feature and the 


the performance was compared with satellite sustaining requirements 


simplicity of the ramjet make this type of power 
plant most desirable for long-duration flights. 
such as global communications via satellites. 
reconnaissance satellites, weather charting, etc 
Several preliminary investigations’: *) have 
shown that this type of power plant is marginal 
and that a more exact treatment of the problem 
is necessary. Such a treatment. utilizing the 
best available values of the different parameters. 
was attempted. The results of this investigation 
show that a fuelless ramjet is not a realizable 
power plant. The possibility of injecting fuel 
into the stream was also investigated: however. 
lack of data on reaction rates of the most 
promising fuels with atomic oxygen limited this 
investigation to NO, addition. A scheme for 
utilizing the heat released at a catalytic wall for 
propulsion purposes, using a secondary working 
fluid, was proposed. Estimates of performance 
and fuel consumption are presented in graphical 
form 


THE FUELLESS RAMJET AND THE 

RAMJET WITH MASS ADDITION 
The basic one-dimensional fluid-mechanics 
relations with heat and mass transfer were used 
to obtain the different design parameters and the 
resulting performance. It was established that 
the critical design parameters are: (a) diffuser 
pressure recovery coefficient 7,. (b) reaction 
chamber drag coefficient C,,. (c) intake exhaust 
area ratio A,/A,. (d) overall length to intake 
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Fuelless Ramjet 


(A4/A,) 


3 0-375 

4 0:97 0-54 I: 
5 1-3 0-71 I: 
6 0-93 I 


radius ratio L/R,, (e) overall length L, (f) the 
amount of heat added, and (g) the amount of 
mass added. The large number of these para- 
meters makes the problem of determining an 
optimum design extremely tedious unless some 
of the parameters can be eliminated. 


1. Thrust and Drag Calculations 


The thrust (F) per unit inlet area (A,) of a 
ramjet is given by 


the velocity ratio U,/U, is given by 


(2) 
(| My, 1)M? \ 
1+ My, DM?) 


where 4Q (the heat released by the reaction, 
cal/g air) for the fuelless ramjet is given by 


4Q (3) 


*In the present investigation the following notation 
used was 
¢ (T)dT C,,7 


0 


MT) 


were omitted for convenience. 


The bars over the € 


and for the ramjet with mass addition a similar 
relation holds with the subscript (0) replaced 
by the appropriate chemical symbol of the 
fuel. 

In order to evaluate M, and p,A,/p,A, the 
power plant was divided into two sections: the 
diffuser (Stations 1-2) and the reaction-chamber- 
nozzle (Stations 2-4) (Fig. 1). Because of the 


Schematic diagram of ramjet 


Fig. | 


reaction 


velocity, 


dimensions, pressure, and 
rate only a negligible amount of recombination 
takes place in the diffuser. Since the atomic- 
oxygen concentration is a_ critical factor 
in determining the degree of completion of 
the reaction, a high density ratio for 
the diffuser would be desirable. The limit 
on the diffuser density ratio is imposed by the 
accompanying The 
temperature limit arrived at from equilibrium 
composition and strength of material considera- 
tions is 2500 K. The diffuser temperature ratio 
is then a determined design parameter, from 
which p,A,/p,A, and M, can be determined. For 
any exhaust temperature (7,), p.Ao/pyA, and 
M, as well as p,A,/p,A, can be determined 
These which derived from the 
continuity, energy, and state equations only"? 


show that thrust per unit inlet area is a function 


very 


high-temperature ratios. 


relations are 
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Fig. 2. F/A, vs. T, for fuelless ramjet 
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T, for ramjet with addition of NO, (4 mole NO, per mole atomic oxygen) 
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Table 2. Ramjet with Addition of NO, 


pynes/cmé ) 


Fig. 4. D/A, vs. A,/A, for different L/R, 


Note: The high value of D/A, for each L/R, is an estimate based on slip flow, the low value is an estimate based 
on continuous flow 
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of 7, only (for a given 7,/7,). FA, is plotted 
vs. 7, in Figs. 2and 3 for the following conditions: 
Fig. 2: Altitude 100 km: velocity 7-842 « 10° 
em sec (orbital), ARDC atmosphere. 0-5 
Fig. 3: Same as above except that NO, is used 
0-1813 (1/2 mole NO, pert 


mole atomic oxygen). For the case of the fuelless 


0 


as fuel with / 
ramjet the maximum possible thrust for these 


conditions is Flideal) A, 6-816 dynes cm? and 


this value ts approached asymptotically as the 
exhaust temperature is reduced. For the case of 
addition of NO, most of the thrust is due to the 
It should be 
noted that only p,4,/p,A, was determined and 
Pyp, and A,/A,. The 
P,P, and A, A, actually possible are determined 
by the design parameters 


mass addition (rather than to heat) 


not combinations of 


The aerodynamic drag for the configurations 
considered is due mostly to friction drag given 
by 


D = (4) 


Since the atmospheric conditions and the flight 
Mach-number place the flow on the boundary 
between and flow. the 
continuum 


temperature) will give a low estimate, whereas 


continuum slip co- 


efficient based on flow (reference 
the value based on slip-flow will give a high 
estimate. Fig. 4 shows the external drag pet 
unit intake area D/A, as a function of A,/A, 
where the values of the dynamic pressure and 
( were computed by assuming a Prandtl! 
Meyer expansion. Comparing these results with 
Figs. 2 and 3, it is obvious that for the fuelless 
ramjet the only values of A,/A, to be considered 


are A,/Ay 1-5 


2. Relations Between the Design Parameters 


To determine the value of A,/A, and 7, for 
which all the equations of motion are satisfied. 
the relations between the design parameters must 
be investigated. To completely determine the 
flow at Station 2, p,/p, is needed. The compres- 
sion ratio will depend on the particular design 
of the diffuser; however, by introducing the 
diffuser pressure recovery factor 7, defined by 
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1) M72] 


Po [I 
Py Py 


the state of the flow at Station 2 can be com- 
The 
diffuser relations expressed in terms of 7, are 


pletely specified in term of this parameter 


plotted in Fig. 5 


The continuity, energy, momentum and state 
equations for the reaction-chamber nozzle give 


the following relation: 


| 


- 


v4 A, 


pyAyRoTy 


” 


where a is defined by the relation 


Statior 


p(sin 


P(A, 1.) 


(Po > 
(For the cases considered a good approximation 
to equation (6) is 


ha 


so that the particular choice of a value for a is 
not essential.) 

Combining equations (5) and (6) (or 6’) we can 
plot (A,/A,)ry vs. Cy, for different values of 
T,. Figs. 6 and 7 show these relations for the 
fuelless ramjet with 7,/7, — 10, and the ramjet 
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Fig. 5S. Diffuser design. 
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Fig. 6. (A,/A,) 7, vs. Cy, for fuelless ramjet. 
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Fig. 7. (A\/A,) =, vs. Co, for ramjet with addition of NO, (¢ mole NO, per mole atomic oxygen) 


External “‘spike’’ diffuser. 


Fig. 8b. Internal “multi-ring” diffuser. 
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with NO, addition (4 mole NO, per mole 
atomic oxygen) for 7,/7, — 10 and 12:5. 

For given values of z,, C,,, f. L/R, and 
T,/T, the possible solutions to the design problem 
can be found. Fig. 6 or 7 determines possible 
pairs of values of A,/A,. Ty. 7, determines the 
thrust (Fig. 2 or 3). and Fig. 4 determines the 
drag. 


3. Estimates of 7, and Cy, 


Because of the high flight Mach number an 
isentropic compression is ruled out. Any 
compression by turning will involve at best a 
weak shock. Since at high Mach numbers the 
shock angle is very close to the wall angle, 
which has to be small for high z,, the portion 
of the flow effected by a small angle turn is very 
small. Two possible solutions to the problem are 
(a) use of a long spike diffuser (external com- 


Fig. 9. Cy, vs. L/R, for fuelless ramjet.” 


4. An average 


The effect of A, A, is negligible for | AL Ay 
value was used in these computations 
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pression) and (b) use of a multi-ring diffuser 
(internal compression). See Figs. 8a and 8b. 

To arrive at a first estimate of 7,, computa- 
tions were carried out for a four shock diffuser 
These computations indicate that with careful 
design values of 7, of the order of 0-5 could 
conceivably be achieved. 

Since it is assumed that there are no “‘flame- 
holders” in the reaction-chamber, most of the 
drag in the chamber can be attributed to wall 
friction. An estimate for C,, is 


Ca, (Code 


Fig. 10. Cy, vs. L/R, and 4M for ramjet with addition 
of NO,,. 


Because of the dependence of C,, on the flow 
variables, an iteration procedure had to be used 
in computing C,,. 

The relations between C,, and L/R, (and the 
mass addition 4m in kg/hr for the case of 


{ 
1/2 1/2 
A 4 A, L 
(8) 
As A.) R, 
2.5 + + + + + + + 
T2/T, = 12.5 
| 
+ + + + + + + 
| 10,300.5 2575 44.5 643,78 412,00 286.12 210.1 
7 0.5 + + + + + + > + + — = 
0 | | 
0 1 2 3 4 5 6 7 8 9 10 , 
UR, 
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addition of NO,) is shown in Figs. 9 and 10 for 
the two cases considered. 


4. Design Procedure 


The following procedure was used to correlate 
the design parameters and obtain the possible 
designs. 

(a) For chosen values of L/R, get the corres- 
ponding values of C,, from Fig. 9 or 10. 

(b) For the values determined in (9) get 
(A,/A,)z, from Fig. 6 or 7 

(c) The values of A,/A, are then computed for 
selected values of 7,. 

(d) For the determined values of A,/A, 
Fig. 4 determines D/A, (Tables 1, 2). 

(ec) D/A, is then plotted vs. L/R, with 7, as 
parameter (Fig. 11 or 12). 


Fig. 11. D/A, vs. L/R, for fuelless ramjet 


(f) The intersections of the lines of constant 
7, in Fig. 11 or 12 with lines of available thrust 
FA, at different temperatures (from Fig. 2 or 3) 
are then plotted as 7, vs L/ R, in Figs. 13 and 14. 


On the last plots there are three regions, 


Region | where F > D (external), Region Il 
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| 
vA 

Fig. 12. D/A, vs. L/R, for ramjet with addition of NO, 

(¢ mole NO, per mole atomic oxygen) a 
where the thrust available can be made equal to a 
the external drag by the proper choice of a 

4,/A, (and thus 7,) and Region Ill where 
F D (external). 


Fig. 13. Results of investigation of fuelless atomic 
oxygen ramjet 
50 per cent recombination assumed. 


Note: |. 
2.4 30 m, Alt 100 km. 
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Fig. 14. Results of investigation of atomic oxygen ramjet with addition of NO,. 
Note: |. Mass addition — $ mole NO, per mole atomic oxygen. T,/T, 12-5. 


a¢ 30 m Alt 100 km 


5. Estimates of the Reaction Efficiency » 
(a) Fuelless Ramjet 

In the previous calculations the recombination 
efficiency for the fuelless ramjet was assumed 
to be 0-5. When the reaction rate k, is known the 
amount of recombination can be estimated 
from the relation 


d(O) k 
(9) 
di 2 
An approximate solution of equation (9) is 
(O) 
(10) 


)tegl po/ KO), + | 


This relation is demonstrated in Fig. 15 for 


different values of k, and diffuser density ratios 
for a recombination chamber of approximately 
30 m. 


(b) Ramjet with NO, addition 

For this case the reaction is 

O + O, + NO 
The rate constant is 
K 3 10'* moles?cm *sec (11) 

at room temperature. “) 
The degree of completion of the reaction can be 
estimated from the relation 


d(O) 
di 


(NO,) (12) 
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Fig. 15. Per cent atomic oxygen recombined vs. K and diffuser density ratios 


For the case of 4 mole (NO,) addition per mole 
atomic oxygen, this yields 


(O), 
(13) 


Ps 
10" 7,40), 
(O), ae Py 


When the full amount of NO, reacts, (O),/(O), 

2 is obtained ; and this in turn yields p,/p, — 31 
For 12-5 the density 1S (py p,)/ 
140 and the reaction efficiency will most probably 
approach | 


6. Conclusions on the Performance of the 
Fuelless Ramjet and the Ramjet with 
Addition of NO, 


(a) Fuelless Ramiet 

Recent experimental results indicate that 
the value of the homogenous reaction rate for 
atomic oxygen will not exceed 10'* cm*mole * 
sec '. For this value Fig. 15 shows that a 
negligible amount of recombination will take 
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place; and since Fig. 13 indicates that even with 
50 per cent recombination the only configura- 
tions giving an excess of thrust over external drag 
with realistic values of 7, are those for which 
L/R, ~ 1, it is concluded that a fuelless ramjet 
of realistic configuration cannot be designed to 
provide enough thrust to overcome its drag. 


(b) The Ramjet with Addition of NO, 

Figure 14 indicates that with reasonable 
configurations, values of favorable thrust over 
external drag ratios can be achieved. However. 
when internal friction drag and diffuser drag 
are considered, values of D/F which are greater 
than one result. It is conceivable that fuels with 
much smaller molecular weights can be found 
that have the required reaction rate and heat 
release. Unfortunately, the reaction rates for 
the most promising fuels (H, for example) are 
unknown. In any case injection and storage 
problems for the most promising fuels will 
present considerable difficulties. 


CATALYTIC RAM-ROCKET 

1. Introduction 

One possibility of releasing the recombination 
energy stored in the atomic oxygen involves the 
use of catalytic walls in the recombination 
chamber. Recently, results have been obtained 
indicating that some metals (platinum, gold, 
silver) are almost perfect catalysts for atomic- 
oxygen recombination. In this case the reac- 
tion is diffusion controlled. To determine the 
amount of recombination for a given configura- 
tion the full set of fluid mechanics equations 
with the diffusion equation and the proper 
boundary conditions will have to be solved. 
However, because of the almost constant velocity 
in our case, a good estimate can be obtained by 
the solution of the diffusion equation with a con- 
stant (average) velocity and the proper boundary 
conditions. The correct boundary condition for 
the fully catalytic wall is that the flux of oxygen 
atoms from the wall into the stream evaluated 
at the wall, is equal to zero. For comparison the 
solutions with the approximate boundary con- 
ditions, namely: zero atom concentration at the 
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wall, is also given. The solution of the diffusion 
equation for the most favorable configurations 
(concentric cylinders) 
percentage of the atomic oxygen can be recom- 
bined at the wall. Most of the heat released at the 
wall at the hypersonic speeds considered is 
transferred to the wall if the wall is kept below 
the melting temperature. Little thrust can then be 
expected from the main hypersonic stream 
However, there is a heat source at the walls of 
the recombination chamber. This heat will have 
to be removed by a coolant fluid (to prevent 
melting of the wall), and dissipated to the 
surroundings. Thrust could be derived by 
heating the coolant fluid to approximately the 
melting point of the recombination chamber 
walls and then discharging the fluid through a 
separate convergent-divergent nozzle into the 
atmosphere. This method, using different fluids, 
was investigated, and the most 
configurations are discussed. 


shows that a large 


promising 


2. Solutions of the Diffusion Equation 


To arrive at an estimate of the amount of 
surface recombination the following assumptions 
are used: 

(a) The velocity in the duct is constant 

(b) Every oxygen atom diffusing to the wall is 
either trapped there or recombined 

(c) The diffusion coefficient is constant 

With these assumptions, the steady-state 
solution for flow between concentric cylinders 
may be derived from the following 


D 


oc l 
(14) 


with the following boundary conditions 


C(O, r) = Co (15) 
C(X.R 1,2) (16 
A, Ky) O ér\R. (16) 


for the simplified boundary condition of zero 
concentration at the walls we have 


CULL @ 1,2) (17) 


the solutions of the diffusion equation with 


these boundary conditions integrated over the 
cross-sectional area and evaluated at the duct’s 


exit are 


(a) For the exact boundary condition 
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are determined from the solution of 
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ib) When condition 17 


is used we eet 


UR 
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where the Z| are determined from the solution of 


Ry Re) Ry Red 

the solutions of equations (19) and (21) are 

almost identical 

Investigation of the above solutions indicate 

that an optimum exists for R, R, = 0-3. This 

value was then used in the graphical solutions 

The results are shown in Fig. 16. As can be seen 

from these plots a large percentage of the atomic 

oxygen can be recombined on the catalytic 
surface for intake radius of the order of | m 


3. Heat Transfer Considerations 

The following plausibility argument was used 
to arrive at an estimate of the heat transfer to 
the wall. For the Mach and Reynolds numbers 
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considered, the recovery temperature is of the 


order of 20,000 K: therefore. if the wall is to be 
prevented from melting it will have to be cooled 
to approximately 2000 K. This cooling will 


change the temperature profile of the boundary 


YAZ) (2 Dew CR)NZ, YAZ,) 


(19) 
(2 Dy UR) Z, YAZ, Ry Re) 


(20) 


layer to one having a Steep negative gradient 
between the center of the boundary layer and 
the wall. If the heat of recombination is released 
at the wall upon recombination and the newly 
formed molecule leaves the surface in equilibrium 
with the wall, then the heat of recombination will 
flow down the temperature gradient into the 
wall. This heat will be absorbed by the coolant 
fluid. and will not be available for producing 
thrust from the main stream. The utilization of 
this source of heat is discussed next 


4. The Derivation of Thrust from the Coolant 
Fluid 

One possible way to utilize the heat of 
recombination released at the catalytic wall and 
transferred to the coolant fluid is to allow the 
temperature of the coolant fluid to rise to 
approximately the melting temperature of the 
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Fig. 16. Per cent atomic oxygen recombined vs. L/R,. 
Note: Duct composed of space between concentric cylinders having catalytic walls R,/R, = 03 


wall, and then discharge it through a convergent- 
divergent nozzle into the atmosphere. The 
recombination chamber wall will act as a heat 
exchanger in this case. In order to arrive at a 
first estimate of the thrust-available and coolant- 
fluid consumption, the following simplifying 
assumptions were made: (a) approximately one 
atmosphere pressure can be maintained for the 
coolant fluid and therefore the expansion into 
the atmosphere at the altitude considered is 
closely approximated by expansion into a 
vacuum, (b) the working fluid can be stored at 
approximately 300 K. and (c) friction and other 
losses in the coolant system can be neglected. 
With the above assumptions simple relations for 
the thrust available and the fuel consumption can 


be derived. The mass flow rate of the coolant 
fluid ric (g/sec) is given by 
Mo 
fo). Mo C(L)/C 
— 


- 


(22) 
where the subscripts 2 and 4 in the above 
equation denote the stations in the coolant fluid 
corresponding to the beginning and end of the 
recombination chamber. The thrust available 
is given by 


F C(L) 

Ayn )49.,| 
(2 C, 
(23) 
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Computations of thrust and coolant mass flow 
were carried out using H,. N,. H,O, and CO, 
The results are shown in Fig. 17 

The choice of a coolant fluid for the ram rocket 
does not depend only on the thrust available 
(as long as this thrust is sufficient to overcome 
the drag). When total weight and endurance are 
used as a criterion it can be shown that H,O and 
co, 
choices. in addition to being easy to handle and 


compare favorably with other possible 


Store 
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friction drag of the outer skin. External, internal 
and diffuser drag per unit intake area are plotted 
vs. L/R, in Fig. 18. The drag estimates in Fig. 18 
can be looked upon as upper limits for the drag 
Bearing this in mind and comparing the total 
drag with the thrust available, it seems feasible 
that certain configurations (R, — 200 cm and 
using CO, as propellant) will give F/ D 1. For 
these configurations the coolant mass flow rate 
is of the order of 250 kg/hr. This mass flow rate 


is comparable to what would be expected from a 


100cw 


= 200cu 


Fig. 17. 


vs. L/R for H,, N,, H,O and CO, 


Note: |. Numbers indicate coolant mass flow in kg/hr 


2. T/T, = 10 
CONCLUSIONS 


To complete the analysis the thrust available 
should be compared with the total drag (external 
and internal). To get an approximate estimate for 
the purpose of some simple 
configurations (cylinder and truncated cone) 
were used. The total drag was taken as the sum 
of pressure and friction drag of the diffuser, 
friction drag of the recombination chamber and 


orientation 


chemical rocket 
thrust 

The problem of the utilization of the energy 
stored in the atomic oxygen layer seems to be in 
the same category as the problem of the utiliza- 
tion of the energy stored in the ocean depths. 
Both problems are awaiting some radical dis- 
covery that will make the utilization of these 
sources advantageous over the utilization of 
competitive energy sources. 
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SYMBOLS 


area of inlet, diffuser exit, nozzle 
exit 

area of wall 

concentration (mole/cm*) 

friction drag coefficient 

drag coefficient of reaction chamber 

total drag 

atomic oxygen diffusion coefficient 

heat capacity at constant pressure 

thrust 

mass fraction of fuel added 

mass fraction of atomic 

(g oxygen/g air) 


oxygen 


Fig. 18. Diffuser, internal, and external drag per unit intake area vs. L/R, 
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enthalpy per unit mass 

energy released by recombination 
per unit mass of atomic oxygen 

reaction-rate constant 

atomic-oxygen-recombination rate 
constant 

length of power plant 

flight Mach number, Mach number 
at the diffuser exit and nozzle 
exit, respectively 

molecular weight 

mass addition (kg/hr) 

mass flow of coolant fluid 

concentration of atomic 
(mole/cm*) 

concentration of molecular oxygen 


oxygen 


static pressure at inlet, diffuser exit 
and nozzle exit, respectively 

heat addition per unit mass of air 

heat per mole of re- 
combining oxygen (59 kcal/mole 
O) 

radius of power plant 

radial distance 


release 


gas constant 

surface area 

residence time of gas in reaction 
chamber 
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STUDIES OF THE SPREADING OF ROCKET EXHAUST 


E. K. LATVALA- 
ARO, Inc. 
ANDERSON 


Northwestern University 


ALTITUDES* 


A convenient analytical method for predicting the spreading of highly underexpanded rocket 


exhaust jets has been developed. Solutions are very close to those obtained by the method of characteristics 


and those determined experimentally, particularly at high pressure ratios 
. from 767 to 66.632, exit Mach numbers from | to 5, and specific heat ratios of 


1-3, 1-4 and 1-667. An alternate approximate method of graphically representing the jet boundary is 


pressure ratios, P,/P 
| 


also presented 


NOMENCLATURE 


4 Area 
a Speed of sound 
C,, Specific heat at constant pressure 

Mach number 

P Pressure 

# Universal gas constant 

R_ Radius of circular arc 

! Radius of jet boundary with respect to jet 

axis 

T Absolute temperature 

Velocity 

Y Axial coordinate 

a Angle between tangent to jet boundary and 


jet axis 
4a Incremental turning angle of jet boundary 
Ratio of specific heats 
4, Semi-divergence angle of conical nozzle 
Prandtl-Meyer Angle 
p Density 


+ This paper presents the results of research conducted 
at the Arnold Engineering Development Center under 
Contract No. AF 40(600)-700 S/A_ 13(59-1), sponsored 
by the United States Air Force, Air Research and 
Development Command 

* Manager, Research Branch, Engine Test Facility. 

$ Instructor, Mechanical Engineering Department 
(formerly with ARO, Inc.). 
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The experiments covered 


Subscripts 

j Conditions at nozzle exit before expansion 
(inside the jet and calculated from isen- 
tropic flow relations) 

n  1,2,3, ete. (designating locations on jet 
boundary) 

t Total or stagnation conditions 

Ambient conditions 


Superscripts 
° Throat conditions 


INTRODUCTION 


The development of high performance rocket 
engines for operation at high altitudes compli- 
cates the problems of rocket nozzle design. The 
combustion chamber pressure remains essentially 
constant while the vehicle rises from sea level 
to altitudes of several hundred thousand feet 
A rocket exhaust nozzle designed for one am- 
bient pressure extreme will not operate effi- 
ciently at other pressures. Since variable con- 
tour nozzles are not practical for these applica- 
tions, an optimum intermediate pressure is 
used for nozzle design calculations. Such a nozzle 
will consequently operate in an overexpanded 
condition at take-off and in an underexpanded 
condition at high altitudes. 


q 
4 


E. K 


exhausting from the nozzle at low altitudes pre- 


sents no difficulties other than the obvious one of 


a decrease in efficiency. However additional 
problems are encountered with the under- 
expanded jet exhausting from the nozzle at high 
altitudes. The continued expansion of the jet at 
the nozzle exit may result in flow perpendicular 
to the nozzle axis or even the reverse flow for 
very low values of the ambient pressure. This jet 
spreading and possible counterflow of hot com- 
bustion gases may have deleterious effects on 
missile performance for any of several reasons 
In the case of vernier control rockets, the jet 
may impinge on the vehicle itself, causing possible 
erosion or thermal effects previously not con- 
sidered in the design. In the case of primary 
engine exhaust jets. the counterflow of high 
temperature gases into the rearward engine 
compartment may result in excessive base heat- 
ing. For these reasons, and in a lesser extent to 
study aerodynamic interference caused by the 
underexpanded jet. an investigation of the 
spreading of rocket exhaust jets at high alti- 
tudes has been made at the Engine Test Facility 
of the Arnold Engineering Development Center 
(ETF-AEDC) 

Numerous theoretical studies of underex- 
panded supersonic jets have been reported in the 
literature. The complexity of the analytical ex- 
pressions for the supersonic flow field preclude 
the possibility of obtaining a closed form solu- 
tion. However. numerical solutions for a number 
of specific cases have been obtained using the 
method of characteristics."': *) These particular 
solutions are valuable for an understanding of the 
jet structure but are not applicable to the design 
of configurations other than those reported. The 
investigation at ETF-AEDC included both 
analytical and experimental work. A method has 
been developed and is presented here for pre- 
dicting the initial portion of the jet boundary 
The approach is based on isentropic flow and 
compares well with the boundary predicted by 
the method of characteristics as well as with the 
boundaries determined experimentally at ETF- 
AEDC. Although comparisons have not been 
made between predicted and experimental 
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The overexpanded jet of hot combustion gases 


moving streams, it is anticipated that equally 
good results may be obtained. An alternate 
approximation method for graphical construc- 
tion of the jet boundaries is also described in this 
paper 


BASIC STRUCTURE OF UNDEREXPANDED 
SUPERSONIC JETS 

Figure | shows a number of Schlieren photo- 
graphs of an underexpanded air jet from a nozzle 
at an exit Mach number of 2-50. The nozzle is 
conical (as are all the nozzles considered in this 
paper) and has a semi-divergence angle of 15 
Although the ratio of nozzle exit static pressure 
to ambient pressure, P,P. has been found the 
most significant parameter for comparison, the 
ratio of stagnation pressure to ambient pressure, 
P,P. has also been indicated for reference 
purposes. These pressure ratios are at least an 
order of magnitude greater than previously re- 
ported experimental results. The initial expansion 
of the jet at the nozzle exit generates expansion 
waves which are reflected from the boundary as 
compression waves. Interaction of these com- 
pression waves then forms a shock wave located 
just inside the jet boundary and closely parallel 
to it. This shock begins slightly downstream of 
the nozzle lip. Both the boundary shock and the 
jet boundary are indicated on Fig. |b. A normal 
shock, or Mach disc, occurs downstream of the 
nozzle exit, but none appear in these photographs 
of the initial portion of the expansion. Schlieren 
photography of the jet was difficult since the test 
chamber pressure was between 0-5 and 5 mm of 
He for all the tests reported here: however, the 
jet boundary and boundary shock are very clear 
in most cases 

The effect of viscosity is generally neglected 
in the analysis of supersonic jets. Although the 
method of characteristics allows finite discon- 
tinuities (or shock waves) it assumes isentropic 
flow between adjacent shock formations. In 
most cases this neglect of viscous dissipation and 
rotationality of the flow stream will intro- 
duce only minor errors. However, the prediction 
of the jet boundary by the method of character- 
istics is therefore not an exact solution since 


boundaries of underexpanded jets exhausting into 
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there will be a viscous effect in the boundary 
layer in the nozzle. Also, the jet boundary visible 
in the photographs ts actually a viscous mixing 
band caused by the interaction of the jet and 
the surroundings. Since turbulence increases with 
increasing jet pressure ratio, the mixing region 
(or boundary) should become less well defined as 
the degree of underexpansion increases. 

A boundary shock will not be present in a 
properly expanded exhaust jet, P;/Px 1. As 
the ambient pressure is decreased, the boundary 
shock is formed which increases in strength as 
the pressure is reduced. Love) argues that the 
boundary shock cannot exist in the limiting case 
of infinite P,/P.~. If this is the case, the shock must 
go through some maximum strength as P,/P 
is varied from unity to infinity. Inspection of the 
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Schlieren photographs of initial portion of jet bounda 


Boundar 


416, P./P. 7107 


d. Pi/P., 3900, P./P, 66,632 


ry showing effect of pressure ratio, M; — 2:5, 


photographs included in this paper shows that 
the boundary shock closely parallels the stream- 
lines. Therefore there will be very little flow across 
the shock and it will introduce only a small 
amount of rotationality into the flow. This pre- 
liminary examination suggests that the assump- 
tion of an isentropic flow field may be permissible 


PREDICTION OF JET BOUNDARIES 
When radial, axisymmetric, isentropic flow of 
a perfect gas is assumed, the equations for con- 
tinuity and conservation of energy between any 
two points, 7 and m + 1, may be written for the 
free jet as 


PrAnV, Pn+1An 


— 
4 Jet 
a. Pi/P, b. Pi/P., 
4 
4 
a — 
4 
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The basic flow field and more important nota- are combined with equations 4 and 5, equation 
tion are indicated on Figs. 2 and 3. When 3 may be rewritten as 
equation | ts solved for ,., and is substituted 


into equation 2, 


4 1+ My 1) Ag? 


! M? 


JET 
BOUNDAR) 


a. initial angle less than 90 b. initial angle greater than 90 
Fig. 2. Radial flow of jet 


Fig. 3. Jet boundary coordinate system. 


Since the flow field has already been assumed to The area of the spherical cap cut by a cone 
be isentropic, the conventional expressions for with its apex at the center of the sphere is 
pe, p and 7, T may be used 


22 R* sin ddd 27 COs a,) (7) 


(4) 


\(, 1a? and the plane area corresponding to the base of 
<7 this cone is 
When the Mach number A, ~ 7R* sin? a, (8) 


The relationship between the plane and the 
4 spherical areas is consequently 
an 


4, AAl + cos a,)/2 (9) 


| 
(6) 
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\ 
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Since the plane area, A,. is proportional to the 
square of the radius, r?, equations 6 and 9 may 
be combined to give an expression for the ratio 
of the radii at the points n and n + 1. 


1 + cos a,.,]'({1 + My — 


COS a, 


My (10) 


Although equation 10 appears cumbersome it 
may be simplified by noting that the term 
enclosed in braces is merely the isentropic area 
ratio, (A/A*),,.,/(A/A*), where 


4 2 y—1 


Therefore. equation 10 may be rewritten in final 
form as 


r 
Inspection of Fig. 3 and use of the definition 


of a derivative will give a differential equation for 
the jet boundary 


dX/dr cot a (12) 


COS a,,.,;4A/A*),, 


cos a,) (A/A*), 


Although equation 12 cannot be solved ex- 
plicitly. it can be written in the form of finite 
differences if 4¥, 4r. and 4a are restricted to 
small values 


4X da 
Since fase equation 13 may be 
rewritten as 
4X ats 4a 
= 1) cot («, 5) 4) 


Equations |! and 14 may be written in dimen- 
sionless form by dividing by the exit radius of the 
nozzle. 


1 + cos a,., (A/A*), 
5 
ror cosa, (A/A*), (15) 
1) cot («, (16) 
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The initial expression of the axisymmetric 
underexpanded jet may be determined from the 
Prandtl—Meyer relationship for turning angle 
Corresponding to the ratio of nozzle exit pres- 
sure to stagnation pressure there is a Prandtl 
Meyer angle, v;, and corresponding to the ratio 
of ambient pressure to stagnation pressure there 
is another Prandtl-Meyer angle, v,, where 


vr 1) 


d(My [a?/{l + My 
(My + My 


1)M?})) 
(17) 
The constant of integration is arbitrarily chosen 
so that Oat M 1. The angle of the jet 
boundary at the lip of the nozzle exit may now be 
determined from 


ay Vy vi + Oy (18) 


Each spherical surface in the flow stream has 
associated with it an average Mach number. 
Prandtl-Meyer angle, and isentropic area ratio. 
If it is assumed that the average turning of the 
jet flow stream is the same as the change in the 
Prandtl-Meyer angle between two closely spaced 
surfaces, then the entire boundary can be calcu- 
lated with a step by step procedure. (For the 
particular case of constant pressure along the 
boundary, Adamson and Nicholls) show that 
this assumption must be true.) Since »,, is already 
known, M, and A,/A* may be calculated, or in 
most cases read from published tables of isen- 
tropic flow functions for different values of the 
ratio of specific heats. Choosing a 4a and adding 
it to », will then give a value for v,. Correspond- 
ing to this second Prandtl-Meyer angle there 
will be a Mach number. M,, and an area ratio. 
A,/A*. This information, inserted in equations 
15 and 16, is sufficient to calculate both r,/r,; and 
4X/r, (since a, = a, — 4a). Point 3 may be now 
determined by adding 4a to »v, to obtain v, and 
continuing this step-by-step approach until an 
adequate portion of the jet boundary has been 
calculated. Experience has shown that for the 
highly underexpanded jets discussed in this 
paper a may be varied in increments of approxi- 
mately five degrees for the first few points and 
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then in increments of about one degree for the 
remainder of the calculations with very good 
results 

Although no calculations have been carried 
out, it is expected that this method for predicting 
jet boundaries. based on equations 15 and 16. 
would also be satisfactory for jets exhausting into 
an external flow stream. provided that the pres- 
sure variation along the jet boundary is either 


states that 


known or can be determined. Love 
an external flow stream has little effect on the 
initial curvature of the jet boundary. Further- 
more, the pressure ratio, P P,, corresponding to 
the Prandtl-Meyer angle at a particular point 
on the boundary for the quiescent case, can be 
multiplied by the ratio of the actual jet boun- 
dary pressure to the boundary pressure for the 
no-flow case and new area ratio, A A*, found 
from the compressible flow tables. Equations 15 
and 16 can then be used as in the case previously 
discussed. An alternate approximate correction 
for an external flow stream would be to assume 
that a shock is attached to the nozzle lip just 
upstream of the jet boundary and all the pressure 
rise due to the external flow is caused by this 
shock. This approach will change only the total 
expansion pressure ratio, and the remainder of 
the calculations will be based on this new total 


pressure ratio 


DISCUSSION AND EXPERIMENTAL 
RESULTS 
Although the details are not presented, Love“ 
discusses an approximate procedure for calcu- 
lating the boundaries of underexpanded super- 
sonic jets exhausting into supersonic streams 
Adamson and Nicholls present a_ similar 
procedure for supersonic jets exhausting into 
quiescent surroundings. Love uses the method of 
characteristics to calculate the initial inclination 
of the jet boundary at the nozzle lip while Adam- 
son and Nicholls assume a_ Prandtl-Meyer 
expansion at the nozzle exit. In both cases 
subsequent turning of the jet boundary !s as- 
sumed to be isentropic and the turning angle of 
the jet between any point on the boundary and 
an initial flow direction is the difference between 
the Prandtl-Meyer angle associated with the 


Mach number corresponding to an area ratio 
at the point and the Prandtl-Meyer angle 
corresponding to the Mach number at the initial 
point. The initial point used by Love ts the nozzle 
throat while Adamson and Nicholls use the 
nozzle exit. Both of these methods for predicting 
jet boundaries are based on the concept of tsen- 
tropic flow but the computational procedure ts 
more difficult and the results less accurate than 
the approach described in this paper. In addition 
to being limited to the initial portion of the 
jet boundary Love states that his approach 
is limited to positive initial inclinations of the 
jet boundary and Adamson and Nicholls limit 
theirs to extremely low pressure ratios (compared 
to the results presented in this paper) and to a 
constant pressure all along the boundary. It 
should be noted that the main difference in the 
method presented here and the method of Adam- 
son and Nicholls is in the definition of the flow 
area and in the computational procedure 
Figures 4, 5, and 6 show jet boundaries 
calculated with this new approach compared 
with those calculated using the method of charac- 
teristics for a Mach 2-5 nozzle with a semi- 
divergence angle of 15 . Each figure shows 


Fig. 4. Jet boundaries calculated by AEDC method 
compared with solution by method of characteristics 
from Ref. | (NACA TN 4195), y = 1-4. 


M; = 2-5, y 1-4, On 15 
Characteristic solution 
AEDC Solution 
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Fig. 5. Jet boundaries calculated by AEDC method 
compared with solution by method of characteristics 
from Ref. | (NACA TN 4195), ; 1-2 


M, 2-5, 3 1-2, On 1S 
———— Characteristic solution 
---° AEDC solution 


boundaries at several pressure ratios for a par- 
ticular value of the specific heat ratio. The differ- 
ence between the two solutions is small at the 
initial portion of the boundary, becoming ap- 
preciable only as the jet approaches its maximum 


60 


Fig. 6. Jet boundaries calculated by AEDC method 
compared with solution by method of characteristics 
from Ref. | (NACA TN 4195), » 1-667. 


2:5, y 1-667, 1S 
Characteristic solution 
---©) AEDC solution 
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diameter. Although the solution presented here is 
recommended for use only for the initial expan- 
sion, it does predict the subsequent contraction 
of the jet boundary. However, care must be used 
since the equations become indeterminate at the 
point where the boundary slope is zero 
Experimental results are shown on Figs. 7, 8. 
9. and 10. Calculated points are shown as dots 
on the Schlieren photographs. Inspection of these 
photographs shows that the calculated points 
fit the boundary as closely as the resolution of 
the boundary allows. Different gases were used 
in the experimental tests to determine whether 
changes in the specific heat ratio would effect 


a M; 1-0, Y 1-4, On 0 
— 400, — 767 


b. Mj = 1-0,» = 1-4, @n — 0 
8900, P./P, — 16846 


Fig. 7. Jet boundaries calculated by AEDC method 
superimposed on Schlieren photographs. 


24 5 
20 +—+r 
; 
F 
A 
> 
= 
569.2 
q 
72 + > - J 
=? 
| 


E. K. LATVALA and T. P. ANDERSON 


1-4, On 15 i 3 1-4, On 15 
304, P./P., 1120 2510, P./P. 9214 
Fig. 7 (continued) 


y = 14, On = 15 i; = 2-0, 1-4, Oy — 15 
492, P,P, — 3850 — 2865, P,/P, — 22418 


c. Mj 2:5, 1-4, On d. M; 2-5, 1-4, On 1S 
Pi/P 84-5, 1444 Pi/P 416, P./P, 7107 


Fig. 8. Jet boundaries calculated by AEDC method superimposed on Schlieren photographs. 
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a. Mj 25,» — 1-4, Ow — 15 25,y 1-4, = 15 
— 518, P,/P, — 8850 3900, P:/P, — 66632 


c. Mj 3-5, ; 1-4, An 15 d. M; 5-0, > 1-4, On 15 
315, 2395! + 12-7, + 7123 


Fig. 9. Jet boundaries calculated by AEDC method superimposed on Schlieren photographs. 


a. Mj 2-15, 1-667, On 15 b. Mj 2:5, 4 1-667, On 15 
385, P./P~ 3964 + 301, P./P., 5025 
Fig. 10. Jet boundaries calculated by AEDC method superimposed on Schlieren photographs. 
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Fig. 10 (continued) 


the accuracy of the solution (argon, ; 1-67: 
air. 3 1-4: and products of combustion from 
a small hydrogen-air rocket motor, 1-3) 
The calculations superimposed on Fig. 10 show 
that neither the value of the specific heat ratio 
nor the temperature of the gases has any dis- 
cernable effect on the accuracy of the predicted 
boundary. (A complete description of the experi- 
mental apparatus as well as additional experi- 
mental data may be found in References 5 and 6.) 


a. M; — 1-5, — 305 


Fig 
spreading, On 


The effect of Mach number on jet spreading 
characteristics is shown in Figs. 1! and 12. A 
thorough examination of the important para- 
meters indicates that the spreading will increase 
with decreasing Mach number and with de- 
creasing Increasing the 


nozzle semi-divergence angle also has a tendency 


specific heat ratio 
to cause the jet to spread. Figure 13 illustrates 
the calculated effect of these parameters on jet 


spreading. 


b. Mj — 2-0, 300 


11. Schlieren photographs of initial portion of jet boundary showing effect of nozzle Mach number on jet 


iS’, y 1-4. 
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Fig. 11 (continued) 


Fig. 12b. 
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1S’, = 1-4. 


2-0, — 518 
2-5, P\/P — S18 
3-175, P\/P, — $20 


Fig. 12c. 


Fig. 12. Schlieren photographs of initial portion of jet boundary showing effect of nozzle Mach number on jet 


87 
aan 
. 
a 
4 
{ 
Fig. 
a 
— 


E. K. LATVALA and T. P. ANDERSON 


[ 


+ 


| 


} 


4 16 


Fig. 13. Calculated jet boundaries for various values of Mj, y, On, and P;/P,.. 


GRAPHICAL APPROXIMATION FOR 


JET BOUNDARIES 


The initial portion of the jet boundaries from 
the nozzle lip to the point of maximum jet 
diameter can be approximated by circular arcs 
Although the graphical construction described 
here is not as accurate as the analytical solution 
presented previously it does provide a very con- 
venient method of estimating the extent of 
curvature of the jet boundary 

Figure 14 is a graph of the radii of these circu- 
lar arc approximations as a function of Mach 
number for a constant specific heat ratio of 1-4 
This graph represents the radii measured in a 
large number of photographs of the actual ex- 
pansion from various nozzles. The procedure 


for using this method is to first determine the . " . 
initial expansion angle in the same manner as in MOZZLE MACH NUMBER, © 


the previous method, using equation 18, Radius ratio of jet boundary for ; 
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ay Vy Vv + Ay (18) 


. 1-06 9° Once a, has been determined a line perpendicular 
to this tangent to the jet boundary at the nozzle 
lip can be constructed. The boundary radius, R. 
can then be located on this line, and the boundary 
R= 28.0 x rj can be drawn with a compass. Figures 15 and 
| 16 show comparisons between this circular arc 
approximation and the experimentally de- 
termined jet boundary. It should be noted that 
the accuracy of this approximation decreases 
with decreasing jet pressure ratio. The amount 
by which the value of a, is decreased a low pres- 
sure ratio must be determined by experience, and 
if anything more than a moderately good ap- 
proximation is required, the analytical iteration 
presented in this paper should be used. 
Although Fig. 14 presents the radii for one 
value of the ratio of specific heats only, y 1-4, 


97° 


R= 21.0 xr; 


Fig. 15. Circular arc approximation 
superimposed on Schlieren photographs, 
An is, 1-4 


1-5 
1877, P./P. 689! 
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Fig. 16. Circular arc approximation 
superimposed on Schlieren photographs, 
An iS 1-4 


a. M; 2:5 
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Fig. 17. Circular arc approximation superimposed on Schlieren photographs, is, 


the circular are approximation may be used for 
iny gas flowing through any nozzle by adjusting 
the radius for the proper specific heat ratio 


The radius ratio shown on Fig. 14 ts inversely 


proportional to V,/a*. If this is exactly true for 


all values of the specific heat ratio, 


R 


(, ‘ J (iat 7 


1)M?*] 


(19) 


When equation 19 is checked with experimental 

data obtained using argon or combustion gases 

from a small hydrogen-air rocket motor the 

results show that the assumption was correct 

The subscript 1-4 refers to reference values at 
1-4 


CONCLUSIONS 
The analytical solutions presented in this paper 
agree with the more universally accepted solu- 
tions determined by the method of character- 
istics. They seem to follow the experimentally 
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determined boundaries as closely as the mixing 
zone at the periphery of an underexpanded jet 
can be defined as a boundary. Comparison of the 
iteration solution developed in this paper with 
other theoretical predictions and with experi- 
mental data indicates that the method improves 
at higher jet pressure ratios. Caution must be 
exercised if the theoretical predictions are to be 
used at large distances downstream of the nozzle 
exit since there are no characteristic solutions to 
compare with and the experimental boundary is 
difficult to define at these distances 

The circular arc approximation estimates the 
jet boundary closely at high pressure ratios, but 
the error becomes significant as the pressure 
ratio decreases. An experienced investigator can 


compensate for this error and use the circular arc 


approximation as a convenient procedure for 


predicting jet boundary over the entire range of 
pressure ratios investigated in this study 
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SPIKE NOZZLE CONTOUR FOR OPTIMUM THRUST 


G. V. R. RAO 


Rocketdyne, Canoga Park, California 


Abstract—The contour of a spike nozzle (plug nozzle minus the shroud) to give optimum thrust ts con- 
sidered. The spike length and ambient pressure are held constant and the thrust is maximized with respect 
to the contour of the spike. The exhaust gases are treated as inviscid and the expansion process is assumed 
to be isentropic. The variational integral is formulated in terms of flow properties along a suitably chosen 
control surface. The solution of the variational problem leads to certain flow properties along the control 
surface and the spike contour to give this flow is constructed by using the method of characteristics. An 
example is carried out in detail and typical spike contours are given. The results are presented in the form 

f charts that can be used in selecting parameters such as the expansion ratio and spike length to yield a 


required thrust coefficient 


1. INTRODUCTION 


The exhaust nozzle is an important feature of 


jet propulsion engines that depend upon the 
reaction force of the exit jet. In the case of most 
jet engines. and some rocket applications, it 
would be necessary to let the exhaust gases 
expand through a nozzle with a central plug. 
Where no shroud around the central plug is 
employed and the expansion is controlled only 
by the ambient pressure and the plug shape, the 
nozzle is generally referred to as a spike type 
nozzle. In nozzles of this type, since all expansion 
occurs externally, there is no tendency for the 
gases to over-expand at low altitude operation, 
with subsequent loss in performance. This 
behaviour, briefly discussed in Reference (1), is 
also experimentally indicated in Reference (2) 
Since the performance of spike-type nozzles 
appears promising. the problem of computing 
spike contours is discussed in this paper 

For a given altitude condition, maximum 
thrust can be obtained by expanding the exhaust 
gases to the ambient pressure such that an 
exhaust jet of parallel uniform velocity is 
obtained. For jet engines and rocket motors 
designed for high altitudes, such nozzles become 
excessively long and heavy. The plug can be 
foreshortened without undue loss in thrust. 

The experimental data indicate that at low 
expansion ratios, a simple conical spike with 
half cone angles as large as 40 can be used with 


very little loss in thrust. The thrust performance 
of such short spike nozzles can be improved by 
utilizing a plug contour to yield optimum thrust. 
Variations in the plug contour result in different 
types of exhaust flows. By considering flow 
properties along a suitably chosen control 
surface a variational integral can be formulated 
for thrust optimization. Formulation of such 
extremal problem in the case of conventional 
convergent—divergent nozzles was given else- 
where." A similar approach leads to the design 
of the plug contour to yield optimum thrust 
when the length and either the ambient pressure 
or the expansion ratio are prescribed. The 
formulation of the variational integral for this 
problem and its solution are discussed in the 
present paper. 

The exhaust gases are treated as inviscid and 
the expansion process is assumed to be isentropic. 
The solution of the variational problem yields 
certain required flow parameters along a control 
surface and the method of characteristics is 
used to construct the spike contour to yield the 
required flow. Typical plug contours are 
presented for the case of y — 1:23. The loss in 
thrust caused by shortening the length of the 
plug contour is also discussed. The results are 
presented in the form of charts that can be used 
in selecting spike nozzle parameters such as the 
expansion ratio and the length to yield a required 
thrust coefficient. 


a 
1¢ 
4 
= 
va 
vie 
all 
& 
aad 


SPIKE NOZZLE CONTOUR 


2. FORMULATION OF THE PROBLEM 

Let us consider a rocket or a jet engine, where 
the pressure and temperature in the combustion 
chamber and the propellant mass flow are 
given. The phrase. propellant mass flow, is used 
to include both the fuel and the oxidizer, i.e. the 
mass flow per unit time of the exhaust products 
through the nozzle is given. As a result the throat 
area A* of the nozzle is prescribed. A plug type 
nozzle as shown in Fig. | can be utilized to 
expand the exhaust gases from a combustion 
chamber pressure P,, to an ambient pressure p,. 
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Let us consider shortening the spike length and 
seek a contour that would deliver optimum 
thrust for the prescribed length. Thus, we have 
the nozzle throat area A*, length L and ambient 
pressure p, all prescribed. It is required to find a 
spike nozzle that would yield optimum thrust 
under the above prescribed conditions. Even 
though the throat area is prescribed, no restric- 
tion need be placed on the diameter of the spike. 
That is, the radius of the cowl lip can be also 
varied in addition to the spike contour in 
considering various spike nozzles to meet the 


-—CONTROL SURFACE 


SPIKE 


WALL CONTOUR—~ 


Fig |. Sketch of aspike nozzle and the control surface. 


Maximum thrust can be developed by a spike 
contour that would yield uniform axial exhaust 
jet at the ambient pressure. If Re denotes the 
radius of the cowl lip of such a nozzle, the ratio 
7R?/A* is equal to one-dimensional area ratio 
corresponding to the pressure ratio P./p,. 
Since A* and P./p, are prescribed we have Re 
also defined depending upon the exhaust gas 
properties. Such a spike would be called “ideal 
spike for the pressure ratio” and the contour 
can easily be computed. 

For high pressure ratio conditions such ideal 
spike nozzles will be excessively long and heavy. 


above requirement. Similarly, since only the 
length is prescribed, it is not necessary that the 
spike contour terminate in a vertex on the axis 
Spike contours with a truncated tip as shown in 
Fig. | can also be considered in meeting the 
requirements. 


3. THE VARIATIONAL INTEGRAL AND 


ITS SOLUTION 
Let 7D as shown in Fig. | represent the 
meridional cross-section of the spike surface 
having the prescribed length. Let us consider the 
control surface, represented by ED, which would 
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encompass all the exit flow of the nozzle. Let 
p. p. w denote the pressure, density and velocity 
at a point R measured from the axis. Let # and 
é (negative values measured from axial) denote 
respectively the flow angle, and the control 
surface direction at this point. Let a pressure p, 
prevail on truncated portion of the spike 
represented by CD 

Consider an elemental length ds along ED 
The area generated by this element by rotation 
about the axis is 


dA 27R-ds 


The axial distance between the points D and F 
is held constant in the variation of the plug 
contour. Hence 


| cot 4) dR constant (1) 


. 


The mass flow crossing the control surface 
is equal to the mass flow through the throat and 
is a given quantity. Hence, in the variation of the 
flow parameters, we have to satisfy 

sin(— + @) 


27RdR — constant (2) 
sin (— od) 


The thrust of the spike nozzle is obtained by 
integrating impulse function along DE and 
taking into account the effect of pressures 
p, and p, acting on the respective surfaces. Hence : 


Thrust 
I 
4 sin(— 6+ #@)cos(— @) 
sin(— ¢) 20 RAR 
7Rip, + (3) 


where Re and Rp denote the radial coordinates 
of E and D respectively. 

Maximizing thrust under the two above 
constraints of equations (1) and (2) leads to the 
following variational integral 


+ Agfe+ + 7Rj, p, (4) 


D 
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where 
, sin(— + 4) cos(— R 
fy p+ pm an 
sin + @) 
f f 27R 


f, — cot(— 4). 


A, and A, are the Lagrangian multiplier constants 
In maximizing the above integral, we can 
vary w, 8 and 4 between D and E. Also, we can 
vary Re and Rp, since we required only the 
length to be constant 
The Euler equations of the variational 
problem would reduce to 


b A a (5) 


cos (— a) 
" A. (6) 
cos a 
and 


R pw* sin? @ tan a As (7) 


along DE, where a is the Mach angle corres- 
ponding to velocity w. Also, 


[(p P») cota sin ( 20) 
at the point E (8) 
and 


[(p Po) cot a sin (— 28) 
at the point D (9) 


From equations (6) and (7) one can obtain 
that the flow parameters along ED satisfy the 
following relation 


dé 4 dw ane sin a sin # dR 0 (10) 
sin R 
This relation is the compatibility condition 
between flow parameters along a_ right 
characteristic direction in supersonic axisym- 
metric flow. Compliance of the above condition 
is necessary since the control surface is a right 
characteristic according to equation (5). Caution 
is recommended regarding the use of equation 
(9). Only if the base pressure p, is assumed 
independent of spike contour and the height 
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CD, this equation (9) can be derived. In general 
such is not the case and p, depends upon the 
geometry of spike vertex and flow conditions at 
D. One may yet obtain suitable answers if p, 
were held constant. 


4. METHOD OF COMPUTING OPTIMUM 
SPIKE NOZZLE PARAMETERS 


In the above two sections, the problem has 
been formulated in terms of a prescribed length 
and ambient pressure and the solution is given in 
terms of a control surface and flow parameters 
along the control surface. In carrying out the 
computations it is convenient to choose Mach 
number Mg, and flow direction 4% on the control 
surface ED at the cowl-lip EF. These values of 
Ve and 4% would then serve as parameters to 
define the ratio 7RZ/A* and the length of the 
nozzle. The ambient pressure for which the 
nozzle is optimized can be obtained, a posteriori, 
by substituting these parameters into equation 
(8). 

For a_ typical example, Mg — 2-4 and 
Ap 8-25" are chosen. These parameters, 
substituted into equation (8), indicate that the 
optimum thrust contour thus computed corres- 
ponds to an ambient pressure condition p, 
0-0355 P.. The values of M and @ along the 
control surface are computed by solving above 
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Fig. 2. Variation of Mand @ along the control surface. 


equations (6) and (7) using y — 1-23. In Fig. 2 
are shown the values thus obtained plotted as 
functions of nondimensionalized ordinate R/Re 
The solution is to be carried out until the point D 
is reached compatible with equation (9) and 
the base pressure P,, assumed. For the computa- 
tions given in this paper P, is assumed zero 
A higher value of assumed base pressure would 
terminate the control surface at a larger value of 
R/Re. With the parameters along the 
control surface known, the area ratio 7R2/A* 
of the nozzle can be computed from 


flow 


7R2/A* = 2 (pw/ p*w*)[sina/sin(@? — a)] 


27(R/Re)-d(R/Re) (11) 


Since 4, the slope of the control surface, is 
known, the length of the spike nozzle can be 
computed from 

x/Re 


cot (-- a)d(R/Rp) 


dD 
Similarly, the thrust coefficient of the spike 
nozzle is computed from 
Thrust p* 7RE 


la 
pw sin a cos ( 
p sin(— @ 


p* 
D 


In the present example, where Meg 
Ap 8-25° and 1-23 are chosen, 
obtains according to above equations 
Xp/Re — 1-164: Rp/Re — 0-137: 

Rp*/A* 3-81 and Cr 


one 


1-58 


An ideal spike nozzle, i.e. a nozzle yielding 
uniform exit flow parallel to the nozzle axis 
can be designed for this area ratio 3-81. Such a 
nozzle will have a length ratio X/Re — 2-428: 
and a thrust coefficient Cr — 1-591. Hence, 
the nozzle in this particular example has a thrust 
coefficient as high as 0-993 times the ideal thrust 
coefficient for the area ratio, even though the 
length is only 47-9 per cent of the length of the 
ideal spike nozzle. 


| 
| 
R 
2, UR/Re) 
= a) R E 
(12) 
R/Re 
oe o6 0.4 0.2 
6% 


i. V. R. RAO 


Fig. 3. Area ratio Rt/A 


With the same value of Mg, several values of 
#e can be chosen and one obtains various values 
of area ratio 7R2/A*, length ratio X/Re and 
thrust coefficient Cr. These values are shown in 
Figs. 3 and 4 in a parametric form. In Fig. 3, 
the points obtained with the same value Me 
are joined and the value of Mg is shown against 
each such line. Along each constant Mg line 
points are obtained, by interpolation, for 
drawing constant thrust coefficient lines in Fig. 4. 
The thrust coefficient as computed by equation 
(12) represents the thrust of the spike nozzle 
when discharging into vacuum. Division by the 


L ‘Re 


and length ratio L/Re as functions of parameters 


ideal 
dimensional nozzle for the area ratio, as given 
by equation(1!1), would represent the performance 
as a percentage. These percentages are shown 
in Fig. 4 against each thrust line. 

Let us examine the reduction in thrust co- 


vacuum thrust-coefficient of an one- 


efficient caused by considering shorter lengths 
This can be readily seen from Fig. 4 by drawing 
a horizontal line at 7Rz/A* 
are shown results of such computations for 


const. In Fig. 5 
area ratios 3-81 and 10-7. The reduction in 
thrust performance due to shortening the length 
seems to be very small. 
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SPIKE NOZZLE CONTOUR 


FOR OPTIMUM THRUST 


22 26 
L/R, 


Fig. 4. Thrust performance vs. nozzle parameters 


Fig. 5. Thrust performance vs. nozzle length 


§. CONTOUR OF THE OPTIMUM PLUG 
NOZZLE 


The results presented in Fig. 3 would indicate 
the values of the parameters Mg and 4, that 
have to be chosen to design a nozzle for any 


p 


particular area ratio and length. After the 
parameters Mg and 4, are chosen, the control 
surface itself and the flow parameters all along 
the control surface can be computed as shown 
in the above section. Next step is to compute 
the plug wall contour along which the exhaust 
gases would expand and yield the flow 
parameters required along the control surface 

The control surface ED along which the Mach 


2 is 


number and flow direction are given in Fig 
shown in Fig. 6. Let us assume that the nozzle 
throat occurs at F such that all the expansion ts 


external and occurs across a fan of simple waves 


centered at the point £. Starting with values of 


VU and @ prescribed along ED, and the simple 
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G. \ 
expansion fan located at F, the characteristics 
net can be completed in the region upstream of 
ED above the Such a 
characteristic lines can be computed sufficiently 
With the flow field 


in this region known, the stream line passing 


and aXIs 


close to the throat location 
through D can be drawn. This stream line as 
shown in Fig. 6, then forms the plug wall 


contour. The throat section can be located by the 


network of 


R. RAO 


the throat section for each plug nozzle under 
consideration 
The plug wall contour thus computed in the 
and the 
Table 1. In 
Fig. 7 ts also shown an ideal plug nozzle for this 


present example is shown in Fig 


contour coordinates are given in 


area ratio 3-81. Following similar procedure, an 
area 
ratio 10-69 and length ratio LR; 1-731, by 


optimum plug nozzle is designed for an 


Fig. 6. Construction of spike wal! contour 


From 


from the 


following simple procedure and 


the sonic line can be easily found 
Prandtl-Meyer relation between flow angle and 
Mach 


Thus, 


number in the simple expansion fan 
the direction of flow at 
obtained. Let Ry 


radial coordinate of the plug wall at the throat 


7 


the throat 


section can be denote the 


section. From the relation of conservation of 


mass flow. we obtain 


« 


Ri 


cos (12) 


where « is the area ratio ~R? A* as computed 
from equation (11). With the known value of @* 
the above equation (12) can be used to locate 


choosing 3-2 and 6 . The contour 
thus obtained its shown in Fig. 8 compared with 
an ideal plug nozzle for the area ratio, and the 
wall contour coordinates are given in Table 2 

The ideal plug contour can be terminated at the 
same length as the optimum nozzle and the thrust 
can be estimated by subtracting from the ideal 
nozzle thrust the pressure forces acting on the 
deleted portion. The contour parameters and the 
thrust performance of such truncated nozzles 
and the 
Table 3 


optimum 


optimum nozzles are compared in 
As can be expected from theory, the 
plug thrust 


coefficient than the plug contour obtained by 


nozzle yields higher 
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SPIKE NOZZLE CONTOUR FOR OPTIMUM THRUST 
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Fig. 7. Optimum contour of spike P : : 1-164; and 


Table |. Coordinates of a Spike Nozzle Contour Designed for y — 1-23, wR? /A* —3-81 and L/R 


R 


0 1-000 (Cowl-lip location) 
0-109 0-9165 51-92 (throat location on spike contour) 
0-016 0-782 50-10 
0-034 0-728 
0-087 0-678 
0-132 0-640 
0-192 0-596 
267 0-545 
314 0-516 
0-484 
429 0-450 
0-413 
S88 0-371 
690 0-324 
O-R15 0-271 
0-969 0-209 
1-164 0-137 19-73 (end point of the computed contour) 


= 


30 


Fig. 8. Optimum contour of spike for R2/A 10-69; L/R, 1-731; and vy — 1-23 
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Table 2. Coordinates of a Spike Nozzle Contour Designed for ; 


R. RAO 


1-23, 10-69; L/R, 1-731 


RR 


0 1-000 
0-045 
0-071 9] 3-06 
0-002 $623 
0-024 $0.27 
0-054 73 
0-101 
0-173 
0-245 
0-347 
0-494 
0-594 
0-717 
0-874 


9856 


14-94 


(¢ owl-lip location) 


$3 «throat location on spike contour) 


(end point of the computed contour) 


Table 3 


Comparison of Thrust Coefficients 


zie description 


$29 
1-00 
0-529 
0-479 
1-00 
(479 


0-9967 
1-00 
00-9934 
1-00 
0-99?1 


shortening the ideal contour. Furthermore. the 


spike contours computed for optimum thrust 
a than the truncated ideal 
7 and & 


The endpoint D of the computed wall contour 


have less surface are 


contours, as can be deduced from Figs 
of an optimum plug nozzle does not lie on the 
nozzle axis. For short lengths the distance of the 
point D from the nozzle axis can be appreciable 
The vertex portion D to C can be of any suitable 
shape. Remembering that the plug nozzle is 


designed assuming zero pressure in this region, 


one would find that changes in this portion of 


the contour would not alter the thrust perform- 
ance of the plug nozzle 


6. CONCLUDING REMARKS 


The method of determining the spike nozzle 
contour that yields optimum thrust is derived 


through the application of calculus of variations 
The nozzle expansion ratio, and the spike length 
are the governing parameters and the spike 
contour for optimum thrust can be uniquely 
determined. Illustrative numerical examples are 


computed using ; 1-23. The results presented 


in Figs. 3 and 4 can be helpful in the choice of 
design parameters for a spike nozzle to deliver a 
required thrust performance. Two representative 
optimum thrust contours are shown in Figs 
and & 

Since the method presented here determines 
the contour uniquely, the problem of thrust 
improvement by contour changes is answered 
directly 

The exhaust gases are treated as frictionless 
in the theory presented here and the examples 
computed. One can evaluate the displacement 


- 
: 
1076 0-316 17-RS A 
1-347 0-233 16-34 
LR Ry, R Li Cr 
Opt. thrust contour for « 10-69 1-73] 0-126 11-7269 
- 
Ice nik contour for « 1()-69 3.971 
Ahove ntour truncated 1737 1-725? 
Opt. thrust contour for « 2-8] 1-164 0-13 15804 
Ideal spike contour for 7-433 0 1.5909 
A hy ontour truncated 1-164 0-245 
x 
ay 
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SPIKE NOZZLE 


thickness of the boundary layer along the spike 


wall and apply the correction to the contours 
presented in Figs. 7 and 8. Decreasing the radial 
coordinates of the spike wall contour to accom- 
modate the boundary layer would ensure the 
exit flow for which the nozzle is designed 
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EXPERIMENTAL INVESTIGATIONS OF PLASMA 
ACCELERATORS FOR SPACE VEHICLE GUIDANCE AND 
PROPULSION?* 
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ugh the measurements discussed are 


strate that more detailed and advanced research int 


INTRODUCTION 
The 


systems 


development of electrical propulsion 


is a natural extension of the increased 
capabilities of chemical rocket technology. With 
the ability to transport substantial payloads into 
space in the form of specialized satellites em- 
ployed for such objectives as communication, 
weather observation and military reconnaissance. 
there arises the need for reliable systems to be 
utilized for the performance of trajectory cor- 
In 
the realm of interplanetary flight. the low thrust. 


rection, orbit transfer and attitude control 
high specific impulse electric engine appears 
particularly suited as the main propulsion unit 


for a great number of anticipated missions 
Power requirements for this latter application, 
however, appear too high to render it feasible 
prior to the development of a lightweight, high- 
efficiency power source. It is for the purposes of 
corrective maneuverability of the satellite, then, 
that the most immediate opportunities exist for 


* This work was performed under the auspices of the 
United States Air Force, Ballistic Missile Division, 
Contract No. AF 04 (647)-269 
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f experimental studies concerning the possible application of a plasma 


propulsion and attitude control 


ross the gap between two e 


The par- 


lectrodes 


discharge ac 


trically neutral plasma which is electromagnetically accelerated into a 


conditions of 


outer space 
ing the minute amounts 
As a result of 


lual purpose of introduc 


external switching of the discharge 


lopment, a considerable improvement in the efficiency of energy conversion of earlier models has 


ybtained with the T-tube accelerator have been in the range of 1000—20,000 sec, with 


rergy to mechanical energy as 


high as 60 rer cent 


ry nature. iti believed that thes clearly demon- 


plasma acceleration problems is fully justified 


the utilization of the principles of electrically 
The 


currently under most widespread consideration 


produced propellant acceleration system 
for the purposes mentioned may be classified in 


two general groups: those using electrostatic 
acceleration of positively charged particles and 
those using electromagnetic acceleration of an 
but An 
important advantage of the latter method lies 


in the inherent elimination of the problems 


ionized electrically neutral plasma 


associated with the neutralization of the space 
charge attraction between ejected ions and re- 
maining electrons. Furthermore, the problem of 
erosion in the electrodes of the plasma accelerator 
appears less serious than that encountered in the 
accelerating grids of the ion engine. With these 
reasons in mind, we have chosen to examine 
several types of plasma accelerating devices with 
prime interest up to this time devoted to the T- 
tube configuration of Fowler”) and Kolb.® 
The device consists essentially of a pair of elec- 

These electrodes form a gap across which the 
high current from a capacitor bank is discharged 
at a predetermined time by a novel triggering 


trodes mounted in two arms of a glass 
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technique. The return lead of the circuit is 
oriented so that the magnetic field associated 
with the current surge is perpendicular to the 
current path, resulting in a Lorentz force with 
acceleration in the direction of plasma exhaust. 

Measurements of plasma exhaust velocity and 
momentum transfer to a ballistic pendulum were 
carried out in early experiments under environ- 
mental conditions in which both the discharge 
tube and the exhaust chamber were initially at 
pressures in the range of 0-1 to | mm. Later, high 
vacuum exhaust conditions more closely approxi- 
mating those encountered in outer space were 
employed. This paper is devoted to a discussion 
of the quantitative experimental studies carried 
out in our laboratory for the purpose of demon- 
strating the feasibility of propulsion by pulsed 
plasma acceleration. We hope that these pre- 
liminary experiments do their share to add to 
one much needed facet of astronautics, the 
transition from speculation to experimental 
substantiation. 


COMPONENT DETAILS 


1. Plasma Production 

The discharge circuit employed for the forma- 
tion and acceleration of plasma into high vacuum 
is Shown schematically in Fig. | 


a. Accelerator 

rhe T-tube consists essentially of | in. diameter 
copper electrodes mounted in two arms of 1} in 
pyrex pipe “T” 
gap. The third arm of the * 
1} in. inlet of a 6 in. diameter 


and separated by a | in 
I” is connected to the 
24 in. long glass 


T-TUBE 
ACCELERATING ACCELERATOR 


LEAD ) 
CHARGING 
RESISTOR 
[POWER | ..4 
ISuPPLY 


4 FAST ACTING 
VALVE 


CAPACITOR 
20 KV 


Fig. |. Plasma accelerator discharge circuit 
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chamber, with the entire assembly evacuated to 
pressures of 10-° mm and lower. The high 
voltage lead to the cathode is a length of } in 
copper tubing placed in the vicinity of the dis- 
charge to provide optimum coupling of the 
magnetic field to the highly ionized plasma 
Various configurations have been examined 
and the most favorable results up to this time 


ELECTRODE 


Fig. 2. T-tube lead configurations 
a. Field coil configuration. b. Backstrap configuration 


were obtained using those shown in Fig. 2. In 
both of these cases, the high peak currents 
flowing during the discharge give rise to rapidly 
changing magnetic fields which interact with the 
plasma tending to accelerate it away from the 
electrode region. 


h. Energy Source 
The electrical energy for the formation and 
acceleration of the plasma is a 10 uF bank of two 
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PLASMA 
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capacitors 
being 


standard General Electric 
connected in parallel and capable of 
charged to 20 k\ 


pow er 


c. Propellant Source—Fast-acting Valve 


The absence of an external switch to trigger 
the discharge is one of the salient features of this 


particular circuit. Initial models of the acceler- 


Spiral coil (one end 
grounded) for electro- 
magnetic activation 
of valve disc. 


Moving brass 
valve disc. 


ss gas 


6 atmospheres) 


ator producing repetitive plasma bursts suffered 
from considerable losses in the capacitor switch 
In addition, much of the plasma energy was dissi- 
pated in interaction between the plasma and the 
relatively high pressure region into which it was 
exhausted.) These problems have been mini- 
mized to a great extent as a result of the develop- 
operated 


ment of a fast acting, electrically 


Hollow electrode 
from “T" tube 


accelerator 


L 


Teflon “O" - 
ring valve seat 


Valve inlet port 


Fig. 3. Fast-acting valve electrode assembly 


Fig. 4. Fast-acting valve mounted on T-tube accelerator 


Gas reservoir inlet 
prem, | - \\ 
“4 
Valve closure — 
spring 
pump-out port 
AY 
ve 


valve) which serves the dual purpose of intro- 
ducing the minute amounts of propellant re- 
quired, while obviating the need for external 
switching of the discharge. Since the evacuated 
I-tube assembly is capable of holding off the 
potential of the capacitors, pulsed admission of 
gas provides the necessary ionizing medium to 
trigger the discharge and produce a mass of the 
plasma which moves freely into a region where 


the mean free path of the particles is much larger 
than the dimensions of the experimental ap- 
paratus. 

A cut-away view of the valve employed is 
shown in Fig. 3 

A capacitor discharge through the spiral coil 
creates a magnetic field with resultant eddy 
currents in the brass valve disc. The mutual re- 
pulsion of fields forces the disc away from its 
teflon “O” ring seat and admits a quantity of 
gas through one of the electrodes of the ac- 
celerator system. The spring permits positive 
seating of the disc. It is possible to open and close 
the valve completely in less than 60 usec and to 


admit masses of air as low as 10 ug. 
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Fig. 5. T-tube accelerator laboratory assembly 
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Figure 4 shows the device mounted in position 
on the T-tube accelerator. Figure 5 shows the T- 
tube accelerator laboratory assembly. 

2. Repetitively Pulsed Plasma Acceleration 

For the purposes of determining feasibility of 
repetitive pulsing of the plasma discharges, the 
I-tube sources have been fired at rates up to 
40 c/s. In these cases the experimental observa- 
tions were made under conditions such that the 


propellant leak-in rate resulted in equal am- 
bient pressure in T-tube and “vacuum” cham- 
ber 
shown in Fig. 6. At the relatively high pressure 
of 100-1000u. 
necessarily triggered by an external switch. There 


[he system used in these earlier studies is 


the capacitor discharge was 
appears to be no reason why repetitive pulsing 
cannot be accomplished with a fast-acting valve 
substituted for both the controlled leak and the 
electrical switch. In both cases, however. small- 
scale laboratory experimentation attempting to 
simulate pressure conditions in outer space is 
hampered by the fact that the rate of propellant 
introduction into the reaction chamber must be 
compatible with the pumping speed of the 


= 
| | 
SSS 
= ¢ 4 
= F 


B. GOROWITZ, K. MOSES and P 


GLOERSEN 


Fig. 6. Repetitively pulsed plasma accelerator 


vacuum system at the exhaust nozzle and the 


duty cycle of the engine. Moreover, detailed 
investigations of the accelerated plasma become 
difficult 


reasons 


during repetitive pulsing. For these 


we have chosen to conduct most of our 
We have 
experiments the 


measurements in the single shot mode 
demonstrated previous 
validity of extrapolation of the results obtained 
by this method to those which may be obtained 


under repetitive operation of the accelerator 


MEASURING TECHNIQUES 
1. Propellant Mass 


Measurements of the amount of gas admitted 
to the made 
mercury McLeod gage to register the increase 
of pressure in the entire vacuum system due to 
8-10 openings of the valve carried out in rapid 
succession (1 per 


accelerator system were using a 


sec) Average amounts per 


shot as determined by dividing the total mass 
increase by the number of shots, were repro- 
ducible over several sets of measurements 


2. Plasma Velocity 


The photomultiplier-light pipe technique has 
been employed for following the passage of the 
luminous front from the region of discharge to 
the vacuum chamber. The apparatus used for the 
measurements is shown in Fig 

A lucite rod containing a series of equally 
spaced sidearms is placed parallel to the dis- 
charge exhaust tube. Light passing to the rod 
through suitably spaced apertures is reflected 
from the highly polished 45° notches to a photo- 
multiplier detector. The dual beam oscilloscope. 


which receives the detector signal through a 


cathode follower circuit, is triggered several 
microseconds before the onset of the capacitor 
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ROD 


<— FAST ACTING 
VALVE 


CATHODE 
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CIRCUIT 


VACUUM CHAMBER 


Fig. 7. Velocity measurement apparatus. 


discharge and registers a trace not only of the 
successive light pulses at each station but of 
the current oscillations in the T-tube discharge. 
A representative oscillogram is shown in Fig. 8. 
It may be seen that the analysis of the luminous 


Fig. 8. Oscillogram of photomultiplier and discharge 
current signals 
10,000 V discharge, 5 usec/cm 


PENDULUM 


T-TUBE —.. 
ACCELERATOR 


FAST / 
ACTING VALVE 


front velocity is complicated by the formation of 
successive plasma pulses due to the ringing of 
the capacitor circuit. Therefore, accurate mea- 
surements of the velocity at any one station can 
be obtained only by masking off the remaining 
stations. 

It is interesting to note that the initial light 
pulse lacks the sharp rise characteristics of the 
succeeding pulses. This is attributed to the fact 
that the first luminous wave is being propagated 
into a vacuum, whereas subsequent waves propa- 
gate hypersonically into the wake of the first. 
giving rise to the formation of a succession of 
shock fronts. 


3. Momentum Transfer 

a. Impulse of Plasma 
Measurements of momentum transfer from 

the accelerated species were carried out using the 
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=> 


_ VACUUM 
CHAMBER 
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Fig. 9. Impulse determination apparatus 
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ballistic pendulum technique. A_ 13-g plastic 
cup suspended at the T-tube inlet of the vacuum 
chamber over an angular scale was deflected by 
amounts which were readily measured by visual 
9) 


Knowing the angle of 


methods (see Fig 


swing and the 


length of the supporting strings (1), the velocity 


of the pendulum may be calculated 
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determinations the momentum transfer is too 
small to be measured with any degree of ac- 
curacy. Masses of 80 ug. which provided more 
measurable deflections, were introduced in order 
to verify the ballistic pendulum assumption 


RESULTS 
A representative set of results of velocity and 
impulse determinations obtained by firing the 
Table |! 


plasma into a vacuum is supplied in 


Table |. Performance of T-Tube Accelerator Fired into Vacuum 


Luminous 


Calculated 


Impulse propell ant? fliciencs 


(dyne-sec) mass (per cent) 


‘ti 
10° 


14.000 
19.000 

7.000 
14.000 


ue 


wnt —Nitre 


plasma energy stored energy 


gen 


Table 2. Performance of T-Tube Accelerator Fired into Equal Pressure Environment? 


Luminous 


Voltage 
kV) 


Calculated 


nellant 


Impulse pr 


mass 


(dyne-sec) 


i: simple pendulum the momentum may be 


where WV is the mass of the 


Assuming the velocity of the lummous front 


to be the velocity (r) of the species acting upon 


the pendulum, we may calculate the mass (77) 


of the accelerated species 


Wi 


h. Impulse of Neutral Propellant 
The method described above has been em- 


ployed to measure the impulse due to the neutral 


gas injected into the accelerator without trigger- 
ing of the capacitor discharge. For the 20 ug of 
nitrogen used in the majority of the experimental 


For purposes of comparison with the results of 
Table | 
the 


Table 2 provides a sampling of data for 


realistic environmental conditions in 


both 


chamber were at the same initial pressure 


less 
which plasma accelerator and exhaust 

(1) It should be emphasized that for any one 
point of observation, the values given for the 
velocities are those of the fastest moving, but not 
necessarily of the most prevalent species. Further- 
more, the degree of experimental error involved 
in the photomultiplier technique is considerably 
increased at the high velocities under considera- 
tion. The values for the time of arrival of the 
luminous front at the observation port may vary 


as much as 0-5 usec. In these respects, the results 
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may tend to be optimistic. On the other hand, 
it may be appreciated, and it has been demon- 
strated previously, that larger velocities and 
presumably larger impulses may be measured if 
the distance from the electrodes to the point of 
observation is decreased. In case, it Is 
hoped that the utilization of high-speed photo- 


graphic techniques now under way may remove 


any 


some of the uncertainties in our measurements 

(2) The ballistic pendulum assumption appears 
to have been verified by the measurement of the 
momentum of a sample of injected neutral gas 
The amount of gas, calculated from the impulse 
delivered to the pendulum, agrees within 10 
per cent of the mass measured by the pressure 
increase technique, assuming an average velocity 
of the gas to be Mach 2 (0-6 cm/usec) for nitro- 
gen 

(3) It should be pointed out that if, instead of 
the ballistic pendulum, it ts assumed that kinetic 
energy is conserved upon impact with the pen- 
dulum. then the impulse determined values of 


mass of <n accelerated species are necessarily 
SO per cent lower in value than those given in 
Table | that the 


mass ts 


course, entire 
the 


These quantities not only fail to 


presuming, of 
accelerated with velocity of the 
luminous front 
account for known masses admitted through the 
valve, but also do not permit accounting for the 
amounts of vaporized electrode material which 
are possibly accelerated into the impulse mea- 
suring device 

The increase of calculated propellant mass with 
capacitor voltage is indicative of a higher elec- 
trode erosion rate accompanying increased dis- 
charge current The 
energy conversion efficiency is attributed in part 


and energy increase in 
to the same reason. What is perhaps a more im- 
portant contributing factor to the greater 
efficiency is the enhanced coupling of magnetic 
field to plasma at the higher voltage 

(4) The effect of a properly oriented magnetic 
field upon specific impulse and momentum is 
more vividly demonstrated by the data shown in 
Table 1. Up to this time, the backstrap appears to 
be the most efficient of the configurations studied 
Although the magnetic fields associated with the 


particular geometry are lower than those which 
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may be obtained with field coil configurations 
such as that shown in Fig. 2, the considerably 
lower inductance of the lead results in higher 
peak discharge currents, and possibly, better 
coupling between magnetic field and plasma 

(5) The large discrepancy between the values 
Table | and those shown in Table 2 


is significant of the magnitude of the energy 


shown in 


dissipating factors which have been eliminated 


by removing the triggering switch 


and by accelerating the plasma into a vacuum 


capacitor 


CONCLUSIONS 


(1) Using the calculated accelerator efficiencies 
we have extrapolated the measured plasma mo- 
menta to the thrusts which might be obtained. 
requirements for 


and the necessary 


operation of the device at an arbitrary dis- 


pow er 


charge repetition rate of 1000 c/s. For a capacitor 
voltage of 13 kV. specific impulse of 19,000 
sec and efficiency of 60 per cent, the thrust ob- 
tainable 1s 1-25 lb, with a power input of ap- 
proximately 900 kW. It be seen that the 
same thrust obtained at a specific impulse of 
1000. for example. would require only 45 kW 


may 


at 60 per cent efficiency. The choice of specific 
impulse is one which ts dictated by the nature of 
the mission, the power available, and the amount 
of fuel which may be reasonably carried. It is 
obvious that at the present time, we are ham- 
pered in the use of these devices for propulsive 
purposes by both the unavailability of light- 
weight sources of high electrical power and the 
large vehicles which would be needed to carry 
the increased amounts of fuel necessary at the 
lower specific impulses 

(2) In contrast to the presently prohibitive 
factors described above, the application of 
plasma acceleration to attitude control is one 
which seems well within the reach of present 
laboratory technology. The required”) impulse 
range of 0-0005-0-005 Ib/sec for the majority of 
corrective missions has already been approached 
in our laboratory experiments. The conversion 
of solar energy to stored electrical energy may 
be accomplished by means of lightweight solar 
batteries and transistor voltage multipliers for 
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capacitor charging. The advantages to be gained 
by the substitution of plasma acceleration for 
the simple expedient of expelling gas from stor- 
age bottles are two-fold: 


(a) The mass of propellant required is less 
then 0-01 per cent of that needed in the gas 
bottle technique, hence it may be con- 
sidered negligible 

(b) The weight of the propulsion system, which 
may be made comparable to that of the gas 
bottles, has the 
potentially long lifetime for the unit 


attraction of a 
For 


added 


long range missions requiring operation for 
more than one year, the fuel consumption 
factor becomes considerably more impor- 
tant. It is especially in this application that 
electrical propulsion appears vastly su- 
perior to other methods 


(3) It should be emphasized that our experi- 
mental work has been, up to this time. of a 


GLOERSEN 


nature and that the accelerator 
configuration is by no means a final one 


preliminary 


We have succeeded in proving, however, the 
necessity of operation of plasma accelerator 
under environmental 
simulation. An important but not unexpected 
dividend has been a striking improvement in the 


models conditions of 


energy conversion efficiency 


REFERENCES 


R. G. er 
Transients in Gas Dise harge 
(Dec 1952) 

A.C. Kors, Phys. Rev. 107, 345 (1957) 

B. Gorowrtz and B. Harnep, Measurements of 
Velocity and Momentum with a Pulsed T-Tube Plasma 
Generator General Electric Report No RS59SD314 
(Feb. 1959) 

B. Gorowirrz, K. Moses and P. Giorrsen. A 
net Di ren Fast ling Valve for Gas 
n High Vacua (to be published) 


M. DIeNEMANN 


Final Report Research on Radiation 
University of Oklahoma 


Vae- 


Injection 


(Private communication.) 


= 
! 
2 
3 
A 
9 
4 
=. 
4 


Abstract 


THERMODYNAMIC PERFORMANCE STUDY OF POSSIBLE 
WORKING FLUIDS FOR NON-CHEMICAL ROCKETS 


KENNETH KISSELL 


Acronautical Research Laboratory, Wright Air Development Center 


\ thermodynamic analysis is made to compare three possible working fluids for engines 


deriving their power from electrical or nuclear sources, thus permitting heating to extreme temperatures 
High exhaust velocities are shown to be attainable despite the possible losses to be incurred by ionizatior 


and dissociation of the working fluid 
parable to that of chemical rockets 


shown to depend 


if one excludes the energy source 


ipon the nature of equilibrium process within the nozzle 


The physical size of the non-chemical engine is shown to be com- 


The actual nozzle dimensions are 
The power requirements 


for non-chemical rockets are shown to exceed the output of all but the largest stationary generators 


and reactors operating today 


1. INTRODUCTION 

The rocket engine is a prime mover producing 
mechanical force proportional to both the mass 
ejection rate and the velocity of ejection. Since 
its invention by the Chinese in antiquity, the 
rocket has utilized chemical combustion as an 
energy source and the products of the chemical 
reaction as the ejection mass. In a chemical 
rocket engine the energy available for producing 
by the heat of 
chemical reaction under the conditions existing 


mechanical energy is given 
in the combustion chamber. The temperature in 
the chamber will then be determined“) by the 
thermodynamic properties of the combustion 
products, e.g. specific heat, heats of dissociation. 
etc. Similarly the mean molecular weight of the 
propellant gas is a function of the composition 
of the Aside 
adjustments choice of 
ratio, the performance of the rocket is rigidly 
dependent upon the heat of reaction and the 
nature of the reaction products. 


reaction products from small 


possible by mixture 


best chemical 


propellant combinations yield exhaust velocities 


Unfortunately the very 
which require too great a mass expenditure for 
practical space flight. While future improve- 
ments in chemical rockets include use of extreme 
chamber pressures and use of exotic fuels with 
higher heats of combustion, solution of the 


associated engineering problems can result in 
only a 50 per cent increase above the exhaust 


velocities attainable today. To obtain exhaust 
velocities several times those of present rocket 
engines, the heating value of the fuel must be 
supplemented or supplanted by an energy source 
which is non-chemical in origin, but whose 
energy may be efficiently imparted to a working 
field. A rocket engine operating with such an 
energy source could utilize a working fluid with 
no chemical energy content and utilize it under 
conditions most favorable for high performance 
Ihe system might consist of a nuclear reactor 

or electrical source adding energy to a fluid 
chosen for desirable properties other than its 
The thermodynamic 


properties of such a working fluid may still be 


heat of formation 


paramount in its selection, but the availability, 


storability, and cost may be more freely 
considered 
However, thermodynamic limitations still 


exist In such a system as well as the practical 
limitations of cooling, introduction of the energy. 
weight, etc. Thermodynamic limits exist in the 
exhaust velocity obtainable from a 
fluid at any given temperature or energy level 


The impartation of large amounts of thermal 


working 


energy to a working fluid may be senseless if 
the thermal be converted 
kinetic energy. Since the working fluid is a real 
substance with properties of dissociation of its 
molecules and possible ionization of the resultant 
atoms and free radicals, it is obviously not true 


energy cannot into 
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that the energy imparted can be harnessed. The 
selection of a chamber pressure and temperature 
to obtain maximum conversion cannot be 
considered simple in view of these complex 
processes. In addition, the necessary size of the 
exhaust nozzle may be too large for proper 
exhaust 


matching of the pressure to the 


surrounding atmosphere if large heating- 
chamber pressures are found necessary for high 
performance. A mismatch in the discharge 
pressure could result in conversion of too little 
of the imparted energy and render the system 
impractical 
This study concerns itself only with such 
thermodynamic limitations of several desirable 
working fluids at high energy levels and gives no 
fluid 
mechanical problems of imparting the energy 
The rocket 


constant-pressure 


consideration to the mechanical ot 


to the working fluid engine is 


visualized as a stagnation 


chamber containing the energy source. which 


and uniformly imparts a_ specified 


enthalpy to the fluid without introduction of a 


foreign substance, and an adiabatic expansion 


nozzle to accelerate the fluid while reducing its 


a specified lower value. The output 


of the machine ts measurable only as the momen- 


tum transfer rate. while its performance is 


measurable in terms of its mass and energy 


efficiency. since both must be supplied. For 


practical reasons both power level and mass 


consumption should be optimized. The choice of 


minimum power level or mass consumption 
depends upon the application of the engine: 
both cannot be minimized simultaneously 

The performance obtainable from the working 
fluids is 
addition and pressure conditions conceivably 
flight. The 


air and hydrogen. the first 


determined over a range of energy 


useful for near-terrestrial fluids 


selected are water 
because of its abundance and storability. the 
second for an air-breathing engine and the latter 
for its advantages as a working fluid despite its 
disadvantages of bulk and low boiling point 
The results for air are also useful for wind tunnel 
applications. The unspecified method of energy 
addition is assumed to yield a homogeneous, 
elevated temperature 


equilibrium gas at an 
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corresponding to the heat content 
equilibrium or 
composition performance with the frozen com- 


specified 
A comparison of “shifting” 
position performance is made for each fluid 
The exhaust velocity, power level and mass flow 
are computed for specific cases. The area ratio 
and energy conversion efficiency for operating 
regimes of interest are deduced. A guide to the 


selection of working fluids and operation 
conditions is presented 

The methods used in this study are not new 
since they had been developed for analysis of 
The 
overlaps and extends a 
Singer-Bredt.“ A 


hydrogen by the same authoress 


hydrogen study 
study by 


chemical propellants 


previous 


later study of water and 


appeared as 
this study was being concluded. In the firs 


these previous studies no consideration was 


given to frozen equilibrium effects or to the 


physical size of an engine using the fluids 


although the second study considers certain 


questions of equilibrium. A comparison is made 
of the results of these previous studies with the 


These 


previous studies consider the operation of an 


present one in the regions of overlap 


conditions which are not useful 
take-off the 
chamber pressures which are near or well below 
Any 


operate from the ground with its main engines 


engine under 


for terrestrial since 


employ 


sea-level practical rocket must 


pressure 


2. BASIC 


Analysis of the 


PRINCIPLES 
merits of rocket 


working fluids requires concepts from several 


relative 


basic areas of mechanics and thermodynamics 
These include some fundamental equations of 
rocket flight, thermodynamics of flowing gas 
gases at high 


systems, thermodynamics of 


chemical kinetics of 
Each 
assumptions and approximations when applied 


temperature, and the 


reacting gas mixtures. area involves 
to the problem at hand. A brief summary follows 
of the principles and assumptions employed from 
each area for treatment of the subject problem, 


referring to the literature for details. 


Equations of Rocket Flight 


In this study the rocket engine is considered 
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which 


1s 


a device in 
temperature 


high-pressure, 
continuously 
within a chamber from which it is continuously 


high- 
generated 


exhausted through an appropriate opening to 
the surroundings at pressure pex. The generated 
gas expanding through the opening attains a 
high uniform velocity Vx relative to the rocket 
at the expense of both the random motion of the 
The 
from the 
rocket at a rate mV... where rit is the rate of mass 
expelled per unit time. The thrust 
experienced by the rocket is fully expressed by 


gas particles and their internal motions 


exhausted fas removes momentum 


force or 


mVes (Pex — Pamv)Aex (1) 


where F is the thrust in force units, p is the 


Static pressure of the ambient medium at the 


nozzle exit, and A,, is the area of the nozzle 
exit. The first term in the thrust equation is the 
momentum thrust and the second term is the 
pressure thrust resulting from the inequality of 
the static pressure in the exhaust jet from the 
the 


depends only on the exit area and the pressure 


ambient pressure. Since pressure thrust 
difference, it can be made negligible by design 
for any engine working fluid and will not be 
considered further in this study 

Not all of the energy converted by the rocket 
from thermal to kinetic form is utilized in the 
flight of the rocket 


maximum 


It can be shown that the 
the 


expended in the jet occurs when the vehicle 


utilization of kinetic energy 


speed equals the speed of the exhaust jet. i.e 
when the effluent gases are left at rest in the sur- 
rounding space. An ideal rocket engine would 
permit continuous selection of the exit velocity to 
match the vehicle velocity while maintaining the 
desired thrust. All energy converted by the rocket 
to a kinetic form would then be imparted to the 
vehicle and none would remain in the exhaust gas 
rhe high internal efficiencies of a particular rocket 


can quickly be discarded by the mismatching of 


the exhaust velocity and the vehicle speed. It is to 
be hoped that one feature of a non-chemical rocket 


engine will be free and variable choice of the 
exhaust velocity to match the vehicular velocity, 
a choice which does not exist in current chemical 
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engines. The satellite velocities being 


achieved are three times the exhaust velocities 
of current engines and only 60 per cent of the 


now 


jet kinetic energy is utilized at engine burnout 


It must be recalled that additional unconverted 
thermal energy is contained in the jet, even if it 
is left as a non-moving cloud, as long as the 
jet remains above absolute zero temperature 
his internal energy cannot be recovered by any 
and represents an inherent 
Actually 


represents the engine cycle with the least such 


practical process 


thermodynamic _ loss the rocket 


loss for practical pressure ratios. The thermal 
efficiency of conventional rockets can easily be 
50 per cent and in the systems considered in this 


study reaches 70 per cent 


Energy and Power Relationships 


From the viewpoint of the vehicle. two 


quantities are introduced into the rocket engine 
and expelled: mass and energy. From the 
momentum thrust relation (equation |) we can 
see that the thrust may be increased by an in- 
The 


energy expenditure rate or power level is seen 


to be 


crease of either mass flow or exit velocity 


P — dE/dt = (2) 
from which the thrust may be expressed as 
F = mVex 2P/Vex (3) 


For a given thrust we may conserve mass by 
increasing the exit velocity, but the power must 
We 


reduce power by operating at lower exit velocities 


also rise accordingly may conversely 


but only by greater mass consumption. Since 
equations (2) and (3) deal with the power level 
in terms of kinetic energy, caution must be 


exercised in deducing the input power require- 
ments. The actual energy supplied to the engine 
includes the unconvertible thermal energy lost 
in the jet. A reduction of input power is thus 
possible even while reducing mass consumption 
if the thermal conversion efficiency is raised 

We may safely deduce that a practical inter- 
planetary rocket, having a low mass consump- 
tion, must have an energy source of very high 
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power level. In addition the corresponding high 
propulsive 


exhaust velocities entail a low 
efficiency if the vehicle speed cannot be made 
great establish 


realistic bounds for the power level, mass flow, 


enough. This study seeks to 
and physical size of engines producing realistic 
(1000 Ib) under 


conditions of 


level of thrust favorable and 


unfavorable thermodynamic 


equilibrium 


Thermodynamics of Flowing Gas Systems 


The 


determine“ the 


fundamental relation required to 


exhaust velocity from the 


thermal properties of the gas 1s 


{2[4(H — E,)] + 4E, 


\ (24H V2) (4) 
between 


A(H E,) is the difference 


chamber and exhaust conditions of the enthalpy 


Ww her e 


contribution above the zero point and JE, ts 


the difference in zero point energy between 


chamber and exhaust conditions. Such a 


difference will exist only in the case of 
composition change during the flow 
Although the F, values cannot be determined, 


AE. 


measured. It represents the heat of the reaction 


their difference. fortunately can be 
at absolute zero which accompanies the chemical 
species change occurring during the flow process 
from the chamber to the exhaust. This heat of 
reaction is normally computed into the total 
enthalpy of gas mixtures. The difference of total 


enthalpies is represented as JH, 


Nozzle Area Relations 


It is of interest to know the geometry required 


of the flow channel in which the gas is 
accelerated. In general it is necessary to expand 
the gas through a converging-diverging nozzle to 
obtain a supersonic velocity for the jet.“ The 
minimum area of the duct or throat corresponds 


to the highest mass flow per unit cross section or 


m Up 
RT * 


oan.) 


Atnroat max 
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Edse ‘*) has shown how equation (5) may be used 
to design a supersonic expansion nozzle from a 
purely thermodynamic analysis. The treatment 
employs a graphical maximization of m/A to 

The critical nozzle 
determined in this 


define the throat conditions. 


area and area-ratio were 
manner for cases of special interest for each 


working fluid 


High-Temperature Thermodynamics Properties 


To determine the high-temperature properties 
of the fluid, the 
functions needed of all 


working thermodynamic 


were dissociation 
products formed by the heating of the working 
fluid 


the various 


Fortunately, thermal function values for 
constituents of all significant 
species were available from various sources such 
National Bureau of Standards,‘: ™ 
Alamos Scientific Laboratory,“ and 
Rand Corporation. Not all such data 
are of equal accuracy, particularly data for 


as the 


Los 


ionized species whose thermal functions are 
least known. The enthalpy and entropy of the 
gas mixture could be determined,’ however, 
with sufficient accuracy for the conclusions of 
this study to be valid 

For practical reasons not all species were 
considered in the equilibrium determination if 
prior knowledge indicated the concentration 
to be negligible. For example H~ was ignored in 
the hydrogen system on the basis of the low 
energy for electron affinity of hydrogen, 17-2 
kcal/mole. was ignored on the basis of the 
low concentration of H,. even at the highest 
pressures, and the high ionization energy for 
355-6 kcal/mole." 

The composition and properties of the working 
fluid in the stagnation chamber and in the 
exhaust nozzle were determined by the methods 
of Edse,‘*. utilize the 
performing all chemical reactions at absolute 
zero and then determining the enthalpy required 
to bring both the undissociated reactants and the 
dissociated or ionized reaction products to the 
specified fluid temperature. After the composi- 
tion of the fluid in the stagnation chamber was 
determined, an isentropic expansion process 


which artifice of 


at 

ng 

(9) 
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Fig. |. Method of graphical solutions in frozen and equilibrium expansion processes for hydrogen 


was performed graphically between the chamber 
and exit pressures, assuming the fluid composi- 
tion to change with sufficient rapidity to retain 
chemical equilibrium. An example of this 


graphical process is shown in Fig. 1. If the 
chemical too such an 
equilibrium to obtain, energy stored within the 
ionized and dissociated constituents will not be 


reactions are slow for 
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recovered. Necessarily the performance of the 
system ts lower since the enthalpy associated 
with these excited particles is lost in the jet 
The resulting loss is as high as 36 per cent in 
Since little 


is known of the reaction rates of ions and free 


the systems analyzed in this study 


radicals, particularly under the extreme condi- 


tions considered here. either the “frozen” or 


shifting results could prove applicable to an 
actual flow process 
It is to be emphasized that this study em- 


ploved the thermodynamic approach as con- 


trasted to a kinetic approach. The working fluid 


is presumed to remain in the stagnation chamber 


for a sufficient time to reach an equilibrium 


state in the thermodynamic sense. In the 


equilibrium flow case this is assumed true at 


every point in the expansion process 


In the f expansion process, the final 


composition ts identical to the initial composition 
in every respect although the thermodynamic 
properties differ. Because the frozen composition 
State, the 


corresponds to a non-equilibrium 


entropy of the frozen mixture will be higher at 


each temperature than the corresponding 


equilibrium mixture. Consequently the exit 


temperature of the frozen mixture is observed 
in Fig. | to be necessarily lower than that of the 


equilibrium flow mixture since the expansion 
is at the fixed chamber entropy of the equilibrium 
case. Physically this temperature drop reflects 


the failure of recombination and deionization 


reactions to add stored energy to the gas flow 
during the expansion. Such an energy recovery 
reduces the lapse rate in the equilibrium flow 


3. HYDROGEN AS A WORKING FLUID 


Assumptions and Procedures 


Advantages of hydrogen as a low molecular 
weight working fluid have long been recog- 


nized. *'. *) The recombination of atomic hydro- 
gen could provide exhaust velocities exceeding 
32.000 ft sec 


of energy equivalent to the heat of formation of 


The addition to liquid hydrogen 


atomic hydrogen (52 kcal g) would produce the 
same result within the stagnation chamber and 
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Addition of still 
more energy will reduce the molecular weight as a 


yield this same exhaust velocity 


result of the liberation of electrons by ionization 
The increase in temperature to 15,000 K com- 
bined with this reduction of effective molecular 
weight can yield exhaust velocities over 100,000 
ft sec 

The 
hydrogen was computed for the 
15.000 K 


Gilmore“ 


composition of tonizing 
temperature 
thermochemical 

Fickett 
with 


equilibrium 


range up to using 


data from and and 


Cowen," graphically smoothed low- 


10 


temperature data from Wooley The entropy 
and enthalpy are plotted in Fig. 2. Two distinct 
regions are discernable since the dissociation ts 


virtually complete before ionization begins. 
even at the highest pressure. Since hydrogen can 
at most be singly tonized, it presents the simplest 
case for analysis. The hydrogen system exhibits all 
the basic phenomenon of an ionizing working 
fluid 
Expansion considered at 


500 


processes were 


from |! to atm and 


10 to 1000 


chamber pressures 


pressure ratios of This covers the 
practical range of chamber pressures for rockets 
designed for operation at sea level, considering 
structural weight requirements for the chamber 
and the limitations to 


separation in the 


nozzle 
flow 
Since the chamber temperature ts the 


and pressure 


prey ent expansion 


nozzle 


probable limitation for operation of non- 


chemical rockets. the stagnation temperature 


was selected as the parameter for comparison 


The velocities achieved by the exhaust gases at 


pressure ratio 100 are plotted in Fig. 3 for the 


case of proper nozzle matching. This ts typical 


of results at other pressure ratios. The static 
temperature achieved by the exit gas in typical 
expansions is shown in Fig. 4. Certain frozen 
equilibrium expansions were made at pressure 
by 


corresponding to the 


ratios of recomputation of the exit 


properties stagnation 
composition These results are also plotted mn 
Figs. 3 and 4. An example of the graphical 
solution for hydrogen is shown in Fig. | for 
both the equilibrium composition case and the 
case of composition frozen at the chamber 


conditions 
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Fig. 3. Exhaust velocity of hydrogen at pressure-ratio 100. Selected frozen equilibrium expansions compared with 


true equilibrium expansions and with results of earlier study 
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Discussion of Hydrogen Results 
From examination of the enthalpy—temperature 
relations, several features of the results could be 
anticipated. At temperature below 3000°K the 
total enthalpy of the hydrogen mixture is nearly 
chamber 
this 


Insensitive to pressure 
can be 


described by the ideal vas laws 


Expansion 


processes in region very nearly 
In view of the 
smooth behavior of the enthalpy as the hydrogen 
the 


satisfactory 


begins to dissociate. an value of 


average 


specific heat ratio 
the 


range up to 


might vield 


sredictions of exit gas properties for a 
I pro} 

4000 K. suitable 
assigned by one of the 


When about 50 


hydrogen molecules have dissoci- 


temperature 
mean value could be 
processes proposed by Edse 
ent of the 
ated, the 


slope ot 


the enthalpy—temperature 


curve begins to diminish. indicating a decreasing 


effective specific heat. The specific heat then 
issumes the same value at two temperatures 
Assignment of an average value then becomes 


nearly The mean value will stronel, 


depend upon the terminal conditions of the 


expansion if the exit temperature falls in a 


rapidly-varying region of the function and in 


suc 


t case will only permit description of one 


terminal condition from the other. The mean 


value will not describe intermediate points 


From this it can be anticipated that an expansion 


process terminating at a temperature above 
3000 K will yield an exhaust velocity dependent 
in no simple way upon the pressure ratio and 
the chamber 


Fig. 3 
At low 


temperature. This is verified by 


chamber the exhaust 


velocity Is virtually independent of the chamber 


temperatures 
pressure. At higher temperatures the dependence 


on chamber pressure is quite complex. In 


certain regimes of chamber pressure an increase 
in chamber temperature yields only a slight 
To understand 


these phenomena we must examine the fluid 


increase in the exhaust velocity 


properties as the pressure and temperature are 
increased 

At one atmosphere of pressure hydrogen is 
nearly molecular at 3000°K. A shift to higher 
pressure results in only a small variation of 
chamber enthalpy while the entropy is lowered 
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The exhaust temperature is also sufficiently low 
that even the expansion to 0-01 atm yields no 
dissociation. At 5000°K this is no longer true, 


dissociated at 


for hydrogen is nearly one 
atmosphere but nearly molecular at 100 atm 
As the chamber temperature is elevated. the 


initial and terminal gas compositions increasingly 
determine the obtainable exhaust velocity. A 
detailed examination of one isotherm in Fig. 3 
will clarify this point 

At a stagnation temperature of 13.000 K and 
pressure ratio of 100, the chamber enthalpy will 
vary from 122 kcal g to 183 kcal/g as the chamber 
pressure ts reduced from 100 atm to 1-00 atm 
At the higher pressure the fluid is composed of 
atomic hydrogen, while at the lower pressure 
the fluid contains 15 per cent free electrons and 
15 per cent ionized hydrogen. This isothermal 


reduction of pressure requires 50 per cent 


additional energy for the ionization of only 


15 per cent of the particles. A similar pressure 
relief at the exit conditions results in an enthalpy 
increase from 58 kcal g at 1-00 atm to 85 kcal ¢ 
at O-Ol atm, also a 50 per cent relative increase 
in enthalpy. The magnitude of the exit-enthalpy 
increase is appreciably smaller, however. than 
Hence the 


enthalpy converted in the 100 atm to 1-00 atm 


the change in stagnation enthalpy 


case Is only 64 kcal g (122 minus 58) while in 
the 1-00 atm to 0-01 atm expansion it amounts 
to 98-5 kcal g. This 
gain in exhaust velocity by a reduction of the 
100 1-00 


results in a 24 per cent 


Stagnation from 


atm 


pressure atm to 


As the stagnation temperature is raised. the 


exhaust velocity increases at all stagnation 


pressures but not uniformly so. As the stagna- 


tion chamber becomes ionized at the 


the 
lower pressures becomes smaller and will become 


gas 


highest pressure, the enthalpy increase at 


zero when the hydrogen becomes fully ionized 
The fluid will then become a pure monatomic gas 
consisting of protons and electrons in equal 
numbers. This occurs at higher temperatures 
than those considered here. The exhaust velocity 
will then resume its independence of the stagna- 
tion pressure for constant pressure ratios. 
Between the dissociating and ionizing regimes 
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the exhaust velocity shows a markedly compli- 
cated dependence upon the stagnation pressure. 
It is possible for the pressure decrease to diminish 
the exhaust velocity as in the regime from 
6000°K to 9000°K. Here the chamber gas is of 
nearly constant composition throughout the 
variation but the gas 
dissociated, decreasing the convertable enthalpy. 

To obtain fluid velocities exceeding 100,000 ft 
sec it is necessary to heat the hydrogen until it is 
completely dissociated and partially ionized. If 
frozen equilibrium prevails in the flow process, 


pressure exit becomes 


Fig. 3 shows the exhaust velocity of the engine 
suffers to the extent of 10 to 15 per cent. The 
loss increases as the stagnation pressure is 
the 
low 


lowered. Since lonization processes are 
encouraged at this is to be 
anticipated. It is notable that the attainable 
velocity remains improved over that at high 
The 


reduction resulting from the increased electron 


pressures, 


stagnation pressures. molecular weight 
concentration offsets the energy unavailability. 
As can be seen from Fig. 4, the exit temperature 
is markedly dropped, from 6600°K to 2300°K in 
the five-atmosphere case at 15,000°K stagnation 
temperature. This lower exit temperature yields 
a higher conversion of the sensible heat content 
the drop in 


I he sensible 


and partly explains moderate 


exhaust velocity heat conversion 
rises from 54 to 80 keal/g, which nearly balances 
the 52 keal/g of latent heat content frozen into 
the fluid. High-temperature operation of rockets 
with real working fluids is then thermodynamic- 
ally feasible 
equilibrium prevails in the flow process 

For flow the 
chamber enthalpy converted into mechanical 
Fig. 5. The 
improves at high-pressure ratios. Seventy-five per 
For 


whether shifting or frozen 


equilibrium 


energy is shown in conversion 


cent conversion is_ possible. frozen 
equilibrium the conversion will decrease 10 to 


15 per cent 


ROCKET DESIGN CONSIDERATIONS 

The nozzle-contour area ratio required for 
expansion of the highly-ionized exhaust gas was 
deduced as a function of nozzle static pressure 
for the case of a chamber pressure of 10 atm 
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and a stagnation temperature of 15,000°K, the 
high temperature chosen to consider the effects 
of high ion concentration. The nozzle area ratio 
is compared in Fig. 6 with that of frozen composi- 


tion flow of the fluid. The frozen 
composition requires less area than that of the 
shifting case since the static temperature is 
much less. A further comparison with a standard 
chemical rocket of corresponding thrust is of 


same 


interest. 

Assume a thrust of 1000 Ib is required 
Disregarding nozzle losses and using the one- 
dimensional flow approximation, the equilibrium 
hydrogen rocket operating at 15,000°K stagna- 
tion temperature and 10 atm will require a 
mass flow of 0-33 lb/sec at pressure ratio 100 
This will require an exit area of 39 in? and a 
of 4-50 in? 
hydrogen rocket with identical stagnation condi- 


throat area A frozen-equilibrium 
tions will require a mass flow of 0-40 Ib/sec with 
exit and thoat areas of 30 in? and 5-3 in?. A 
nitric acid—aniline chemical rocket would require 
a mass flow of 4-67 |b/sec through a nozzle of 
The 


employing 


47 in? of exit area and 4-2 in? of throat area 


ionized-gas, non-chemical rocket 


hydrogen is found to be essentially the same 
chemical rocket of a 


physical the 


corresponding thrust. 


size as 


The reduced mass flow looks quite lucrative 
in exchange for the problems of constructing a 
15,000 °K non-chemical rocket employing hydro- 
propellant-tank 


gen. A of the 


volumes required makes the picture somewhat 


comparison 


less encouraging. The non-chemical rocket would 
require 0-076 ft® of tankage for each second of 
operation while the chemical rocket requires 
only 0-057 ft®. For a mission requiring a specified 
Vernier the 


still 


capability, i.e rockets, 


chemical 


impulse 


lower performance rocket is 


superior in total size, even when the auxilliary 


power source for the non-chemical rocket is 


disregarded. 


4. WATER AS A WORKING FLUID 


Assumptions and Procedures 


Water has been given little detailed considera- 
tion as a working fluid for non-chemical rockets 
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Until the appearance of the recent Siinger- 
Bredt 


potentialities had been undertaken 


paper, no serious analysis of its 
The advant- 
ages of water include availability, low cost. and 
high density. It also is an excellent coolant for 
the structure of the heating chamber if a heat 
transfer-coolant flow balance can be attained to 
permit regenerative cooling. The disadvantages 
of water include possible corrosiveness at high 
temperature and relatively high freezing point 
The recent successes in the operation of water- 
stabilized arcs indicate that consideration should 
be given to water as a working fluid 

The equilibrium composition of water vapor 
the the Univac 
Scientific Model 1103 digital computer at the 


was computed with aid of 


Wright Air Development Center. The composi- 
tion was determined over a pressure range of 
0-001 atm to 500 atm and temperature range 
1000 to 15.000 K 
Hilsenrath, 
and 


The thermal functions 
were obtained from Wooley, 
Beckett. Fickett Gil- 
") The heats of reaction were obtained 
Smith, 24) 
Tables 


were 


from 
Cowen," and 
more 
Foner 
Only 
from 


from Herzberg. Smith, 
the 
constituent 


and Smithsonian eleven 


species considered the 


more than twenty conceivable reaction products 


The contribution to the thermal functions of 
such radicals as H,O,, and OH, was considered 
negligible. The negative ions of all species were 
the 
itself proved negligible 
the 


energies 


hydroxyl radical. which 
This 


basis of 


ignored except 


assumption was 


reasoned on the low electron 


attachment the case of atomic 


hydrogen and oxygen and the expected low 
concentrations of the molecular species even at 
500 atm. Positive ions of hydrogen, oxygen and 
Lack of thermal 
function data prevented consideration of the 


hydroxyl were considered 
ions of molecular water, hydrogen, and oxygen 

At the higher pressures and at intermediate 
temperatures molecular water does exist in 
concentrations as high as 0-1 per cent These 
molecules will begin ionizing appreciably above 
7000°K since the ionization energy of water is 
only 291 keal/g, somewhat less than that of the 
atomic species. The high pressure depresses the 


ionization, however, and the total enthalpy 
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error incurred in ignoring ionized water cannot 
exceed 0-1 per cent, even if all the molecules 
ionized. Similar the 
and 
than 


were consideration of 
molecular 
that 
0-1 per cent are incurred for each 
The resulting enthalpy and entropy relations 
equilibrium vapor 
\ striking resemblance exists to the 
Fig. 1). This 
resemblance results from the similarity of the 
the 
various species in water vapor to those for pure 
the 
formance of the two substances to be quite 


concentrations of hydrogen 


oxygen demonstrates errors less 


for water shown in 
Fig 


relationships for hydrogen (cf 


are 


dissociation and ionization energies of 


hydrogen One would then expect per- 


similar in their dependence on pressure and 
temperature. This is seen to be true, although 
the magnitude of the exhaust velocity is much 
the of the 
higher molecular weight 


lower in water system as a result 

Expansions were considered over the same 
range of variables as for hydrogen, again for 
isothermal variations of the chamber pressure 
The velocities 
100 


and for constant pressure ratio 


of a vapor jet with ratio 
Fig. 8 
expansions from the 10 atm condition to 0-1 atm 


a 15.000 K stagnation 


water pressure 


are given in Frozen equilibrium 
are shown in Fig. & for 


temperature 


Discussion of Water Vapor Results 


As a result of the similarity of the water and 
hydrogen systems, little need be said about the 
general trend of results. Since water dissociates 
1000 K 
hydrogen, the influence of dissociation should 
be evident 


at a temperature nearly lower than 


even at the lowest temperatures 
considered 

The 
again 
10 to 20 per cent 


improved by 


frozen composition model for water 


demonstrates a performance loss of 
Performance can again be 
operation at chamber 


pressures to reduce the molecular weight. The 


lower 


high enthalpy conversion efficiency of a high 
chamber-pressure engine was again observed 

In view of the strong similarity of the water 
system to that of hydrogen, the exhaust velocities 
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Fig. 8. Exhaust velocity of water vapor at pressure-ratio 100. Selected frozen equilibrium expansions compared 


with true equilibrium expansions and with results of earlier study 
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attainable could be expected to be related 
through the ratio of the molecular weights of 
the two fluids, providing that the ideal gas 
equations are useful. Comparison of Figs. 2 and 7 
shows this to be approximately valid. The water 
velocities are some 40 per cent of the velocities 
of hydrogen, where both fluids are dissociated 
Since the ratio of the molecular weights 1s 
nearly one to six, the square root of this ratio 
yields the correct proportionality. This demon- 
strates the utility of the ideal gas equations for 
comparison purposes even in partially-ionized 


flow systems 


Size Considerations 


The nozzle area ratio was deduced for ex- 


pansion of water vapor from stagnation 
conditions of 10 atm and 15,000 K. The results 
are shown in Fig. 9 in comparison with the 
frozen equilibrium case. Again it is observed 
that the area requirement is substantially greater 
for the equilibrium flow model. The frozen 
composition flow corresponds to an ideal gas 


flow with specific heat ratio 1-66 


The mass flow required to produce 1000 Ib of 


thrust was found to be 0-81 Ib/sec for an engine 
with stagnation conditions of 15,000 K and 
10 atm discharging to 0-1 atm. The nozzle areas 
required are 4-25 in® for the throat and 41 in? 
for the exit. For each 1000 Ib-sec of impulse 
delivered this engine would require a propellant- 
tank volume of 0-013 ft® 
fourth the volume for an equivalent chemical 


This ts less than one- 


engine and one-sixth the volume for a hydrogen 


engine 


5. AIR AS A WORKING FLUID 

Assumptions and Procedure 

The use of liquid air as a rocket working 
fluid might be considered because of its terrestrial 
abundance, but air is of greater interest as a 
ramjet or wind tunnel fluid. Since the thermo- 
dynamic properties of dry air had been computed 
by Gilmore,” and the properties of argon-free 
air by Hilsenrath and Beckett,“ per- 
formance analysis could be easily made. Both 
authors computed the thermal functions in 
terms of temperature and density rather than 
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temperature and pressure. Gilmore's data were 
chosen for cross-plotting in terms of pressure 
since they more nearly represent real air. The 
agreement between the two computations is 
good with the difference amounting to less than 
0-6 per cent, quite satisfactory for the present 
purpose. Utilizing the pressure data tabulated 
by Gilmore the enthalpy and entropy were 
plotted logarithmically versus pressure for the 
isotherms computed by Gilmore 


Discussion of Results 

The generalizations presented for hydrogen are 
also applicable to the air system. The more 
complex chemical composition yields more 
complicated pressure-temperature variation of 
exhaust velocity 

Oxygen is still molecular at 3000 K and | 
atm. The shift to higher pressure will result in a 
negligible variation of chamber properties 
The exhaust temperature is sufficiently low to 
yield no dissociation at 0-01 atm. Ideal gas 
relationships are valid in this region. At 5000 K 
this is no longer true. Since the oxygen is nearly 
molecular only at 100 atm the oxygen amounts 
to only 20 per cent of the mixture this variation 
produces only a slight effect on the velocity 
The negligibility of this is partially due to a 
corresponding rise in the exhaust enthalpy at the 
lower pressures. Fig. 10 shows the exhaust 
velocity resulting from equilibrium expansions 
over the stagnation pressure range from 0-01 to 
500 atm, temperature to 24,000 K and pressure 
ratio of 100 and 1000. The fluid in most cases is 
highly ionized 

The exhaust velocities obtainable from air at 
5000 K prove to be only slightly higher than 
those now obtained from existing rocket propel- 
lants. Extremely high temperature operation 
yields jet velocities only three to four times 
present capabilities. Thus, air offers no out- 
standing advantages as a rocket propellant. As 
a working fluid for a non-chemical ramjet 
provide exhaust 
matching satellite flight speeds even at moderate 


engine, it does velocities 
chamber temperatures 

These high air velocities might be usefully 
attained in a wind tunnel. Fig. 10 then 
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Fig. 10. Exhaust velocity of air at pressure-ratio 100. Selected frozen equilibrium expansions compared with 


true equilibrium expansions 
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represents the free stream velocity for a tunnel 
operating at these stagnation conditions. The 
temperature estimates of recent authors would 
indicate electric arc techniques would permit 
attainment of 30,000 ft/sec in a tunnel. 


Ramjet Considerations 

A hypersonic ramjet operating with a non- 
chemical energy source would fly in excess of 
120,000 ft altitude and at speeds of Mach 8 to 10. 
This would correspond to flight speeds of 
8.000 to 11,000 ft/sec. From a hypersonic gas 
study °°") based on the NBS thermal properties 
of argon-free air, the stagnation pressure of a 
10,000 ft/sec ramjet using a supersonic diffuser 
with a 47-5 deflection shock wave would reach 
one atmosphere. To match the exit pressure the 
engine would need a pressure ratio of 100. The 
jet velocity will match the vehicle velocity at a 
stagnation temperature of only 4500 K. The 
actual energy addition need be only 1274 cal/g 
to obtain this stagnation condition since the 
recovery temperature under these conditions 
will be 2650 K 

The engine will produce 322 Ibs thrust for 
each Ib/sec of air passed through the engine 
The power level of the engine would be 2-42 MW 
lb/sec. Only 150 MW would be required for 
the 62-1 Ib/sec of air required for a thrust of 
20,000 Ib. A chemical rocket utilizing current 
propellants could achieve equal specific impulse, 
322 Ibif)-sec/Ib(m), but would require an energy 
release rate of 250 MW for equivalent thrust. 
The air-breathing engine would permit a 
40 per cent power reduction for identical thrust. 
To provide the mass flow this engine would 
unfortunately require an inlet 10 ft in diameter, 
at these high altitudes. 


6. POWER AND ENERGY 
CONSIDERATIONS 
For comparison with nuclear and electrical 
sources the power requirements of a non- 
chemical propulsion system are best expressed 
in electrical units. Since large mass flows are 
needed for useful thrust levels, the power input 
is very large. If the requirements are determined 
for only 1000 Ib of thrust, they are measured in 
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tens of megawatts. For example a hydrogen 
rocket with a pressure-ratio of 1000 and a high 
chamber of pressure, 500 atm, will operate at a 
high conversion efficiency and will expend a 
minimum of energy for dissociation. At 5000 K 
stagnation temperature the power requirements 
for 1000 Ib of thrust is 38 MW. This operation 
at the lowest power level requires a high mass 
consumption, 325 g/sec for 1000 Ib of thrust 
The power requirement is one-third the output 
of a single generator at Grand Coulee Dam, 
which utilizes some of the largest generators 
ever constructed. This power level may also be 
compared with that of the largest nuclear reactor 
now in operation, the Shippingport power 
reactor. Constructed near Pittsburgh by the 
Westinghouse Corporation, this reactor releases 
230 MW of thermal energy 

Considering one of the high-velocity cases a 
hydrogen system with pressure-ratio of 1000 and 
with stagnation conditions of 5 atm and 
15,000 K, the mass consumption drops to 
130 g/sec for 1000 Ib of thrust as a consequence 
of a 112,000 ft/sec jet velocity, while the power 
level rises to 103 MW. Similar mass consumption 
can be achieved at lower pressure ratios by use 
of a higher temperature or a lower chamber 
pressure. At | atm chamber pressure and 
15,000 K and a pressure-ratio of 100, the mass 
consumption would again be 0-130 g/sec-Ib(f), 
but the input power rises to 160 MW for 1000 Ib 
of thrust. This is a consequence of the lower 
conversion efficiency. 

A water-vapor rocket under the same stagna- 
tion conditions requires less power for an equal 
thrust but requires higher mass flows. At stagna- 
tion conditions of 500 atm and 5000°K and a 
pressure-ratio of 1000, the water-vapor rocket 
will require only 20 MW of power but 790 g/sec 
flow for 1000 Ib of thrust. If hydrogen and water 
are compared at equal exhaust velocities and 
equal pressure-ratios, the water system has a 
slightly lower power requirement. The 5000 K 
hydrogen and the 15,000°K water system, both 
at pressure-ratio 1000 and | atm chamber pres- 
sure, yield velocities of 53,000 ft/sec. The power 
levels are 70 MW for hydrogen and 62 MW for 
water. If the non-chemical rocket had only a 
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= 
be 
ag 
= 


limitation of power level and not temperature, 
the two propellants would be essentially equal. 
In any event the power level of a large thrust 
engine will be measured in kilomegawatts. 

It thus appears that the energy source for a 
non-chemical rocket must certainly be a nuclear 
reactor with direct-cycle heating of the fluid. With 
existing technology the weight of machinery for 
interim conversion of nuclear energy to electrical 
energy will simply be too great to be lifted by the 
obtainable thrust. In addition the present 
techniques for nuclear—electrical conversion are 
only capable of 25 per cent efficiencies. The 
Shippingport reactor yields only 60 MW of 
electrical power. Electrically heated rockets may 
be useful for vernier or control purposes but not 
for the primary thrust unless a technique is 
discovered for direct nuclear-electrical conver- 
sion. For the performances discussed in this 
study the direct-cycle reactor must also impart 
the energy to the working fluid in the gas phase, 
not by conductive heat transfer, since no solid 
materials will withstand these temperatures. 
With present technology a high-performance, 
electrically heated rocket could not be engineered 
to lift its own weight. A low-temperature direct- 
cycle nuclear rocket which can lift its own weight 
is reported to be under development. 

For a single-stage rocket to reach a flight 
speed equal to its exhaust velocity, 63 per cent 
of the initial vehicle mass must be propellant, 
if the flight occurs in a negligible gravitation 
field. Against gravitational attraction a slightly 
greater needed. Since the escape 
speed from the earth is in excess of 30,000 ft/sec 
at altitudes of several hundred miles, a single- 
Stage water-vapor rocket can potentially achieve 
this with stagnation temperatures below 
15,000°K. The hydrogen rocket can achieve it 
with temperatures below 5000°K. This ability of 
hydrogen to achieve high exhaust velocities at 
relatively low stagnation temperature is its 
chief advantage. If the high temperatures 
proposed by the plasma researchers can be 
attained through use of nuclear reactions, both 
working fluids may be useful with hydrogen 
offering a bonus of exhaust velocity and water 
yielding a more compact propulsion system. 


amount is 
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The energy conversion efficiency of the various 
systems is virtually independent of the working 
fluid. This would be expected from the cycle 
efficiency for an ideal gas “ 


n = 1 — (pex/p,)*-™' (6) 


which is primarily dependent on the pressure 
ratio. 


7. CONCLUSIONS AND SUMMARY 


Conclusions 
This study has shown that a non-chemical 
rocket might attain exhaust velocities ten times 
those available from chemical propellants with- 
out requiring temperatures exceeding values 
already produced and sustained in laboratory 
apparatus. Although present technology will 
not permit construction of a light-weight device 
for such a _ purpose, no 
limitations lessen its feasibility. 
To reduce the power demand it seems desirable 
to suppress dissociation by operation of such 
an engine at the highest possible pressure ratio 
and at the highest feasible pressure, although the 
individual case requires examination. No advant- 
age would exist in the use of hydrogen as a 
working fluid if the chamber temperature were 
not a limitation. At similar pressure ratios the 
power demands are equivalent for equal thrusts 
at equal exhaust velocities, since the energy 
conversions of the systems are nearly equal. 

The engine sizes are equivalent for equal 
thrusts. The higher density of water makes it 
superior from considerations of the power- 
plant size, because smaller tanks are required 
The nozzle design will depend strongly upon the 
nature of the equilibrium process within the 
nozzle. If the reactions are frozen, the nozzle 
area must be appreciably smaller to avoid flow 
separation. 

The exhaust velocities which may be achieved 
with thermal-cycle rockets is concluded to be 
limited to 100,000 ft/sec. This falls far short of 
velocities needed for interstellar flight where 
flight velocities of only one-quarter the speed of 
light would require exhaust velocities of 10° ft 
sec. The thermal-cycle engine is desirable and 
useful only for interplanetary flight. 
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The non-chemical, air-breathing engine has 
been shown to offer advantages over a rocket at 
extreme altitudes. The results for the air system 
may be employed in wind tunnel design, both 
to determine the physical size of the tunnel and 
the power requirements for operation 

Most important is the conclusion that the 
occurrence of frozen equilibrium in the expan- 
sion process for a plasma rocket will not reduce 
the exhaust velocity by a greater extent than ts 
now found in chemical rockets. This is shown 
to be true in the regime of engines designed for 
terrestrial flight 
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Abstract 


ELECTROMAGNETIC ACCELERATION OF PLASMA FOR 
SPACE PROPULSION 


A. SCHOCK 


Plasma Propulsion Project, Republic Aviation Corp. 


The report describes four metnods for analyzing the dynamic behavior of plasma accelerators: 


the gasdynamic, the snowplow, the free-particle, and the slug model. The latter method is examined in 
detail, and it is demonstrated that approximate solutions exist which aid in predicting the effect of 
various parameters on performance. It is concluded that the use of this analytical model in designing the 
system and the mode of operation can lead to favorable efficiencies in converting electrical to kinetic 


energy. 


INTRODUCTION 

Certain types of space missions require pro- 
pulsion systems able to deliver small thrusts for 
period of months or even years. For these appli- 
cations, there is considerable interest in various 
electrical methods for accelerating matter, to 
achieve propellant velocities and specific im- 
pulses substantially higher than those attainable 
by chemical rockets. The various methods fall 
into two classes: those employing a charged 
propellant stream (e.g. ions), and those using a 
neutral stream (plasma). The latter method is 
the subject of this paper 

A plasma ts a partly or fully ionized gas con- 
taining equal numbers of positive and negative 
ions; hence it is an electrical conductor. If we 
pass a current perpendicular to a magnetic field 
through it, the plasma experiences a force in a 
direction orthogonal to both, just like an 
armature wire in a motor. The magnitude of this 
force is proportional to the product of current 
and field strength. 

This discussion will be confined to those 
accelerators in which the magnetic field is self- 
induced; i.e. produced by the same current 
which passes through the plasma. Under these 
conditions, the accelerating force is proportional 
to the square of the current, and therefore short, 
intermittent bursts of very high currents are 
generally preferable to continuous but small 
current flows. As a result, most plasma accel- 
erating systems under consideration are cyclic 
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rather than continuous in operation. Electrical 
energy 1s stored in a condenser bank, from which 
it is very rapidly discharged to the accelerator. As 
long as the discharge cycle is many times faster 
than the charging cycle, even a modest power 
plant and condenser bank can easily produce 
currents of several hundred thousand amperes. 
Typical system designs envisage discharges last- 
ing less than 50 usec, repeated at intervals of 
1000 to 1.000.000 usec 

The high voltage discharge also serves the 
function of producing the plasma for each dis- 
charge, usually by the electrical breakdown of a 
propellant gas. By proper selection of the many 
System parameters, It Is possible to control the 
resultant propellant velocity. Specific impulses 
in excess of 10,000 sec have been reported in the 
literature,“ and still higher values could be 
attained if desired 

For a given mission, the choice of propellant 
velocity represents a compromise, since high 
velocities require large power plants, while low 
velocities increase the required propellant mass 

After a brief discussion of our experimental 
studies, the report mentions a number of 
approaches for analyzing the dynamics of the 
accelerator. One of these. the slug model, is 
examined in detail. It is shown that a system 
design and mode of operation based on this 
analytical method can lead to favorable effi- 
ciencies in converting electrical to kinetic 


energy. 
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EXPERIMENTAL PROGRAM 


Most of Republic Aviation Corporation's 
experimental effort on plasma propulsion has 
been devoted to what is called the “pinch engine” 
Consider a gas-filled cylinder whose walls are 
insulated and whose end-plates act as electrodes 
If a large oscillating current is discharged through 
the gas, the so-called skin effect forces the current 
to flow near the outer periphery of the resultant 
plasma cylinder. The thin current-carrying skin 
then acts like a magnetic piston, pinching the 
plasma toward the axis of the cylinder. This 
principle is the basis of the pinch devices em- 
ployed in nuclear fusion research. If a central hole 


Fig. |. Schematic view of electrodes 


were now cut in one of the end-plates, the 
resultant system would be analogous to an 
uncapped tube of tooth-paste. A sudden squeeze 
at the periphery will raise the internal pressure 
and material the hole. The 
emergent plasma could then be utilized for 
propulsion. However. the above configuration 
would be quite inefficient, because only a small 


force through 


fraction of the energy used goes into kinetic 
energy of the propellant. A more efficient geo- 
metry is illustrated by Fig. 1. While the cavity 
between the follows conventional 
pinch geometry near the outer rim, it turns 
through a 90° angle as it approaches the ac- 


electrodes 


celerator axis. This tends to turn the plasma from 
its initial radial direction to the axial direction. 
in which it is discharged by the nozzle. 

Figures 2 and 3 show photographs of Repub- 
lic Aviation’s first experimental pinch engine. A 
description of the tests performed and the re- 
sults obtained is presented elsewhere. (: 

The initial tests were merely exploratory, and 
achieved relatively poor efficiencies in converting 
electric to kinetic energy. Efficiency depends on 


Fig. 2. Experimental pinch engine 


Fig. 3. Close-up view of nozzle electrodes 


the design of the accelerator, the characteristics 
of the external circuit, and the operating con- 
ditions employed. This points up the importance 
of carrying out a thorough analysis, not only for 
predicting performance but also to assess the 


effect of the many variables on the system's 
efficiency. The understanding gained will help 
in designing an efficient unit 
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ANALYSIS 


The discussion which follows is quite general, 
since the analytical methods described apply not 
only to the “pinch engine’’ described above, but 
also to accelerators with other electrode con- 
figurations, such as _ parallel co-axial 
cylinders, or combinations thereof. It is shown 
that the equations for these various geometries 
are, in fact, quite similar. Four different analytical 
models are presented, of which one is explored 
in some detail. 

Before proceeding with the analysis, consider 
a typical circuit diagram: 


rails, 


L 
C ACCELERATOR 


C is the capacitance of the condenser bank, R 
denotes the resistance of the circuit, L represents 
the total circuit inductance, and L, is the initial 
value of that inductance. The plasma constitutes 
a movable, conducting element of the circuit. 
As the plasma position varies, so does the cir- 
cuit’s inductance. For the time being, the ac- 
celerator is represented as a black box, without 
specifying its geometry 

Taking a potential balance around this circuit, 


J (d/dr)[L/] — RI 0 (1) 


where V ts the instantaneous condenser voltage 
and / is the current 

Next, let us define Ep as the total plasma 
energy, without at this time specifying the form of 
that energy. We now write an energy balance 


+ + Ep) PR 


(2) 


This equation implies that the plasma resistance 
is negligible in comparison with the circuit re- 
sistance. Preliminary experiments tend to confirm 
this assumption. If we combine these two equa- 
C(dV/dt), we obtain 


tions, and recall that / 


(dEp/dt) (3) 


This is a simple expression for the rate at which 
the electric circuit does work on the plasma. We 
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now wish to inquire how much of this work goes 
into kinetic energy, and how much into internal 
energy. 


ANALYTICAL MODELS 


At this point, the different analytical models 
diverge. The four methods we shall examine can 
be designated as the gas-dynamic model, the 
snowplow model, the free particle model, and 
the slug model. 

The first method is based on the following 
simplifying assumptions: “: 


(1) Strong shock relationships are applicable. 
even from the commencement of the 
pinch. 

(2) Ideal gas equations are assumed, with a 
reduced value of the specific heat ratio 
(3) Continuum theory is applicable: i.e. small 

mean free paths in the gas. 

(4) Infinite electrical conductivity, which im- 
plies that the current flows on the “skin” 
of the plasma, and does not penetrate into 
the plasma volume. 

(5) Quasi-steady condition, i.c. uniform pro- 

pellant properties in the space between 

the magnetic piston and the shock front. 


An assessment of the validity of these assump- 


tions, particularly the last one, must await 
further experimental evidence. 
The second method is the familiar “*snow- 


plow model”, which assumes that the pro- 
pellant gas, initially at rest, is swept up by the 
moving magnetic piston, and thereafter moves 
at the same velocity as the piston. At any given 
time, the moving mass is equal to the mass which 
occupied the volume swept out by the piston. The 
discussion of this method will be confined to just 
one aspect of the analysis. 

The rate at which the piston does work on the 
plasma is equal to the product of the accelerat- 
ing force and the piston velocity. Since the 
accelerating force equals the rate of change of 
plasma momentum, 


dEp 
di 


di , dm 


4) 
dr 


( ( 
dr mi 


where Ep is the plasma energy, as before. But 
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the rate of change of the plasma kinetic energy 
Ex 1s given by 
dF x d di dm. 
(lyr?) 
di di di dr 
Comparing equations (4) and (5). we find a 
dr). Clearly 


represent an increase in the 


difference of this energy 


must plasma’s 
internal energy (e.g. heat) 

The use of the snowplow model to analyze the 
behavior of a given accelerator frequently leads 
to very unfavorable performance estimates, with 
relatively little of the work done on the plasma 
serving to increase its kinetic energy. The reason 


for this undesirable energy dissipation is in- 
herent in the assumptions of the snowplow model 
Ordinarily, when a moving piston collides elas- 
tically with stationary particles, for example with 
ping pong balls, the particles are accelerated to 


twice the piston velocity. By specifying that the 
mass swept out continues at the same velocity as 
the piston, we have implicitly assumed inelastic 
collisions. In other words, our piston is covered 
with fly-paper which prevents the ping pong balls 
from bouncing off. Hence, part of the energy in- 
put merely serves to heat them 

The above analogy immediately suggests the 
third analytical model, namely the ““free-particle” 
model. Suppose the particle density were so small 
that collisions between them could be neglected 
Under these conditions, it could be assumed that 
the collisions with the piston are elastic, and that 
all of the energy serves to increase the plasma’s 
The 


this model is quite simple, as long as the piston 


kinetic enere, mathematical analysis for 


velocity is constant or decreasing However mn 


the case where the piston velocity ts increasing, 
the piston will not only collide with stationary 
particles, but may also catch up with moving 
particles it has previously accelerated, so that 
the analysis for the latter case is far more com- 
plicated 

The three analytical methods described thus 
far have all assumed that the propellant is ini- 
entire accelerator 


distributed over the 


The fourth method, the “slug model”, 


tially 
volume 
assumes that at the time the discharge is initiated, 
all of the propellant ts at or near the upstream 


the accelerator. Several methods for 


achieving this starting condition are presently 


end of 
under investigation 


SLUG MODEL ANALYSIS 
Presuming for now that a method for initial 
propellant confinement is available, it is possible 
to consider the propellant slug simply as a 
movable conductor of constant mass. Assuming 
that all of the work done on the plasma slug goes 


to increase its kinetic enerey 


dF, d 
di di 


(6) 


Of course, the above assumption involves a 
number of approximations. First, it ignores the 
energy required to ionize the propellant. But for 
high 
energy ts very small compared to the kinetic 
Next 


assumption that the plasma resistance is nee- 


specific impulse systems the ionization 


energy it employs the previously listed 
ligible in comparison with the external resistance. 
so that resistive heating of the plasma may be 
ignored. Finally, the treatment neglects a num- 
ber of dissipative gas dynamic effects, such as 
wall friction, turbulence In spite of 
the 


both as an 


viscosity 


the many approximations, the results of 
subsequent analysis are of interest 
upper limit on attainable performance, and as a 
the effect of 


meters. Combining equations (3) and (6) 


di d/ / 
di | dy 


measure of various system para- 


(di. dx). 
derivative of the inductance. x being the coordi- 
Note that the 
proportional to /*, which is 


where L, is defined as the spatial 


nate in the direction of flow 
acceleration is 
always positive. Since the magnetic field is pro- 
duced by the same current which passes through 
the plasma, the accelerating force always acts 
in the same direction, even when the current 
reverses. This would not be true if an external 
magnetic field were employed 

So far nothing has been said about the con- 
figuration of the accelerator. In order to facili- 
tate the desired parametric study, let us make 


two additional assumptions 
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(1) Constant resistance; which implies that dependent variables. The boundary conditions 
not only the plasma resistance but also at ¢ — Oare 


the resistance of the electrodes is negligible 


in comparison with the external resistance 
Preliminary tests bear this out. 


The equations are non-linear, and must be 


solved numerically. Let us examine a solution 


(2) Constant L,; i.e. the inductance is a linear from a digital computer, for a typical set of 
function of the plasma position. This input values Figure 4 illustrates the time varia- 


assumption is quite accurate for certain tion of voltage, current, and velocity. For typical 


electrode shapes, such as parallel rails or cases the circuit is underdamped, and both 


coaxial cylinders voltage and current oscillate, with decaying 
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Fig. 4. Typical time behavior of accelerator 
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Having made these assumptions, the complete amplitude and increasing period. The amplitude 


set of equations reduces to decays because of the circuit’s equivalent 
resistance 
(d//dr) (Ly + Lyx 
[ [ 0 R R i / 
(dV/dr) 


Even if the actual resistance were zero. the 


(dv/dt) — (L,/2m)P? ringing would still decay because of the L,v term 


(dx/dt) — 1 This is consistent with conservation of energy 


It is interesting to note that if the quantity 
These are four equations for four time- (R + Ly?PC/ML, - L,x) should ever exceed 
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unity, the circuit's behavior would be expected 
to change from underdamped to overdamped. 

Figure 4 also shows that the ringing period is 
increasing. This is a result of the increasing 
inductance. To summarize, as long as the circuit 
remains underdamped, we would expect the 
current to vary something like 


| (R + 


exp | 


( 2(L, + 


sin (8) 
(L, + Lx) | 
Inserting this in equation (7), we obtain an 
expression involving only x and 1. 


(R + L,xy | 


exp| 
P Le Lyx 


in? (9) 
+ 


This equation looks somewhat 


expressed in terms of L and 1 
L,vVe R+L 
Ls | j 


(10) 


sin 


(LC) 

Unfortunately. we have not succeeded in ob- 
taining a closed solution for these equations 


ASYMPTOTIC SOLUTION 
and examine the 
Since acceleration 


Let us return to Fig. 4, 
variation of plasma velocity 
is proportional to /*, the velocity increases in a 
step-wise fashion. with each step corresponding 
to a semi-cycle in the current sine wave. As the 
current’s amplitude is decreasing and its period 
steps become 
result, the 
asymptotic 


is increasing, these velocity 


successively more gradual. As a 
rapidly approaches an 
upper limit r~. This is demonstrated even more 
clearly by Fig. 5, which shows the variation of 
velocity with plasma position rather than time 


It is clear that beyond a certain point very little 


velocity 


is gained by lengthening the accelerator elec- 
trodes 

Since the asymptotic velocity is approached so 
rapidly, it would be of great value to obtain an 


cleaner if 


analytical expression for it. At least it would 
define an upper limit for the system’s efficiency. 
To obtain this, let us define Ep as the energy 
which has been dissipated by the circuit's re- 
sistance, up to time /. 


But from equation (7): 


(L, 2m) | 
0 
Hence 


Er — (2Rm (11) 


We now insert this into an integrated energy 
balance: 


= §CV? + (12) 


To obtain the asymptotic velocity limit we 
note that ast x, V + 0 and / - 0. In the 
limit, all of the electrical and magnetic energy 
has been converted into kinetic energy and re- 
sistance energy. Hence 


= dmv? (2Rm/ (13) 


Solving this quadratic for 1 


re Q2R/L 1) 4) 


where & is a dimensionless parameter defined by 


= (15) 


0 
Note that the first bracket above is the energy 
input per unit mass of plasma 
We now define a system efficiency » as 


» = (ACV?) (16) 


Inserting the expression for v, gives the 


asymptotic limit for the efficiency of the system: 
nx + I) in (17) 


It is seen that »~ ts only a function of the 
parameter w, as illustrated by Fig. 6. 


+ Actually, this is not obvious, since the quantity 
}LJ* is indeterminate at 1 *. However, a rigorous 
proof that Lim (4L/*) — 0 has been derived by Mostov, 

Neuringer, and Rigney, and is presented in PPL 127, 
Republic Aviation Corporation 
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Finally, we can combine the asymptotic 
solutions for velocity and efficiency, and obtain 
a simple relationship between r_ and > 

4RiLwey (18) 

Clearly, there is a direct relation between 
propellant velocity and accelerator efficiency. 
higher velocities yielding higher efficiencies. This 
IS NOL surprising since, as previously pointed out. 
the term 1, may be considered as the equivalent 
resistance due to the changing inductance, which 
is @ measure of the work done on the plasma 
Consequently, the term L,r/R represents the 
ratio of the useful work to the resistance losses 
Therefore. high values of that ratio lead to high 
efficiencies 

Figure 7 presents a plot of the above equation 
The relationship shown has considerable practi- 
cal importance. Numerous investigators have 
carried out system optimization studies for low 
thrust propulsion systems. Suppose we are 
presented with a mission, defined in terms of the 
total velocity change to be imparted to the 
vehicle and the allowable trip time. Assume that 
the specific power plant weight is also given 
The object is to determine the optimum pro- 
pellant velocity, i.e.. the one that will minimize 
the combined mass of propellant and power 
plant, thereby maximizing the payload fraction 
Generally, this has been done by arbitrarily 
assuming a fixed accelerator efficiency. But 
as shown by Fig. 7, propellant velocity can have 
a pronounced effect on efficiency. When this 
relationship is properly factored into the mission 
analysis, the optimum specific impulse is found 
to be higher than that obtained by assuming 
constant efficiency 

Note that none of the asymptotic solutions 
contain the term L», the initial circuit inductance 
Evidently 1, does not affect the ultimate con- 
ditions, only the rates at which the asymptotic 
values are approached. 

APPROXIMATE SOLUTION 

Having determined the asymptotic limits for 
the velocity and efficiency, it is of interest to 
obtain at least an approximate idea of how rapid- 
ly these limits are approached. In other words, 
what is the effect of accelerator length? 


Consider a semi-cycle in the current vs. 
time curve. Recalling equation (7) 
(dvdr) — (L,/2m)r? 

Letting 4t designate the length of the semi- 

cycle, the corresponding velocity increase Ar is 


given by 


l 
(19) 


If /,, is defined as the maximum current 
during the particular semi-cycle 


= /,, sin 41] (20) 
Inserting (20) in (19) and integrating 
Sv = (21) 


To obtain a smooth curve connecting the end 
points of the velocity steps, we use the approxi- 


> 
mation + 
> (22) 
di 4m 

To derive an approximate expression for / 
we note that whenever the voltage is zero. the 
current ts close to its maximum value (see Fig 
4). Hence, making use of equation (12) and 

letting | 0. we obtain 


Combining equations (22) and (23) 
di bme® (2Rm/Ly 
~ (24) 
dr Am + Lyx) 
Hence 
di 1 de SCV? — — (2Rm/L,y 
dx v di (Lo/Ly 
Equation (25) is separable. After integration 
and some algebraic manipulation, we obtain an 
expression relating plasma velocity r to ac- 
celerator length x, 


1) | 


| 
| (2uR Ly) 


(26) 


Equation (26) was employed to analyze the 
same specific case previously examined in Figs. 
4 and 5. The results are compared in Fig. 8. 
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It is seen that the approximate solution is Finally, combining equations (15) and (16) 


a good, smoothed-out version of the exact gives 


(numerical) solution (L,v/2R) = (dn)! (27) 


Another interesting aspect of the approximate 
solution is shown by solving for the limit of Inserting this in equation (26), we obtain an 


sm 


Final inductance 
Initial inductance 


Fig. 9. Effect of accelerator length xy on plasma velocity v for various values of u 


expression showing the approximate effect of 


v as X -» &, by setting the square bracket in 
accelerator length on efficiency 


equation (26) equal to zero and solving for 1 
The expression for vr, thus obtained agrees 
exactly with equation (14), which had been 
derived from the differential equations without 
any approximating assumptions. This agreement 


gives reassurance of the approximate solution’s 
validity. A generalized plot of that solution is 


presented by Fig. 9. 
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(Approximate solution) 


The above relationship is illustrated by Fig. Er joules Energy dissipated by circuit re- 


10. This figure summarizes the effect of the sistance 
various system parameters on efficiency. Note / amps Current 
that in the limit as ¢ > « L henrys Inductance of circuit (inc 
plasma) 
Lyx, Le 
Lim » | | | | (29) Lo  henrys Initial circuit inductance 
Ly L, L, henrys Final circuit inductance 


L, henry/m dL/dx, spatial derivative of ac- 
celerator inductance 


This demonstrates that in order to achieve 
good efficiencies we require not only a high value 


of vs. but also a sufficiently long accelerator so kg Mass of OVENS plasma 
that the final inductance is many times as large R ohms Total FORMERS of eaten 
as its initial value. Under these conditions, 
favorable conversion efficiencies are possible. ' volts ondenser voltage 
V, volts Initial condenser voltage 
l m/sec Plasma velocity 

NOMENCLATURE Ux m/sec Asymptotic limit of plasma 
c farads Capacitance of condenser bank velocity 
Ep joules Total energy of plasma x m Plasma position: i.e. distance 


joules Kinetic energy of plasma travelled by magnetic piston 
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Length of accelerator 
Efficiency, i.e. ratio of plasma 
kinetic energy to initial con- 
denser energy 
Asymptotic limit of efficiency 
Dimensionless parameter de- 


fined by equation (20) 
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NUCLEAR ROCKETS FOR TERRESTRIAL AND SPACE 
MISSIONS 


MYRON M. LEVOY and JOHN J. NEWGARD 


Thiokol Chemical Corporation, Reaction Motors Division, Denville, New Jersey 


Abstract 


Nuclear rockets are applicable to a wide range of missions from boosting a 100,000 Ib payload 


into space with a single-stage vehicle in the million Ib thrust class to a Mars probe or Mars orbiting 
space vehicle with an initial acceleration of 0-3 g and a thrust of 10,000 Ib. A prototype nuclear power 


plant design is discussed briefly, from which either of the above vehicles may be evolved 


The problems 


involved in launching a nuclear vehicle from the ground and the problems of initiation of flight from a 
300 mile Earth orbit are discussed. Some features of terrestrial and space flight peculiar to nuclear pro- 


pelled vehicles are covered 


INTRODUCTION 

With the successful completion of the first 
nuclear rocket ground tests at the Nuclear Test 
Site in Jackass Flats, Nevada, a milestone in the 
development of nuclear powered rockets has 
been passed. From the very start of the “atomic 
the application of 
power to propulsion 


era’, interest in nuclear 


has been In 


nuclear submarines, reduction or elimination of 


diesel fuel has led to greatly increased under- 
water range; similarly, in nuclear turbojet and 
ramjet aircraft, elimination of the jet fuel (in 
part, or completely) will lead to increased flight 
nuclear rockets, the 


duration. However, in 


nature of the advantage to be gained is 
different 

A nuclear rocket must carry propellant just 
as a chemical rocket does. The performance gain 
is based on the fact that as the molecular weight 
of the ejected propellant gas is reduced, the 
rocket performance is improved. Chemical 
rockets require both oxidizer and fuel for the 
creation of the high temperature exhaust gases 
The high molecular weight oxidizers lead to ex- 
haust gases with average molecular weights above 
nine. On the other hand, the nuclear rocket can 
utilize pure hydrogen with a molecular weight of 
The performance gain is proportional to 
the square root of the ratio of molecular weights, 
all other things being equal 


Unfortunately, all other things are not equal. 


two 


For one, the weight of the reactor and its 
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neutron reflector, controls, and radiation shield- 
ing must be considered. Also, cryogenic hydro- 
gen with its relatively low density (4-3 Ib/ft*) 
leads to large tankage volumes and heavier 


tankage requirements. Furthermore, there are 
disadvantages less easily analyzed such as launch 
contamination and difficulties of 


site remote 


reactor start-up in nuclear space vehicles. Fur- 
ther, if the reactor is to be re-started during 
flight, there will be problems of reactor after- 
heat removal and, possibly, xenon poison over- 
ride. Because of the increased weight and ex- 
pense, and the greater logistics problems of the 
nuclear power plant and associated equipment. 
nuclear vehicles are not competitive with chemi- 
cal rockets except for high energy boost and 
space missions involving either large payloads or 
large velocity increases, or both. For short range 
missile, IRBM, and ICBM applications, nuclear 
rockets are non-competitive 

For launching a 100.000 |b payload or greater 
into free space, or sending a 20,000 Ib payload 
to Mars from a 300 mile Earth orbit, nuclear 
rockets show marked performance improvement 
over chemical rockets as measured by lower 
overall vehicle weight, fewer stages. or higher 
payload. Other criteria exist which may also be 
examined though they 
quantitatively at the present time. Among these 


cannot be treated as 
are safety, reliability, and the overall cost of a 
mission 

This paper will discuss some of the problems 
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and possibilities of nuclear rocket propulsion 
in terms of a prototype nuclear rocket applicable, 
with modifications, both to boost and space 


missions. 


PROTOTYPE NUCLEAR POWER PLANT 

With reference to the nuclear boost rocket of 
Fig. 1, scheme for the prototype 
rocket may be discussed.) Liquid hydrogen at 
37 R is stored in insulated tanks. One possible 
propellant feed scheme would utilize pressurized 
helium passing through flow 
into the 


the overall 


regulators and 
tank, 


heaters 


hydrogen displacing 


Binding Wires or Straps 


hydrogen which is forced through the propellant 
pump. A multistage axial turbopump will be 
required for the high-flow, high-pressure boost 
vehicle; for the low-flow, relatively low-pressure 
space vehicle, a single-stage centrifugal or mixed 
flow pump will be satisfactory. From the turbo- 
pump, the hydrogen at high pressure flows 
through flow control valves (not shown), then 
continues to the exit end of the nozzle where it 
enters a distribution plenum. It then flows back 


NUCLEAR ROCKETS 


Fig. 2. Parallel plate 
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through regenerative cooling passages surround- 
ing the nozzle and reactor chamber. The hydro- 
gen then passes through the reactor entry 
plenum, the end reflector, and through the re- 
actor core where its temperature is increased 
to about 4000 F while its pressure drops due to 
internal drag. The hot gas is then ejected through 
a convergent—divergent nozzle. 


PROTOTYPE REACTOR 
The reactor core is a right cylinder consisting 
of a large number of parallel plate fuel elements 
made of uranium loaded graphite plates. The 


— Plate Spocers 


Fuel Plotes 
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element bundle. 


fuel plates are separated by small buttons on the 
surface (unfueled) and are stacked together in 
bundles as illustrated in Fig. 2. The plates are 
bound together by molybdenum or tungsten 
wires. (Such metals in the core must be held to a 
minimum, however, because of their relatively 
high neutron capture cross section.) The fuel 
bundles are held in position by means of graphite 


cross beams and lateral supports resulting in a 
“building block” or honeycomb arrangement as 
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All fuel plates and major and 
minor structural members are free to expand with 


shown in Fig. 3 
temperature. Such an arrangement of a large 
number of plate bundles has several advanta- 
geous features: (a) both axial and radial power 
flattened by 
varying the uranium loading in the elements, 


distribution may be properly 


(b) loss of any one element or bundle would not 
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graphite cross beams and the chamber wall 
Reactor control is achieved by means of twelve 
curved stainless steel control plates containing 
boron, stationed axially in the lateral reflector 
The control plates are 120° portions of cylindri- 
cal surfaces free to rotate 180° in 300° circular 
slots machined in the BeO. The power level of the 
reactor may be controlled by rotating the control 


Ges Coolant Flow 


Rocket Flight Direction 


4 
Loteral Support 


Cross Broces 


Mojor Support Beams 


Bundle of Poralle!l Elements 


Fig. 3. Arrangement of graphite structural supports for a nuclear reactor core 


shut down the reactor, (c) eventually, mass 
production of such elements with a gradation of 
uranium loadings may be possible. applicable 
to a large family of reactors, and (d) internal 
drag loads may be minimized by varying the 
void fraction in the axial direction 

The reactor core is surrounded by a beryllium 
oxide reflector on all sides but the hot end. (A 


graphite reflector might be used at the hot end.) 


The lateral reflector consists of curved, inter- 
locking BeO blocks which are supported by the 


plates to face in toward the core or out away from 
the core. In this way. the reflector thickness, in 
effect. 
flector control, reactivity changes in the core 


may be varied. By means of such re- 


may be handled up to 4k/k of about 3 per cent. 


permitting compensations for core erosion 


corrosion losses. macroscopic losses of fuel 
elements and perturbations in hydrogen density 
Also. this large reactivity help 
override the xenon buildup on reactor shut- 


down. 


change may 
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TERRESTIAL MISSIONS 

Table | lists a number of nuclear and chemical 
rocket combinations for a typical high energy 
boost mission in which a payload of 100,000 
pounds is propelled from the Earth’s surface 
into space. The payload might be a manned 
space probe 

Vehicles | and 2 are single stage nuclear rockets 
which differ only in the dry weights of tankage, 
pumps, and other hardware. The tankage con- 
stitutes the greatest part of the dry weight. The 
table indicates that a decrease in the weight of 


Cases 5 and 6 are respectively two-stage and 
boost 
A significant weight advantage over 


six-stage chemical 


rockets. 


fluorine-hydrazine 


these is apparent in using either the single-stage 
nuclear or two-stage nuclear—chemical vehicles 
(Vehicles 2 and 4) 

It is important to note that while the two-stage 
chemical rocket (Vehicle 5) weighs more than 
five times as much as the single-stage nuclear 
rocket (Vehicle 2), its volume is less than that 
of the nuclear vehicle. The larger volumes due 
to the low hydrogen density lead not only to 


Table |. Comparison of Nuclear and Chemical Rockets for Carrying 100,000 Ib Payloads into Space 


Vehicle 
weight (Ib) 


Nuclear 10° 
Nuclear 10° 
Chemical Ist stage 5 10° 
F,-N.H, 


2nd stage 


nuclear 


Chemical Ist stage 
F,-N.H,: 
2nd Stage 
Chemical 10° 
Chemical 10° 


nuclear 


Gross No 


Stages 


of Structure 
factor, «7 


Specific impulse 


(sec) 


0-15 
0-10 750 
f 0-08 Chemical 
0-15 Nuclear 


750 


372 Chemical 


750 Nuclear 


f 0-08 Chemical 
0-10 Nuclear 


372 Chemical 
750 Nuclear 


0-08 
0-08 


+ The structure factor, « 
divided by the propellant weight 
weight as a separate item 

hydrogen tankage from about 15 per cent of the 
propellant weight to 10 per cent of the propel- 
lant weight would result in a 50 per cent re- 
duction in the gross weight. It appears feasible 
to fabricate tankage, tank structures, and a 
pressurized helium feed system which would 
weigh from 5 to 10 per cent of the propellant 
weight. 

Vehicles 3 and 4 are two-stage rockets with a 
fluorine-hydrazine first stage and a_ nuclear 
second stage. It might be noted that a reduction 
in tankage in the nuclear stage effects less saving 
in vehicle gross weight in this case. Also, in 
comparing case 4 to case 2, 
saving in vehicle gross weight in going from a 


there is little or no 


rocket with low 


weights to a two-stage chemical—nuclear rocket 


one-stage nuclear tankage 
with similarly low tankage weights. However, a 
considerable volume saving would be effected due 


to the higher densities of fluorine and hydrazine. 


is defined as vehicle dry weight, excluding reactor weight, 
The reactor weights have been added into the vehicle 


larger tankage weights per pound of propellant 
but also to problems in tankage fabrication. It 
may be necessary to fabricate the tankage in 
place at the launch site. Also, due to the large 
amount of hydrogen required, a liquid hydrogen 
plant may have to be located at the site 


OTHER CONSIDERATIONS IN 
TERRESTRIAL MISSIONS 

Gross vehicle weight for a given payload and 
mission is one possible criterion of performance 
However, other criterion exist such as reliability. 
safety, and ultimately. the overall cost of a 
mission. 

Reliability is increased by reducing the num- 
ber of stages, and here a nuclear vehicle again 
looks promising, assuming reactor reliability to 
be as high as that of present power reactors 

Safety is a difficult criterion to assess quanti- 
tatively. Two unique problems exist in the ground 
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launching of a nuclear rocket. First, there is the 
radiation problem. Site contamination and 
atmospheric contamination lead to the require- 
ment of remote sites with special protective 
equipment for personnel.) The possibility of an 
accidental reactor meltdown on the ground or 
shortly after launch also exists. It should be 
pointed out, however, that only a few per cent 
of the fission products released by a 20 kiloton 
atomic bomb would be present in the reactor 
core.) Since even under the worst conditions 
only a small fraction of these would escape, the 
total contamination would be low compared 
with an atomic bomb. It should be mentioned 
that while the cost of protective equipment and 
safety devices would be high initially, it is hoped 
that they could be written off against a large 
number of launches (10 to 100) 

A second launch problem which requires 
special protective measures is that of the ejection 
of uncombined, hot hydrogen from the nozzle. 
This will occur in two phases. First, while the 
reactor is being brought up to operating power 
(as high as 100,000 MW for large boost rockets) 
and the graphite fuel element temperature rises 
toward its operating level (4500 to 5000 F), 
there will be a low flow of hydrogen through the 
core and out of the nozzle. This hot hydrogen ts 
likely to burn and rise around the outside of the 
vehicle much like an inverted bunsen burner, 
unless a flame deflector or an inert gas blanket 
is utilized. Alternatively, helium or other inert 
gas might be used as the core coolant during 
this start-up phase. In this case. new problems are 
introduced. The coolant stream must be changed 
from helium to hydrogen while the reactor is in 
operation, leading to more complex ducting and 
valving. Furthermore, the change in coolant 
may perturb the reactor nuclear properties 

As the reactor reaches full power, the hydro- 
gen flow will have increased until it fills the 
nozzle. The ejected high velocity gases require 
not only the conventional deflector but also some 
means of preventing or controlling hydrogen 
combustion. (It must be remembered that the 
hydrogen gas will contain some radioactive 
material. compounding the problem). One tech- 
nique might utilize a nitrogen blanket followed 
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by water injection inside the hot hydrogen 
column. The problem in water injection is to 
prevent steam or water from entering the reactor. 
An aspirator might be added to the system to 
make certain that the ejected gas does not work 
its way up around the outside of the rocket and 
that water does not work its way up into the 
reactor. 


COMPARISON OF NUCLEAR AND 
CHEMICAL BOOST VEHICLES 

The cost of placing a payload in space is an 
important criterion so long as more than one 
feasible method exists. For launching the 100,000 
lb payload discussed previously. a two-stage 
chemical rocket can be used although it would 
require about five times as much propellant as a 
single-stage nuclear rocket. (The six-stage chemi- 
cal rocket would require only about three times 
as much propellant, but its reliability would be 
considerably lower. It might be best to use a 
three-stage fluorine-hydrazine rocket requiring 
about four times as much propellant and having 
some decrease in reliability.) 

It is difficult to make accurate estimates of pro- 
jected tonnage production costs for liquid hydro- 
gen. It is also difficult to predict tonnage pro- 
duction costs of liquid fluorine and hydrazine 
as one possible high energy chemical combina- 
tion. At this time, it appears that liquid hydrogen 
projected cost is about $1.00 per pound: liquid 
fluorine, about $2.00 per pound; and hydrazine, 
about $1.50 per pound. (These are based on 
predicted private contractor costs and not on 
government furnished propellants.) With a 
mixture ratio of 2-0 in the chemical rocket, 
the propellants average about $1.80 per pound. 
Then comparing Vehicle 2 and Vehicle 5 of 
Table |, the propellants for the chemical vehicle 
would cost about $9,000,000 more. If a liquid 
oxygen-hydrogen two-stage vehicle were used, 
the increased cost of the chemical vehicle would 
be reduced to about $1,000,000. (The cost of 
engine components such as nozzles or pumps are 
assumed equal in both nuclear and chemical 
vehicles.) 

Since the cost of the reactor will probably be 
in the range of one to five million dollars. this 
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particular mission will represent only a cost 
breakeven point unless recovery of the intact 
reactor or the fuel elements is attained. As pay- 
loads increase beyond 100,000 Ibs, single- and 
two-stage nuclear rockets appear more and 
more favorable economically since the reactor 
cost is relatively constant while the propellant 
costs diverge further. These cost estimates, it 


16,000 


must be emphasized, are very approximate. As 
indicated, they are sensitive to propellant ton- 
nage costs, reactor fuel and fabrication costs, and 
launch site costs coupled with the number of 
launches. 
SPACE MISSIONS 

A typical space mission would initiate from a 

300 nautical mile circular earth orbit. The space 
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Fig. 4. Payload vs. mission velocity increase, 4V, for a range of nuclear power plants 
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vehicle would be the payload of a chemical or 
nuclear boost vehicle such as those discussed 


previously. Out of a continuum of possible space 


flights. only relatively few are both feasible and 
useful. Obviously, a 24 hr earth satellite is more 
useful than 23 or 25 hr satellites. Again based on 
current and near future technology, there is some 
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minimum payload for a 24 hr communications 
satellite below which the satellite is useless. 
This minimum appears to be between 500 and 
1000 Ib 

Low weight nuclear space vehicles (which may 
be launched by large chemical boosters pre- 


dicted by NASA for the next five years) are 


Region of 
Feasible 
Spoce 
Vehicle 
Missions 


Nucleor Power- 
Plant Weight, Ib 


50 x 103 


Velocity Increese AV, ft/sec 


Fig. 5. Payload vs. mission velocity increase, JV, for a range of nuclear power plants 


Specific impulse 700 sec 
Vehicle gross weight — 35,000 Ib 
Tankage weight — 0-05 propellant weight 
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handicapped in’ their ability to perform because 
the nuclear reactor constitutes a significantly 


large percentage of their total weight. This 
value may be as high as 70 per cent. Figures 4, 
5 and 6 indicate performance in terms of pay- 


load weight for such vehicles with specific im- 


pulses of 700 sec and 900 sec for reactor power 


16,000 


NUCLEAR ROCKETS 153 


plant weights ranging from 4000 to 18.000 Ib 
The lower value of specific impulse corresponds 


to a conservative hydrogen exit temperature of 
about 3000°F, the higher specific impulse to an 
exit temperature of about 4500°F. In the latter 
case, some hydrogen dissociation will occur 
provided the reactor exit pressure is in the range 
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Fig. 6. Payload vs. mission velocity increase, JV, for a range ot nuclear power plants 
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of 100 psia or below. Higher performance will 
result with the slightly dissociated gas, in part 
from the lower average molecular weight in the 
exhaust gas and in part from the exothermic 
recombination in the nozzle 

For a meaningful space mission, realistic 
boundary conditions must be considered. First, a 
minimum feasible reactor power plant weight 
must be established. For an essentially thermal 
reactor, a minimum power plant weight of 
about 14,000 Ib has been calculated for a 
graphite reactor of the type discussed previously 
It appears advisable that the reactor be thermal 
for the space vehicle because of the difficult re- 
mote control problems in the system which 
should not be compounded with fast reactor 
control problems. In any case, the reactor power 
plant penalty suggests that nuclear power 
is more applicable to larger gross weight 


vehicles 


tion from the 300 mile Earth orbit. These values 
exclude guidance requirements. + 

The three boundary conditions are superposed 
on the performance curves of Figs. 4, 5, and 6 
The increased area of feasible operation with 
increased vehicle gross weight and increased /, is 
clear 

Actually, a fourth boundary condition has 
been applied: the limitation of total vehicle 
weight to below 35.000 Ib. This is the heaviest 
payload NASA contemplates launching in the 
next few years. Under this limitation, the 
nuclear space vehicles are not competitive with 
chemical vehicles of a specific impulse of about 
400 to 450 (in vacuum) because the reactor en- 
compasses such a large fraction of the total 
vehicle weight. This is much the same situation 
as in the boost vehicles discussed previously 
NASA has predicted that a 150,000 Ib payload 
can be launched into a 300 mile orbit by about 


Table 2. Missions for Nuclear Space Vehicles 


Trip time 


) 
fission (davs) 


Ideal velocity increment (ft sec) for initial 
vehicle acceleration of 


Minimum energy Mars probe 18,420 13,580 11.820 11,620 
M_E. Mars orbit 26,130 20,090 18,450 18.250 
M.E. Mars orbit and return 52.260 40,180 36,910 36.500 


24 hr Earth orbit 


12,400 


A second boundary condition involves the 
minimum useful payload per mission. A curve 
of minimum useful payload vs. mission (in 
terms of 4!) is difficult to establish at present 
due to conflicting sources. However, a rather 
flat curve was approximated, increasing with 
mission J} 

A third boundary condition is a minimum 
energy useful space mission. Table 2 lists three 
possible Mars missions as well as a 24 hr Earth 
orbit. The minimum energy Mars probe is 
chosen as a representative boundary mission 
with a required JV between 11,600 and 12,000 
ft sec depending on the initial vehicle accelera- 


1970 using a clustered chemical boost engine 
with 6,000,000 Ib of thrust. Nuclear space 


vehicles with such gross weights (150,000 Ib) 


will be competitive with chemical space vehicles, 
as discussed below. A comparison of single- 
stage nuclear and single-stage chemical space 
vehicles for the minimum energy Mars probe 
mission is shown in Fig. 7. (It should be noted 


* These values also exclude any JV required to change 
from the plane of the Earth's orbit to the plane of the 
transfer orbit. Depending on how close to the respective 
nodal points Earth departure and Mars arrival may be 
achieved, this transfer JV may range from a negligible 
value to 2500 ft/sec or more. 
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that the heavier space vehicles, in the range of 
100,000 Ib gross weight, would probably be 
manned and consequently would involve round 
trip missions and heavier shields. 

It is suppose that the first 
generation of nuclear vehicles will not be re- 
quired to compete with chemical vehicles but. 
rather, will be highly instrumented test vehicles 
of lower gross weights. Therefore, the following 


reasonable to 


discussion assumes that the vehicle gross weight 
will be limited to 35,000 Ib for the next two to 
five years 


A typical vehicle can be chosen once a mis- 
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sion is established. An easily achievable mission 
for the first space vehicle is desirable. A 300 mile 
orbit to 22.400 mile stationary 
possible early mission. The advantages of such a 
mission include the greater ability to remain in 
communication with the vehicle compared to 
planetary probes, and the possibility of recover- 
ing the reactor afterwards. A disadvantage is the 


orbit is one 


fact that a reactor restart is required for placing 
the vehicle in the stationary orbit. (If a Hohmann 
ellipse is used in transferring from the 300 mile 
orbit to the 22.400 mile orbit, then the 4V re- 
quired on leaving the 300 mile orbit is 7700 
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Fig. 7. Payload fraction vs. gross weight for high performance nuclear and chemical space vehicles 
Mission: Mars probe (no return) from a 300 N.M. Earth orbit; 
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ft sec: an additional 4700 ft/sec is required at 
the “apogee” of the ellipse in order to place the 
vehicle in the 22.400 mile circular orbit.) Since 
the coast time is about five hours, the xenon 
buildup may be substantial depending on the 
neutron flux level and the xenon and iodine 
concentrations prior to shutdown. Either suffi- 
cient reactivity must be built into the reactor to 


override the xenon, or else, low power operation 


viously as a boundary condition. The advantage 
here is that the reactor can be discarded (and 
perhaps recovered) after the initial ballistic 
impulse, avoiding, at least in the early missions. 
problems of after heat removal and reactor 
restart. Midcourse guidance corrections may be 
performed with a chemical rocket system 
weighing about 800 Ib. In this case tracking of 
the vehicle might be more difficult beyond the 


Peyleed Gross Weight 


Fig. 8. The effect of vehicle initial acceleration on payload and burning time for a nuclear space vehicle 


mission (300 N.M. Earth 


33,500 Ib 


Vehicle gross weight 


orbit to Mars probe) 


Reactor weight 16,000 Ib 
Tankage weight 5 per cent of propellant weight 


900 sec 


must be continued during the coast period to 
burn up the xenon formed. This latter technique 
might be best since in any case, decay heat must 
be removed. The ejected low flow gas can be used 
for useful thrust, although the low acceleration 
of the vehicle in the gravity field of the Earth 
would lead to considerable performance loss 
during the coast phase of the mission. 

Another possible early mission would be the 
minimum energy Mars probe established pre- 


powered-flight phase of the mission: however, if 
the power plant is used only in the ballistic 
phase, reactor data can probably be communi- 
cated as easily as in the 24-hr orbit mission 


MINIMUM ENERGY MARS PROBE 
A typical vehicle for a minimum energy Mars 
probe may be established. Referring to Fig. 6. 
for a gross vehicle weight of 33,500 Ib with a 
reactor power plant weighing 16,000 Ib including 
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the nozzle, pumps, and associated equipment, 
and for a tankage weight of 700 Ib (5 per cent of 
the propellant weight), a payload of 5800 Ib is pos- 
sible. This payload would include an 800-Ib chemi- 
cal rocket for mid-course guidance corrections 
and would also include required guidance equip- 
ment.) These correspond to a specific impulse of 
900 sec for a hydrogen temperature at the re- 
actor exit of 4500 F. The thrust would be about 
67.000 Ib for a flow rate of hydrogen of 75 !b/sec, 
giving an initial acceleration of 2 g. 

Reactor weight and size need not increase in 
going to heavier space vehicles. It is possible to 
operate the reactor at a fixed power and pro- 
pellant flow rate and permit the initial vehicle 
For the 
33,000 Ib space vehicle mentioned above, re- 


acceleration to vary with gross weight 


duction in g to a value of 0-3 does not substan- 
tially affect performance, as indicated in Fig. 8 
for different 
missions and gross weights from 0-1 to about 


(This cut-off value of g varies 
0-4 g.) Therefore, the basic reactor system may 
be used for a range of space vehicle gross weights 
from below 20,000 Ib to about 225,000 Ib. As a 
result, reactors tested on smaller vehicles would 
be directly applicable to the larger vehicles 
available in later years. 

On the hand 
vehicle gross weight, it is possible to reduce the 
flow rate in the 33.500 Ib vehicle from 75 Ib/sec 


other instead of increasing 


to about 11 Ib/sec with negligible loss in per- 
formance. Such a drop in flow rate will tend to 
reduce the pressure drop through the reactor 
core to about 7 per cent of the high flow value 
This would permit a number of alternate design 
improvements such as smaller reactor systems; 
increased performance due to greater hydrogen 
dissociation at lower pressures; or simpler core 
shapes. The latter might utilize a pebble bed 
reactor of the type now being developed com- 
mercially. ‘*) While such a scheme would give 
prohibitively large pressure losses in the high 
flow boost vehicle, the pressure losses would not 
be excessive for the low flow space vehicle. Such 
a pebble bed reactor offers numerous advant- 
ages. By compartmenting the core radially, it is 
possible to achieve a radial power flattening by 
varying the uranium content of the pebbles; 
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axial power flattening may be achieved simi- 
larly; also, fabrication costs of the reactor core 
would be lowered and development time might 
be shortened. 


COMPARISON OF NUCLEAR AND 
CHEMICAL SPACE VEHICLES 

One may compare nuclear and chemical space 
vehicles on the basis of reliability, weight saving, 
safety, and overall costs. The problems of nuclear 
hazards present in a ground launch are elimin- 
ated in the space vehicle initiated from a 300- 
mile orbit. However, in trade for this, the re- 
liability of the reactor system is decreased due 
to the remote reactor start-up. It is possible to 
effect some compromise between these extremes 
by starting the space vehicle reactor while still 
on the ground but running at a very low power 
level until the 300 mile orbit is reached. 

In comparing weights and costs, it 1s neces- 
sary to consider not only the space vehicle, but 
the overall rocket including the boost stage or 
stages. Referring to Fig. 7, to send an 18,500 Ib 
payload to the vicinity of Mars, either a single- 
stage lox-hydrogen chemical space vehicle or a 
nuclear space vehicle weighing 48,000 Ib may be 
used with the same booster. In this case, how- 
ever, the additional cost of the nuclear power 
plant favors the use of the chemical vehicle. If 
the Mars probe payload is increased to 81.000 
lb, the use of a nuclear space vehicle weighing 
150.000 Ib will effect a 45,000 Ib weight saving 
in the space vehicle stage alone. This weight 
saving is amplified in the boost stages. It has 
been estimated that the projected cost for the 
booster per pound of payload placed in a 300 
mile circular Earth orbit is about $600.00.‘ For 
a $4,000,000 reactor power plant cost. the net 
savings based on the entire vehicle is then about 
$23,000,000 for this case. Depending on the cost 
of the reactor power plant and on whether the 
power plant is recovered, “breakeven” cost 
points may be found for this or for other space 
$4,000,000 


reactor, the cost “breakeven” point in the Mars 


missions. For non-recovery of a 


probe mission occurs for a nuclear space vehicle 
weighing 60,000 Ib with a 27,000 Ib payload 
Weight savings can be effected in the chemical 
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or nuclear space vehicles by staging, but re- 


liability will decrease. In this case. statistical 


costs can be estimated based on a number of 


firings 

It would appear that cost-wise, nuclear rocket 
superiority is more marked in space applications 
than in boost applications due to the amplifica- 
tion back to the main stages of weight reductions 
in the nuclear vehicle. This is in accordance with 
the general philosophy of putting the higher 
energy systems in the upper stages 

Again, it must be emphasized that these cost 
estimates are very approximate and intended for 
illustrative purposes 


CONCLUSION 


It may be seen that nuclear rockets are com- 
petitive with conventional chemical rockets in 
certain ranges of operation. For boost vehicles. 
the nuclear rocket becomes competitive when. 
for example, payloads larger than about 100,000 
Ib are to be sent into space. For space vehicles. 


nuclear rockets become competitive when, in a 
minimum energy Mars probe mission, payloads 
of 20,000 Ib or more are to be sent to the 
vicinity of Mars. While problems of radiative 
hazards and combustion, among 
others, must be solved in launch vehicles, and 


hydrogen 


and JOHN J. 


NEWGARD 


problems of remote reactor start-up, xenon over- 
ride, and afterheat removal must be overcome 
in space vehicles, the nuclear rocket appears to 
be quite promising for the range of missions 
discussed. 
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Abstract 


AIR SCOOPING VEHICLE 


FELIX BERNER and MORTON CAMAC 


Avco-Everett Research Laboratory 


A satellite vehicle is described which collects gases from the upper atmosphere and stores them 


in liquid form. Such a vehicle could serve as a filling station in space furnishing liquid oxygen or air to 
other spacecraft. The vehicle represents an alternative to launching these liquids into orbit from the surface 
of the Earth. The two methods are compared on an economic basis, and it is shown that the proposed 
vehicle permits substantial savings when operated beyond about two months. The feasibility of develop- 


1. GENERAL DESCRIPTION OF VEHICLE 


Introduction 

It is generally assumed that the mass and 
energy required for the propulsion of spacecraft 
has to be supplied from the surface of the Earth. 
However, it should be noted that propulsive 
fluids can be collected from the Earth’s upper 
atmosphere. 

This report describes a satellite vehicle which 
scoops up air in the upper atmosphere and stores 
the oxygen and nitrogen in liquid form: the air 
scooping satellite acts as a “filling station” in 
space and can transfer liquid oxygen, nitrogen, 
or air to space vehicles requiring these fluids. 

Several uses of such liquids are: 

(1) Liquid oxygen can be used as oxidizer in 
chemical propulsion. Thus, the air scooping 
vehicle permits a substantial reduction of the 
weight that has to be lifted from the Earth’s 
surface in order to perform space missions. For 
example, if liquid hydrogen is used as fuel for 
such missions, the proposed “filling station” can 
provide more than 75 per cent of the propellant. 
In terms of a round trip to the Moon, including 
a soft landing, the payload weight ratio of the 
chemically propelled Moon vehicle could be up 
to 40 per cent.* Obviously, even higher payload 
weight ratios could be obtained for one-way 
trips, or when most of the payload is left on the 
Moon. 


* The payload weight ratio is defined as the ratio of 
the useful payload making the round trip to the weight 
that must be lifted off the Earth's surface. 


ing such a system for long-time operation is investigated. Several practical designs are discussed. 
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(2) Nitrogen can be used as a propellant in 
electrical propulsion systems using magneto- 
hydrodynamic (MHD) acceleration of neutral 
plasmas. Nitrogen may also have limited applica- 
tion in solar or nuclear reactor heater systems. 

(3) Air or oxygen is vital for inhabited space 
stations or vehicles. 

Even though the air scooping vehicle can 
deliver liquids for use in space missions, this by 
itself does not make this vehicle desirable. It 
must also be demonstrated that the air scooping 
vehicle is both feasible and economically 
advantageous. The advantage of this vehicle de- 
pends on its competitive position with respect to 
launching liquids from the Earth’s surface. The 
feasibility is discussed and it is shown that no 
basic principles would prevent its development 


Economic Advantages 

In evaluating the economic merits of the air 
scooping vehicle, it is convenient to introduce 
the parameter called the ‘“weight-doubling 
time’. It is defined as the time for the collection 
and storage of an amount of liquid oxygen or 
air equal to the weight of the vehicle when 
empty. In Section 4 the weight-doubling time 1s 
shown to be a few weeks or months, depending 
essentially on the specific weight (lb/kW) of the 
electrical power plant in the vehicle. Estimates 
indicate that the scooping satellite is economic- 
ally advantageous, if it can be made to operate 
for at least approximately twice the weight- 
doubling time. Therefore. operation of this 
vehicle for a period of one year will result in 
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substantially lower propellant costs if delivered in 
Earth orbits than would be incurred if the pro- 
pellant had to be launched from the ground 


The Components of the Air Scooping Vehicle 
The feasibility as well as the performance of 
the air scooping vehicle depend on the com- 
ponents which are available or must be 
developed. In the following description of the 
vehicle and its various parts, reference is made 
to Fig. 1.1. The vehicle moves along a satellite 
orbit at an altitude where air can be collected 
at a reasonable rate, but high enough so that 
aerodynamic heating is not serious. Atmospheric 
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in the specific impulse range from 1000 to 
1800 sec 

An energy source is required in order to 
operate the propulsion system. Since only 
an electrical propulsion system can produce 
the required exhaust velocity, the vehicle 
must have a large electric power supply 
which, for the economic reasons cited above. 
must be in operation for at least one year 
Hence, only converters of solar radiant energy 
or a nuclear reactor system can be used. The 
compressor and liquefaction machine also 
consume electric energy, but much less than the 
propulsion system 


ELECTRIC POWER SUPPLY 
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[ COOLER AIR 
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COMPRESSOR LIQUEFACTION SEPARATION CHAMBER 


OXYGEN PROPULSION | THRUST 
NITROGEN 
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OXYGEN NITROGEN 
STORAGE STORAGE 


Fig. 1.1. Block diagram of air scooping vehicle 


gases are collected in the front of the vehicle 
They are then cooled, compressed, and liquefied 
In the diagram shown the liquid oxygen and 
nitrogen are separated and stored in insulated 
containers 

The scooped air is brought to rest with respect 
to the vehicle, thereby producing a drag force 
Due to this drag and also the drag on the walls of 
the vehicle, a thrust force must be applied to 
maintain a constant satellite orbit for long 
periods of time. It is proposed that a portion of 
the collected air be used as propellant to provide 
this thrust. In Fig. 1.1 the liquid nitrogen is used 
for propulsion while the collected oxygen is 
stored for subsequent delivery to other space- 
craft. The exhaust velocity that is required 
must be larger than the satellite velocity 


Vehicle Designs 

Figure 1.2 shows an internal layout of the 
components for a nuclear reactor system. The 
propulsion system consists of an MHD 
acceleration device 

Figures 1.3 (a) and (b) show the shape of 
air scooping satellites using a nuclear reactor 
for the energy source, and Fig. 1.3 (c) shows the 
vehicle shape when powered by a solar converter 

The cylindrical vehicle shown in Fig. 1.3 (a) 
is best suited for operation at an altitude of 
approximately 250.000 ft. At somewhat higher 
altitudes the interactions between the boundary 
layer over the side walls of the vehicle and the 
free stream result in a side wall drag which is 
large compared with the drag due to the decelera- 
tion of the scooped air. Since the extra drag 
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from the boundary interaction 
critically affect the economics of the air scooping 
satellite, it must be avoided. A design which 
reduces this effect by making the edge of the 
boundary layer have a substantially cylindrical 
shape is shown in Fig. 1.3 (b): the vehicle surface 
is tapered in rearward direction. Such a tapered 
contour is compatible with the size of the 
internal structure because for a fixed weight of 


layer may 


air scooped the inlet area has to be increased if 


( 


Fig. |.3. Air scooping vehicle shapes for operation at 
different altitudes. 


(a) scooping altitude 250,000 ft to 280,000 fr. 
(b) scooping altitude 320,000 ft to 360,000 ft. 
(c) scooping altitude greater than 550,000 fr. 


Liquo NITROGEN 
TANK 


Fig. 1.2. Schematic drawing showing arrangement of internal components of an air scooping satellite using a 
nuclear reactor as energy source. 
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the operating altitude is increased. The operating 
altitude for this vehicle is in the range from 
320,000 ft to 360,000 ft. 

While Figs. 1.3 (a) and (b) show axisym- 
metric designs, Fig. 1.3 (c) exhibits a vehicle 
with a rectangular cross section. This shape is 
dictated by the long curtain-like sheet which is 
trailing behind the vehicle. This sheet is covered 
with a direct converter of solar energy, like 
solar batteries, which face the Sun and produce 
the required electrical power. The internal 
structure is similar to that shown in Fig. 1.2. 
except that the reactor system is deleted and that 
a system for surface collection of atmospheric 
gases replaces the conventional scheme for 
cooling and compressing the captured air. The 
operating altitude for this vehicle is above 
550,000 ft in the free molecule flow region where 
conventional compression is not practical. 

Other designs have been investigated but are 
not as efficient and simple as the vehicles shown 
in the above figures. The design having a direct 
feed-through of a portion of the scooped air to 
the propulsion device is not practical, because it 
does not permit an efficient operation of the 
propulsion and because it complicates the inlet 
design. Furthermore, it does not lead to shorter 
weight-doubling times than the vehicles just 
described. 


Some Important Design Problems 

A study of the feasibility and 
advantage of the air scooping vehicle must 
contain an evaluation of all the components. 
The most important parameters are the weight 


economic 
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of the vehicle and the rate of collecting 
atmospheric gases. The main weight of the 
system is that of the electric power supply and 
it Is Important to minimize the electric energy 
requirements. Since most of the energy is used 
to balance the atmospheric drag on the vehicle, 
the central problem is to determine the design 
specification for a minimum drag per unit weight 
of liquid stored 

All of the components affect the drag to some 

1.5 


extent and their operation must be understood 
and optimized as integral parts of the system. 

The basic operation of the entire system is 
discussed in Sections 2 to 4, while the major 
components are treated in Sections 5 to 8. These 
sections are entitled: 


2. Air Scooping Orbits 
3. Electric 
pulsion 


Energy Requirements for Pro- 
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Fig. 2.1. Density p and mean free path A as a function of altitude h 
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circular or elliptical orbits. Since most design 
parameters are directly or indirectly dependent 


Liquefaction and Storage of Atmospheric on the free stream density through its influence 


Gases 


Propulsion System 
Electric Power Supply Systems 
Summary and Conclusions 


2. AIR SCOOPING ORBITS 
operate in account the variation of altitude with time. The 


INTERCEPTED AIR WEIGHT PER UNIT CAPTURE AREA, m, /Ay~ib/tt® 


The air scooping vehicle may 


100 


Fig. 2.2. Intercepted air mass per unit capture area versus perigee altitude hp; apogee altitude h. as parameter. 


upon drag, heat transfer rates, scooping rates, 
etc., the analysis is relatively simple if a circular 
orbit is chosen. Figure 2.1 shows the variation 
of atmospheric density and mean free path for 
atmospheric molecules with altitude. 

In case of elliptical orbits one has to take into 
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orbit of an ellipse can be specified by apogee R.,. 
and perigee R 


R=KR UR R,)cos E (2.1) 


where E is the eccentric anomaly and R is the 
distance from the satellite to the center of 
the Earth. The time ¢ measured from the time 
the satellite passes the perigee point may be 
expressed by 

(R R 


R 
<i 
\ (Be, Re R LR in E) (2.2) 


wnere g, is the gravitational acceleration at the 
Earth and Re is the Earth radius. Eliminating 
E in equations (2.1) and (2.2) the relation 
between R and 7 for a given orbit can be com- 
puted. The total weight of atmospheric gas 
intercepted per orbit period and per unit frontal 
area may then be determined by combining 
the density curve of Fig. 2.1 with the altitude 
versus time relation: the results are presented in 
Fig. 2.2 


The velocity of the satellite r_ is given by 


[220 Rel | (2.3) 


The velocity vr, at perigee is 


RE R 
\(R R,)R, 


3h 


> 25,9001 1 
| 4Ry 


fi sec (2.4) 
where /, and /, are the apogee and perigee 
altitudes above the Earth. Since rv, is not 
sensitive to small variations in hf, and h,. a 
constant velocity r, 26.000 ft/sec may be 
used for the vehicle's velocity during its passage 
through the dense part of the atmosphere 


3. ELECTRIC ENERGY REQUIREMENTS 
FOR PROPULSION 
In this section some general relations will be 
derived which may be applied to collection 
schemes in which all of the scooped air is 
processed or in which there is direct through 
flow of a portion of the scooped air to the 
propulsion device (“ramjet design”) 
In order to keep the vehicle in a stable orbit. 


the drag force D A, on the 
vehicle must be balanced by the thrust force 
F 


Cp vr? A, = (3.1) 
p, and vr, are free stream density and velocity: 
C p ts the drag coefficient; A, is the frontal area 
of the vehicle: c is the exhaust velocity: and 
mt, is the propellant mass flow rate. The scooping 
rate , is proportional to the inlet area A 


m, = pxv, A (3.2) 


Combining equations (3.1) and (3.2) and 
introducing the drag factor F p 


one obtains 


mv, Fp — mie (3.4) 


The net mass 4m collected and stored per orbit 
revolution is equal to difference of the mass m, 
scooped to the mass m, expelled 


dm —m,— m, (3.5) 


where tm, dr and m, For a 
1 2 2 


constant velocity rv, during air scooping. equa- 


tion (3.4) may be integrated over an orbit 


revolution and combined with equation (3.5) to 
give 
( my, Fp 


dD (3 6) 


Let Sh be the portion of the (specific) enthalpy 
of the air which can be used for propulsive 
purposes if a direct through flow system is used 
The (ideal) propulsive energy £, per orbit 
revolution which has to be expended per orbit 
period is given by 


E,/m, = — Sh (3.7) 


The combination of equations (3.5), (3.6), and 
(3.7) yields an expression for the propulsive 
energy per unit mass of stored air: 


FF 4h |r? 


E, m, 
(1 [dm/m,|P vt /2} 2 


dm Am 


(3.8) 


in equation (3.8) represents an 
“efficiency” of the flow system in the vehicle 


2 
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This efficiency is quite small because the gas 
shock at the inlet. Heat 
transfer, friction, and frozen expansion losses 
also contribute to inefficient operation of the 


passes through a 


through-flow system 

The optimum weight ratio 4m/m, that mini- 
mizes E,,/4m is directly obtained from equation 
(3.8). Introducing the parameter 


| [4h/(v 2,/2))F (3.9) 
these optimum operating conditions occur when 
4m 
1+ @ 
, 
(1 (3.10) 
Us 
>) - 
dm 


In the absence of any drag, except the one due 
to the change of momentum of the scooped air, 


the drag factor is 1. (See Section 5.) For this 


ideal case and for no direct through flow of 


air (® — 1) the above ratios become 

Am ( E. 

* Us Am/!, 
With vr, 26.000 ft/sec, the ideal exhaust 
velocity is 52,000 ft/sec, corresponding to a 
specific impulse of approximately 1600 sec. 
The ideal thrust energy per unit weight of 


stored air is equal to 15-8 kWhr/Ib. 

If the scooped oxygen is stored exclusively 
and the nitrogen is used as propellant, it is not 
possible to operate under the best conditions. 
With a composition of the air of 22 per cent 
oxygen and 78 per cent nitrogen by weight, one 


has 
dm ( 
()-22 1:28 Fp 
my, v. 
Ey 23 F2? kWhr/lb (3.11 
4m 


4. ECONOMICS OF THE AIR 
SCOOPING VEHICLE 
The propellant required for spacecraft naviga- 
tion near the Earth may be supplied either from 
the Earth’s surface or by the air scooping vehicle. 
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In this section a comparison is made of the 
competitive position of these two methods. It 
should be mentioned that it is not possible to 
make a complete evaluation until the exact 
mission requirements of the spacecraft receiving 
the propellant are known. Consequently, any 
comparison of the costs involved has to be based 
on several simplifying assumptions. We 
compare only the costs of supplying liquid 
oxygen (air or nitrogen) with a scooping vehicle 
with the costs of launching these liquids from the 
Earth’s surface. The costs and requirements of 
The 


will 


the rendezvous maneuver are neglected 
important parameters are: 


(a) Breakeven Time 

The time at which the cost of collecting and 
storing a given weight of liquid oxygen (nitrogen 
or air) in the scooping vehicle is equal to the 
cost of boosting that amount into orbit from 
the surface of the Earth. When the 
operates beyond the breakeven time, it becomes 
economically interesting, for then the production 


vehicle 


of the additional oxygen is substantially free. 
when compared to the cost of launching it from 
the Earth. 


(b) Weight-doubling Time 

The time for the air scooping vehicle to double 
its empty weight by storing liquid oxygen (air 
or nitrogen). Explicit equations can be given for 
the weight-doubling time based on the design 
of the vehicle. The importance of the weight- 
doubling time and its influence on the breakeven 
time stems from the fact that the same launching 
rocket which is required to place an empty air 
scooping vehicle into orbit may be used to lift 
approximately the same weight of liquid oxygen. 

Before proceeding with the analysis it is of 
interest to list other items which must be 
assessed in a complete evaluation when the 
exact mission of the spacecraft is known 

(1) In case of a spacecraft using chemical 
propulsion, the air scooping vehicle can supply 
the craft with oxygen and it is necessary to 
provide only hydrogen or another fuel from 
the Earth’s surface. However, it is not reasonable 
to assume that as an alternative to air scooping 
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one would supply liquid oxygen from the Earth's 
surface. In fact, since there is a very large price 
for launching mass into orbit, another fuel 
and oxidizer combination (e.g. liquid hydrogen 
and fluorine) could be used. The same considera- 
tions apply in cases where electrical propulsion ts 
used and liquid air or nitrogen could be obtained 
from the air scooping vehicle 

(2) The storage tank of the air scooping 
vehicle is designed so that it can hold an amount 
of oxygen or air which is considerably in excess 
Therefore, its 
capacity will be larger than the capacity of 
individual fuel tanks which are launched from 
the Earth’s surface (assuming that substantially 
the same launching vehicle is used to place the 
air scooping satellite and/or fuel into orbit). In 
certain large-scale fuelling operations it is 
possible. therefore, to reduce the number of 
rendezvous maneuvers when using the air 


of the vehicle’s empty weight 


scooping vehicle. Actually, the spacecraft can 
even play a passive role in such a maneuver 
because the scooping vehicle has a propulsion 
system which is very well suited for rendezvous 
missions in the vicinity of the Earth. This fact 
may be important in cases where the spacecraft 
has a propulsion device which is laid out for 
flight plans which are far different from those 
required in a rendezvous operation 


Calculation of the Weight-Doubling Time 

First we shall derive a general equation from 
which a variety of special cases are obtained. 
The weight-doubling time 7), is defined as 


T wa +.M/Am (4.1) 


where is the weight of the vehicle when 
empty and 4m is the weight of liquid oxygen 
(or air) stored per orbit period +. The weight 
is made up of the weights of the structure M,, 
electric power supply system M,, propulsion 
device M,, and batteries M,. M, includes the 
weight of auxiliary gear (air liquefaction 
machine, air compressor, etc.) and is assumed 
to be proportional to the empty vehicle weight 
(M kM). The battery weight M, is propor- 
tional to the energy which has to be stored 
temporarily during each orbit revolution. Such 


We now consider some special cases. 


storage is needed in elliptical orbit operation 
where the energy is generated continuously, but 
is used only during the short “scooping time” 
r,. Thus, 


[1 (r/7,)] E,8 (4.2) 


where E, ts the electric energy generated per 
orbit period +r, and f is the specific capacity 
(lb/kWhr) of the batteries. 

Let « be the fraction of the total energy E, 
required to operate all auxiliary equipment (gas 
compressors, liquefaction machine, etc.) except 
the propulsion device. Then thrust energy E,, is 
related to the total energy 


E e)}(E,/»,) (4.3) 


where », is the efficiency of the propulsion 
device. Introducing also the specific weights 
a (Ib/kW of electric power) and a, (lb/kW of 
thrust power) of electric power supply system 
and propulsion system, respectively, and noting 
that the former is in operation continuously 
while the latter produces thrust during the time 
7, per orbit only, the sum of the weights of these 
two systems is given by 


M.+M,=a-—+a,— 


Ef « 
T (| 


Equation (4.1) may now be rewritten in the form 


| (4.4) 


1 &E, 
1—k dm 


a T T 7B 


+11 4.5 


The ratio £,/4m has been computed in 
Section 3. Combining equation (3.8) with the 
above relation, we obtain the desired final 
form of the weight-doubling time 


r v2 m, ' 
|—k\ Am 


Fi, Ah 


v2 /2 


| 
; 
19 
=. 
oe 
T 
(4.6) 


Scooping in Circular Orbits 


The circular orbit case has an economic 
advantage because it does not require the 
incorporation of heavy storage batteries nor the 
large propulsion device inherent in the inter- 
mittent operation. On the other hand, direct 
through flow of a portion of the scooped air is 
not compatible with the circular orbit operation 
because the operating altitudes are too high 
for efficient operation of the propulsion system. 
Thus, all the gas must be processed. 

With the absence of storage batteries and 
direct through flow (i.e. M, —0 and 4h = 0), 
equation (4.6) reduces to 
ps 2 Fi, a 


(4m/m, (1 — 4m/m,) (1 — em, 


Pea 
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For continuous operation a, < a and, thus, a, 
was neglected. 

There are two cases of particular interest: 
the storage of liquid oxygen or of liquid air. 
For the storage of liquid oxygen 

0-96 a 


2 ays 4.8 


assuming the air has 22 per cent oxygen. For 
the storage of liquid air, optimum operation 
occurs when 4m/m, = 0-5, the weight-doubling 
time becomes 

0-66 a 


F? 


ay 49 
days ( ) 


Figure 4.1 shows curves of 7,,.,, vs. a for the ideal 
and practical cases. In the ideal case k = 0, « = 0, 
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Fig. 4.1. Weight-doubling time Twa versus specific weight of power supply a of air scooping vehicle 
operating in a circular orbit. Dashed and solid lines are for vehicles storing liquid air and liquid oxygen, 


respectively. See text for parameters used to evaluate these examples. 
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Fp = 1, and », 1. For the practical case, we 
assumed k = 0-2, « = 0-25, Fh = 1-25, and 
n, ~ 0-75. Also shown is the likely operating 


point of a vehicle using a converter of solar 
energy and storing liquid oxygen only. The 
parameters are: a = 50 Ib/kkW, Fp = 1-02, 
k — 0-1, « = 0-25, and », 0-75. 


Scooping in Elliptical Orbits 
In the case of elliptical orbits the entire 
equation (4-6) applies. For the case of air 


storage 


0-66 


(| €)y, 


DOUBLING TIME, ~ DAYS 
\ 
\ 
\ 


WEIGHT 


- ar 


SPECIFIC WEIGHT OF ELECTRIC POWER SUPPLY, a - Ib/kw 


Fig. 4.2. Weight-doubling time Two versus specific 

weight of power supply a of air scooping vehicle 

operating in an elliptical orbit. Dashed and solid 

lines are for vehicles storing liquid air and liquid 

oxygen, respectively. See text for the parameters 
used to evaluate these examples 
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where the value of 0-1 is used for 4h/hr* (see 
Section 3). Note that very little is gained by 
direct through flow of part of the captured air 
because the drag factor term Fj}, is much larger 
than 0-1. Considering the difficulties involved in 
developing a direct through-flow scheme, it is 
questionable if it is of any practical interest. 
With only oxygen storage and no direct 
through flow, the weight-doubling time becomes 


0-96 F a 
1—k en, | + 


| days (4.11) 


In Fig. 4.2 curves of 7,,, vs. a are given for 
0-3, « 0-25, 20 Ib/kWhr, 50. 
a 1/3 Ib/kW, », — 0-75, and Fy = 1 and 
1-25. It is evident that scooping in elliptical 
orbits is inferior to operation in circular orbits 


Breakeven Time 

Even in the form in which is was defined 
earlier, the breakeven time 7,, cannot be 
assessed as easily as the weight-doubling time 
because the cost of the various devices (launching 
vehicle, etc.) is not exactly known 

The cost of boosting liquid oxygen into orbit 
is proportional to the number of units delivered 
On the other hand, the main cost of the air 
scooping vehicle is in its construction and 
launching, and is practically independent of the 
operating time or the amount of liquid oxygen 
produced. No significant further costs will be 
incurred during the operating life of an un- 
attended scooping vehicle. Therefore, the cost 
of providing a unit weight of oxygen (or air) by 
the air scooping vehicle decreases with time. In 
particular, at the breakeven time the cost will 
have decreased to the cost for launching a unit 
weight of liquid oxygen from the surface of the 
Earth. 

The cost of oxygen which is launched from 
the surface of the Earth consists of the cost of 
the launching and the launching vehicle (in- 
cluding fuel and oxidizer) C,, plus the cost of 
the oxygen and its tankage C,, that is placed in 


“4 
q 
J 
) j 
4 (1 €)n, T 
7B A 
days (4.10) 
= 
sf TYPICAL CASE 
A 
me 
| 
| 4 DEAL CASE : 
“ | 3 


orbit. The air scooping vehicle costs include the 
same launching costs C;, (assuming the same 
type of launching vehicle is used), plus the cost 
of the scooping vehicle C, 

At the breakeven time the overall cost for 
delivering a given amount of propellant in the 
orbit by either method is the same. Thus, we 
obtain the relation 


C,+C 
T, = - To (4.12) 
Since the only important costs are C, and 


C,, equation (4.12) reduces to 


= (+ Tra (4.13) 

Estimates made on the present cost of the 
booster vehicle and its launching are about 
$300 per pound of payload placed in a low 
altitude orbit. Eventually, it is estimated that 
this cost could be reduced to $100 per pound, 
assuming higher performance chemical booster 
vehicles, but not including the extra development 
costs required. 

The cost of the air scooping vehicle includes 
the cost of the electrical power supply, the 
propulsion system, the compressor, liquefaction 
and the and auxiliary 
equipment. It is difficult to estimate the develop- 
ment cost of the various components for this 


machine, structure 


vehicle. Certainly the electric power supply, the 
guidance and control system, the liquid oxygen 
container, and space structure will be developed 
for many other space applications. This 
technology could be used directly in the develop- 
ment and ground testing of the vehicle. Only the 
method of gas adsorption on solid surfaces must 
be developed especially for this application. 

It can be shown that the most important cost 
is that of the electric power supply system. Solar 
batteries at the present time cost about $1000 
per pound for small size low power units. This 
should decrease considerably in 


cost large 


scale production; thus, it seems reasonable to 
assume that production costs for solar converters 
would not exceed $300 per pound. The costs of 
electric power supply systems with a nuclear 
energy 


reactor as source are similar. Thus, 
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the breakeven time should be approximately 
twice the weight-doubling time. 


5. AIR COLLECTION 

In this section the scooping of atmospheric 
gases and their preparation for subsequent 
liquefaction are discussed. The findings are 
then applied to the design of two different 
vehicles: one using a nuclear reactor as energy 
and the other 
solar energy. 

The design of the vehicle shape and scooping 
inlet 1s strongly dependent on the operating 
altitude, mainly because of the large 
variation of the air density with altitude. It is 
determined by the following conditions: 

(1) At relatively low altitudes the drag (per 
unit frontal area) due to the change of 
momentum of the scooped air is very large 
because of the free 
density. The Reynolds number is also relatively 


source, using a converter of 


very 


relatively large stream 
large, and hence the friction drag on the side 
With 


relative 


walls of the vehicle is relatively small 
increasing operating altitude’ the 
magnitude of these two drag forces changes 
sharply and any internal layout has to be sub- 
ordinated to the design of the proper external 
shape of the vehicle. 

(2) The energy per unit mass of incident gas is 
equal to its kinetic energy v*/2 (relative to the 
vehicle). Accommodation of the incident energy 
constitutes a major problem at low altitudes, 
where the high density leads to large heat 
transfer rates to a unit surface. At high altitudes 
the energy transfer to the surface is relatively 
small. 

(3) Any “isentropic” compression of the air 
(in the continuum flow region) to a pressure 
corresponding to a low supersonic Mach number 
would require turning of the flow by considerably 
more than 90: and, thus, is not feasible. Hence, 
a normal shock must be accepted in front of or 
in the air inlet. This shock causes a very large 
loss of stagnation pressure. Consequently, even 
at the lowest practical scooping altitude the 
pressure of the decelerated air is substantially 
below the minimum required pressure of 10 cm 
Hg for liquefaction. Therefore, a system for the 


4 


170 


compression of the scooped air must be in- 
corporated. The required compression ratio 
increases rapidly with altitude and conventional 


compressors are not practical above approxi- 
mately 380,000 ft 

Drag. accommodation of the incident energy, 
and means for the compression of the scooped 


air are reviewed in more detail in the following 


paragraphs 


DRAG FORCES ACTING ON VEHICLES 
In the continuum flow region the drag factor 


F » of a cylindrical vehicle with its axis oriented 


in flight direction ts given by 


(5.1) 


with 


C, +05 Re, or C, = 0-7 M32 (5.la) 


depending on the prevailing flow conditions 


R, and R, are the radii of the scooping area A 
and the inlet lip, respectively: Z is the length of 
the vehicle: W ~ is the flight Mach number based 
on free stream conditions: Re, is the Reynolds 
number based on free stream quantities and the 


length / 
In the ideal case with no additional drag than 


the one due to the change of momentum of the 
scooped air, the drag factor is equal to |. The 
second term on the right-hand side of equation 
(5.1) is due to the pressure force acting on the 
It has been found by assuming a 
Newtonian pressure distribution and 4A, 

m™R R,*. The assumption for A, is arbitrary, 
but ts possible with a proper design on the 
The last 
term in equation (5.1) is due to the drag force 
acting on the outside wall 


inlet lip 


internal flow system and compressor 


The viscous drag 
coefficient involving the square root of the 
Reynolds number applies in 
interaction between boundary layer and external 
flow. Unfortunately, one must expect such “strong 


case of no 


interest, except in regions where free molecule 
flow will occur. A zeroth order approximation 
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pressure interactions” at all flight regimes of 


has been worked out for such interactions. It 
is evident that the resulting drag factor is 
prohibitively high. The reason for this very large 
drag is due to the fact that the very thick 
boundary layer over the cylindrical body acts 
like the body proper with respect to the external 
flow. Therefore, a shock is generated across 
sharply. This 


layer which 


which the pressure increases 
pressure acts on the boundary 
transmits the force to the wall through its 
viscous linkage with the surface. This “pressure 
interaction” may be avoided if the edge of the 
boundary layer rather than the vehicle has a 
cylindrical contour 

In the free molecule flow regime, the inlet can 
have a very small lip radius and the forces 
acting on the lip may be neglected. The drag 
factor becomes 


A 
Fp | 4 G (5.2) 
4 
where A, and A, are the wetted and air inlet 
areas: T,. and are the free stream 


velocity, temperature, and gas constant, respec- 
tively: and G is a vehicle “shape factor” and is a 
function of A,/A,;. The shape factor is found 
to vary between 0-5 and | 


Heat Transfer Rate to the Vehicle Surface 

The heat transfer rate to the vehicle surface 
does not pose any problem except at low 
operating altitudes. Even then the 
relatively small except in the vicinity of the inlet 


rates are 


lip (stagnation region). The stagnation line heat 
transfer flow and free 
molecule flow regime are given by“ 


rates g, in continuum 


in continuum flow 


20800 h 
\ | | h, 


in free molecule flow: 
Pe B t.u 


Po ft®-sec 


= 2-69 = 

) is the accommodation coefficient. p, 
is the air density at sea level, and /, and h. 
are the stagnation enthalpy in the free stream and 
at the wall, respectively. The lip radius R, is 


where » 


PL 


= 
a 
¥ 
“3 
. 
A 
: 
19 
7 
ke 
4 
ft®-sec 


measured in ft. The factor 2 under the square 
root sign was added to the relation of Ref. 3 
to account for the fact that near the stagnation 
line the flow is two-dimensional rather than 
axisymmetric. 

With the aid of equations (5.3) and (5.4) and 
Fig. 2.1, the heat transfer rate g. has been 
computed as a function of altitude. with the 


CONTINUUM F 
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x from the leading edge (x > R,). At large dis- 
tances the heat transfer rates were found to be 
insignificant if a vehicle shape is chosen so that 
no strong interactions occur. Near the leading 
edge one finds (in case of continuum flow): 

(5.5) 


0-12, (R,/x) 


where x is of the same order but not smaller 


FREE MOLECULE FLOW 


220 240 260 280 


300 320 340 360 


ALTITUDE-ft x 10° 


Fig. 5.1. Heat transfer rate on the stagnation line of blunt inlet lips versus altitude. Flight speed 26,000 ft/sec. 


lip radius as parameter. The results are presented 
in Fig. 5.1. In the vicinity of the junction of the 
curves for continuum and free molecule flow the 
indicated heat transfer rates may be somewhat 
too small. 

The heat transfer rate g along the cylindrical 
surface varies with distance, not only because the 
boundary layer becomes thicker, but 
because of the decay of the pressure. g has been 
estimated for a position on the side wall immedi- 
ately behind the lip as well as at a large distance 


also 


than R,. In the derivation of equation (5.5) a 
wall temperature of 600°K. a pressure equal 
to 5 per cent of the stagnation pressure, and an 
altitude of 300,000 ft were assumed. 


Accommodation of the Incident Energy 

The total amount of heat that must be 
absorbed by the inside surfaces of the vehicle is 
practically equal to the kinetic energy of the 
scooped air which it had before deceleration. 
i.e. approximately 13,500 B.t.u./Ib. Only after 
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this energy is removed one may proceed with 
the compression and liquefaction 

There are several possible schemes for the 
accommodation and disposal of the incident 


energy 


(a) All the energy is directly conducted to the 
side wall of the vehicle and radiated into space 
This ts a steady-state operation, only applicable 
to scooping in circular orbits 

(b) Some of the energy is converted into useful 
energy by means of a closed cycle heat engine or 
thermionic device 

(c) The energy is stored in a heat sink before it 
is radiated into space. This scheme is applicable 
to elliptical orbit operation where scooping 
takes place during a small fraction of the orbit 
period. while radiation into space may proceed 
continuously 


Scheme (a) is most attractive from the point 
of view of structural design and weight saving 
However, it leads to high radiation equilibrium 
temperatures, and. hence. requires materials with 
good stress characteristics at high temperatures. 
with a high termal conductivity, and high 
emissivities. If an emissivity of 0-9 can be 
achieved and a surface temperature of 3500 F is 
permissible. the minimum lip radius is not limited 
by the stagnation line heating above 300,000 fi 
Thus. this scheme is ideally suited to scooping 
in circular orbits which, as will be shown, is 
confined to altitudes higher than 300,000 ft 

It is important to minimize the surface area 
which ts required to remove the energy of the 
scooped air. The requirements of (1) a low 
temperature of the air (before compression). 
(2) a small radiation area, and (3) a wall material 
of high thermal conductivity can be reconciled 
only if the surface is broken up into a series of 
short cylindrical structures which are separated 
by some insulating material. Calculations were 
performed for two cylindrical sections. The 
second one was assumed to radiate at the 
temperature 7. of the air before compression, 
while the temperature of the first cylinder was 
chosen so that the combined length L of the two 
cylinders is a minimum. For 7 0. 70°, and 
140 F of the second cylinder, the optimum 
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temperatures of the first cylinder are 1270. 
1500. and 1700 F, respectively. In Fig. 5.2 the 
ratio L/R, is shown as a function of scooping 
altitude with 7, as parameter 

Scheme (b) is interesting because it helps to 
increase the output of useful energy. For 
example, the mechanical compressor and/or 
liquefaction machine could be operated with this 
energy supply. In addition, a closed cycle 
system permits heat removal from the hot sur- 
faces in the stagnation region through forced 
convection, and, hence, is of interest at very low 
scooping altitudes 


‘ 40° 
\ 
a 
~ 
4 


ALTITUDE 10 


Fig. 5.2. Inlet length Li, to radius R of vehicle flying in 
circular orbit as a function of altitude. Temperature 
of cooled air T) as parameter 


Scheme (c) leads to a heavy design or to large 
radiation surfaces. In case that the heat 
conductivity is infinite (i.e. constant temperature 
throughout the heat sink), the amount of heat 
which may be stored in a heat sink of radiative 
surface A, and thickness d is found to be 


4 h, 


my, d px Tmax 


d pt 
where p. c, and « are the density, specific heat, and 
emissivity of the heat sink: Ty... is the maximum 
permissible temperature which occurs during 
heat storage; and r+ is the orbit period. o is the 
Stefan-Boltzmann constant, and h, is the stag- 
nation enthalpy of the hot air. Equation (5.6) 


a 
be 

| 

| \ 

\ 

L \ \ 2 4 

if 


implies that the heat impulse is negligible com- 
pared with r. The ratio of heat sink weight m 
to weight m, of scooped air per orbit is given by 
m 


dp (5.7) 
m 


The variation of A,/m, with m,/m, is shown in 
Fig. 5.3 for a beryllium heat sink structure with 
Tmax and d as parameters 
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seems particularly attractive. In this method the 
gas is adsorbed by a solid material which may 
have the shape of thin plates or wires. When the 
adsorber nears saturation, it is sealed off from 
the inlet; then the chemical process which 
leads to adsorption is reversed by heating the 
material and driving the gas off at a higher 
pressure. For example, if the adsorber consists of 
Cu,O, the adsorption of oxygen takes place at 


A,/m, - 


Fig. 5.3. Weight of tubular beryllium heat sink to weight of scooped air versus heat sink radiation area to weight of 
air scooped per orbit by a vehicle flying in an elliptical orbit. Free stream stagnation enthalpy of air: 13,500 B.t.u./Ib 


Orbit period: 90 min 


Emissivity: « 


Specific heat: 0-7 B.t.u./Ib F 


Compression of the Scooped Air 
At altitudes up to approximately 350,000 ft. 
compression of the scooped air to the required 
pressure of 10 cm Hg is quite simple and can be 
achieved by commercially available compressors. 
However, the power requirements for the com- 
pressor increase with altitude and become 
prohibitively large above 380,000 ft. 
Fortunately, there are other methods for 
increasing the pressure of the collected air to the 
desired level. Among these chemical collection 


Density: 110 Ib/fe3 


temperatures below 800 K. whereby Cu,O, is 
formed. If then the compound is heated to 
approximately 1500 the oxygen is released. 
yielding an oxygen vapor pressure of about 
5 atm. After the adsorber is cooled, it can again 
be used for collection 

There are a variety of materials which can be 
used for chemical collection of oxygen. Similarly, 
nitrogen could possibly be adsorbed by some 
materials, such as uranium and boron. Metals 
and powdered substances, like charcoal. also 
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adsorb gases and permit their release at high 
temperatures and pressures 

It should be that the problem 
chemical collection becomes simpler at higher 
altitudes because the adsorption rate per unit 
area of adsorber decreases 


noted 


Vehicle Design Using a Nuclear Reactor 

The use of a nuclear reactor as energy source 
permits the design of a relatively compact vehicle. 
The vehicle contour is determined by the require- 
ment that the drag be minimized. At an altitude 
of approximately 250.000 ft. the viscous drag is 
relatively small and a substantially cylindrical 
shape can be chosen. The vehicle radius will be 
determined solely by the minimum space require- 


2.0 


ALTITUDE: 250,000 ft 
INLET RADIUS 1.OSft 


DRAG FACTOR, Fy 


of 
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ments of the internal structure. Given this radius 
and the mass scooped per orbit m, (determined 
by the electric power level), the orbit geometry ts 
obtained with the aid of Fig. 2.2. Figure 5.4 
shows the drag factor Fp as a function of the 
lip radius R, of a vehicle which operates in an 
elliptical orbit with a perigee and apogee altitude 
of 250,000 ft and 100 nautical miles, respectively, 
and which scoops 20 Ib of air per orbit revolu- 
tion. The vehicle shape is shown in Fig. 1.3 (a) 
The length L of the vehicle to its radius R, 1s 
introduced as parameter 

In case of operation in circular orbits one has 
to operate at altitudes above 320,000 ft because 
of size requirements of the internal components. 
Any inlet radius would lead 


reasonable to 


STRONG PRESSURE 
INTERACTION 


3/2 
Mo 


3/4 
Re, 


NO PRESSURE 
INTERACTION 


2S 
YR 


0.! 


0.2 0.3 


LIP RADIUS TO INLET RADIUS, R,/R, 


Fig. 5.4. Drag factor Fp versus lip radius R; to inlet radius Rj at an altitude of 250,000 ft. 
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unrealistically lower 
altitudes 


inlet 


high scooping rates if 
chosen. Figure 5.5 shows the 
altitude for circular orbit 
operation for several values of the weight m, of 
air collected per orbit revolution. With the aid 
of Fig. 5.5 and equation (5.1) the drag of a vehicle 
has been computed which scoops 50 Ib of air per 
orbit period. The results are presented in Fig. 5.6 
where F p is given as a function of altitude with 
L/R A given scooping rate will 
generally require a fixed radiation surface. For 


re 
were 


radius versus 


as parameter 


this reason curves of constant surface area to 
per orbit period have been 
included. It obvious that the presence of 
strong pressure interactions must be avoided 
if the scooping altitude is chosen in the range 
indicated in Fig. 5.6. 

The length of the vehicle is determined by the 
radiating areas which are required by the air 


scooped weight 


1s 


cooler, liquefaction machine, and electric power 
supply Figures 5.2 and 8.1 show the 
length of the cylindrical radiation surfaces for 
the air cooler and power supply system. These 


system 


curves can also be used for vehicles having a 
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Fig. 5.5. Radius of cylindrical air scoop versus altitude 
of a vehicle flying in a circular orbit and scooping a 
specified amount of air per orbit 
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Fig. 5.6. Drag factor Fp versus altitude for cylindrical shapes and lip radius 
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tapered shape, if an allowance is made for the 
reduction of the circumference with distance 
from the entrance section. An increase in 
operating altitude results in a shorter vehicle 
length. An upper altitude limit for scooping in the 
continuum flow region is imposed by the power 
requirement of the air compressor and is at 
approximately 360,000 ft. 


Vehicles Using a Solar Energy Converter 

The use of solar radiant energy for the genera- 
tion of electric power has many advantages. 
(See Section 8.) The overall vehicle design has 
the shape shown in Fig. 1.3 (c): a long solar 
collector follows the rest of the vehicle 

The design of a vehicle using a solar converter 
is more restrictive than that of a nuclear reactor 
system. The converter requires a very large 
area in order to produce an appreciable amount 
of power, and, thus, has a correspondingly large 
atmospheric drag. The coupling of the electric 
power generation to the drag force results in a 
decrease of the drag factor with altitude, a fact 
which is in contrast to the results for nuclear 
powered vehicles. (See Fig. 5.6.) It will be shown 
that the drag factor of a solar powered scooping 
vehicle can never exceed a value of 2. Thus, a 
lower altitude limit exists for scooping with the 
aid of solar energy. For any reasonable design 
this limit is likely to be above the range from 
320,000 to 360,000 ft. which was found adequate 
for nuclear powered scooping vehicles 

The total energy required by the vehicle to 
operate for an orbit period is obtained by 
combining equations (3.8) and (4.3). For A 4, 
one obtains 


m, v2, FP 


(1 e){1 — (4m/m,)} 


Ayr 


(4m/m,)} 


5.8) 


2n,(1 
where the scooping time +, may be equal to or 
smaller than the orbit period +, depending on the 
orbit geometry. The total energy FE, must be 
equal to the electric energy which is delivered by 
the solar converter during one orbit period 


C, — 1-4 kW/m? = solar constant outside the 
Earth’s atmosphere: », is the converter efficiency: 
and A, is the converter area. Neglecting the 
vehicle surface against the area of the solar 
converter, and noting that the collector area A, 
in equation (5.9) is one half the wetted area A, 
of the converter. one may eliminate the areas in 
equations (5.8) and (5.9) with the aid of equation 
(5.2). The resulting relation may be solved for 
the drag factor F p: 

Fa = K (5.10) 
with 


AIm/m, + 


T 


5.10: 
Te] (5.10a) 


Equation (5.10a) holds for scooping in the free 
molecule flow regime. Note that the drag 
factor does not depend on the altitude nor on / 
For continuum flow, inter- 
actions” cannot be avoided because of the large 
length L of the converter. and K becomes 


strong “pressure 


K 


Am/m, + | 


(5.10b) 


An inspection of equation (5.10) shows that 
K can have a minimum value of 2 (for which 
Fp — 2). Therefore. if the parameters within 
the large brackets of equation (5.10b) 
fixed (with the exception of the density p-), 
there is a minimum possible length L for a given 
altitude (i.e. p~). Now. if this length is kept 
constant and the altitude is increased (and the 
scooping area is properly adjusted), A increases 


are 


and the drag factor decreases. 

Figure 5.7 shows the variation of Fy» with 
altitude. The following assumptions were made 
in the calculation of the curves: », — 0-12, 
n, — 0-75, « = 0-25, dm/m, = 0-22, and +/r 
50 and | for operation in the continuum and 
free molecule flow region, respectively. It is 
obvious that scooping in the continuum flow 
region is completely unpractical. Prohibitively 
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long converters had to be used, even for the most 
favorable case using highly elliptical orbits. On 
the other hand, operating in the free molecule 
region would result in low drag factors. 

Because of the large difference in drag for 
continuum and molecule flow, it is im- 
portant to determine the proper flow as a 
function of altitude. The important parameter 
that determines the flow regime is the mean free 
path at the surface, compared to a characteristic 
body dimension. This body dimension is the 
length of the vehicle proper rather than the 
converter length because in complete free 
molecule flow the ratio of the width of the vehicle 
to converter length must be not much smaller 
than |. It should be noted that the height of the 
vehicle does not enter these considerations. 

It can be shown that it is very difficult to 
achieve completely free molecule flow at altitudes 
below 550,000 ft. Unfortunately, little is known 
about the flow in the border region of free 
molecule flow and continuum flow: hence, it is 
not possible to determine the lowest possible 
altitude at which a reasonable vehicle design 
can be achieved. A design for this flow regime 


free 
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Fig. 5.7. Drag factor Fp versus altitude for solar-powered scooping vehicle. L 
Dashed lines are for continuum flow (strong pressure interaction) and solid line is for free molecule flow 
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solar converter length 


must await further research. The curve for free 
molecule flow in Fig. 5.7 just serves to represent 
a lower bound for the drag coefficient and may 
not be near the actual situation in the range of 
indicated altitudes. 


6. THE LIQUEFACTION AND STORAGE 
OF ATMOSPHERIC GASES 


Liquefaction 


If air scooping is performed in circular orbits. 


air liquefaction is straightforward and may be 
achieved by means of commercially available 
liquefaction units. It should be noted, however, 
that the pressure of the air before liquefaction 
must be above 10 cm Hg, the pressure at the 
triple point of Ng. 

In case of gas liquefaction in elliptical orbits 
the procedure is more complicated. Since the 
power generation proceeds at a uniform rate, the 
average weight of gas collected per orbit revolu- 
tion is nearly independent on the orbit geometry. 
This requires the liquefaction of a large surge of 
air around the perigee altitude. In order to 
permit continuous utilization of the liquefaction 
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machine, it is proposed that the machine should 
not be used to liquefy the air directly. Instead, it 
freezes continuously some material which has a 
freezing temperature just below the liquefaction 
temperature of air. The latent heat contained tn 
this phase change can then be used for air 
liquefaction, with the use of a heat exchanger 
with the incoming air 

Calculations show that only a small fraction 
of the total electric power is needed for air 
liquefaction. The radiation area required for the 
liquefaction machine heat sink is approximately 
equal to the radiating surface of the air cooler. 


The Storage of Cold Liquids 
The construction of lightweight fuel tanks as 
well as the handling of cold liquids is straight- 


forward. More complex is the separation of 


oxygen and nitrogen. However, if chemical 
collection is used, there is no need for such a 
separator 

Another important problem is the design of a 
lightweight insulation. Since the atmospheric 
density is very low along the orbit of the vehicle, 
heat conduction or convection through the air is 
negligible compared to heat radiation and heat 
conduction 

A lightweight radiation shield could be made 
of a large number of thin, highly reflective layers 
(e.g.. thin mylar sheets coated on both sides 
with silver or aluminum). Since the foils are 
very thin (of the order of 0-001 in. or less), a 
system of support grids or spacers is required to 
keep them apart, In this case heat conduction 
takes place only through these spacers. If n 
radiation shields are interposed between the 
storage tank (at temperature 7) and the vehicle 
surface which has a temperature 7,, the heat 
flux g from the surface to the tank ts 


in + IMA, + AD) 


Ts +- (1) 


where A. is the area of the metalized surface of 
a single foil; « is the emissivity; o is the Stefan- 
Boltzmann constant: A, is the sum of the cross 
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sectional areas of all spacers between two foils: 
d and k are the length and thermal con- 
ductivity of the spacers, respectively. The first 
term within the large brackets ts due to heat 
radiation while the second term shows the 
contribution of heat conduction to the total 
heat flux. Since the heat flux due to radiation 
alone represents the lower limit to the heat 
transmission, the quality of the insulation ts 
indicated by the ratio 


2—e« k/d 4 


6.2 
TMT? +7) A, 


In a practical case, « — 0-02, k =8 = 10°! 
Wicm C, d= 1 mm, 7, 80K. Requiring 
G. > q,. then the upper bound to the area 
ratio A,/A, becomes 2:6 « 10-4 to 1-75 10 
for the range of surface temperatures from 
300 K to 600 K 

The above example shows that it is not easy 


to design highly effective insulations. However, if 


only oxygen has to be stored for subsequent 
delivery to other spacecraft, the storage facility 
can be designed as suggested in Fig. 1.2. Oxygen 
is stored inside a nitrogen storage tank of 
relatively small capacity 
then permits a perfect insulation for the oxygen 
tank. Since, in circular orbits, the evaporation 
rate of nitrogen is substantially the same as the 
liquefaction rate, the heat flux from the vehicle 
surface to the nitrogen tank can be relatively 


The nitrogen vessel 


large: 
0-39 h m, 


63 
A (9.9) 


h, is the heat of vaporization of nitrogen: + is 
the orbit period: L is the length of the 
cylindrical nitrogen tank. The side walls of the 
tank are assumed to be equal to A,. Equation 
(6.3), together with Fig. 2.2, exhibits the fact 
that at lower altitudes, where insulation would 
be more difficult to achieve, the heat flux may 
be larger than at higher altitudes. Calculations 
with the earlier used values show that the 
insulation problem is trivial in the lower 
operating altitude range (up to 360,000 ft). 
When scooping is abandoned and the air 
scooping vehicle has to meet another spacecraft 
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q, eo (T, + 
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to deliver the stored oxygen, the nitrogen in the 
outer tank is used for the rendezvous maneuver. 

In case of chemical collection it is proposed 
to conduct the nitrogen directly from the 
adsorber to the propulsion system. 


7. PROPULSION SYSTEM 


According to the results of Section 3, the 
propulsion device must have a specific impulse 
in the range from 1000 to 1800 sec. Since the 
scooped gases must provide the propellant, the 
molecular weight of the exhaust gases is relatively 
high and precludes propulsion by merely heating 
the gas in some heat exchanger before it is 
expanded. 
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energy stored in dissociation and ionization will 
not be converted into directed kinetic energy 
during expansion in the thrust nozzle and must 
be accepted as a loss. Since the efficiency due to 
this frozen expansion loss alone is less than 
40 per cent, the arc jet is unsuitable for 
propulsion of the air scooping vehicle. 


MHD Low Temperature Accelerator 

The device that seems most attractive as a 
propulsion system for the proposed vehicle is the 
MHD low temperature accelerator“) because 
the frozen expansion losses are small. A 
schematic representation of the accelerator is 
given in Fig. 7.1. MHD forces are utilized to 
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Instead, an electrical propulsion system must 
be used to achieve the desired exhaust velocity. 
There are three types of devices which use 
electrical energy to produce high exhaust 
velocities: the arc jet, the ion rocket, and 
magnetohydrodynamic (MHD) accelerators. 

The ion rocket does not operate efficiently 
below several thousand volts accelerating 
potential because of space charge limitations 
and beam defocusing. The fact that much 
smaller accelerating potentials (less than 100 
V) are required to give nitrogen specific 
impulses up to 1800 sec clearly rules out the ion 
rocket. 

In the arc jet, the gas is heated during passage 
through the electric arc and can be made much 
hotter than the chamber walls. Thus, there is the 
possibility of achieving the desired stagnation 
enthalpy. However, a side effect of such an 
enthalpy increase is found in molecular dissocia- 
tion and multiple ionization of the atoms. The 


Fig. 7.1. Schematic drawing of low temperature magnetohydrodynamic accelerator. 


accelerate a gas to the required stagnation 
enthalpy. This is possible if the gas is a con- 
ductor. To achieve the desired conductivity in 
nitrogen, a small amount of an easily ionizable 
material is added, such as an alkali metal vapor, 
and the nitrogen is heated in an electric arc to a 
temperature of approximately 5000°K. Upon 
leaving the arc chamber, the gas is choked in a 
nozzle and accelerated to a moderate supersonic 
speed. The nozzle is followed by the acceleration 
chamber which may be a straight duct of rect- 
angular cross section. Field coils produce a 
magnetic field across the duct, perpendicular to 
the plane of the paper. A d.c. electric current is 
passed through the gas between the electrodes 
along the top and bottom of the duct. In the 
presence of the magnetic field this current will 
produce a force which accelerates the gas along 
the duct. The gas temperature can be kept low 
during the acceleration. In fact, any effect of the 
Joule heating of the gas by the electric current 


| 
ANODE 
| 
| 
4 
‘4 


180 


may be canceled continuously by expansion so 
that the static temperature is constant through- 
out the duct. Thus, the frozen expansion losses 


would be negligible since only a small amount of 


energy is invested in ionization and dissociation 
It should be mentioned that the term “low 
temperature acceleration” has to be understood 
in a relative sense. While the static temperature 
of the propellant in the accelerator is small 
compared with the exhaust stagnation tempera- 
ture of 16,000 K. it must nevertheless be 
chosen sufficiently high to insure a_ sufficient 
electric conductivity and high sound speed. 


Basic Engine Parameters 
The analysis of the basic phenomena in the 
MHD accelerator is quite simple and can be 
started with the equations of continuity, 
momentum, and energy of a steady, one- 
dimensional flow (neutral plasma) which ts 
subject to heating (per unit mass) 
do J 
di po (7.1) 
and on which body forces act which are given by 


JB 


p 


(7.2) 
(\ force in direction x parallel to the channel 
axis and acting on a unit mass of gas.) J is the 
electric current density which is associated to the 
electric field &. The latter is produced by the 
electric potential which is applied at the elec- 
trodes. p and o are the density and conductivity 
of the neutral plasma. In the case of flow in a 
magnetic field B, as shown, Ohm’s law has the 


form 
j= df uB) (7.3) 


where w is the gas velocity. The operation of this 
thrust chamber can be evaluated with the aid 
of the three basic flow equations, the equation 
for a perfect gas, and equations (7.1), (7.2), and 
(7.3). One may derive the following relations for 
the special case of isothermal acceleration in a 
constant area channel 
E 


(7.4) 
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1 du 1 dM yM oB* 


(7.5) 
u dx WU dx (yM?* 1)? pu 


where y is the ratio of specific heats of the gas and 
V is the flow Mach number. Noting that pw ts 
constant, the length / of the accelerator ts 


p 
2 In| | (7.6) 
1 


provided that oB? is kept constant throughout the 
channel. The subscripts | and e denote condi- 
tions at the entrance and exit of the acceleration 
channel 

It should be noted that it is not possible to 
choose any arbitrary value of p and B because 
of a phenomenon sometimes called “ion slip” 
lon slip may occur because a gas is not a rigidly 
connected continuum, but rather a collection 
of nearly independent particles which are loosely 
bound together by collisions. When the ratio of 
the magnetic field strength to the gas density 
exceeds a certain value, then the ions (which 
alone experience the electromagnetic force) slip 
through the neutral gas and do not transmit the 
accelerating force. The limit imposed by ion 
slip is found to be 


p B 


(7.7) 
Do 100 


where p, is the gas density at sea level and the 
magnetic field strength B is given in Wb/m* 

If a gas temperature of 5000 K is chosen and 
the nitrogen is seeded with | per cent potassium. 
the conductivity and speed of sound of the 
plasma are approximately 1000 mho/m and 
1320 m/sec, respectively. Introducing also a 
magnetic field strength B — 2 Wb/m®* (which is a 
limit imposed by the saturation of ferromagnetic 
materials) the length / of the accelerator becomes 
approximately 1-2 m if equation (7.7) is intro- 
duced into equation (7.6), and if a specific 
impulse of 1000 sec is chosen. It appears that a 
reasonably compact propulsion device may be 
built. The operating conditions for optimum 
performance have not been determined and 
would require a complete analysis permitting 
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the variation of the channel area and the gas 
temperature. 

Another parameter of interest is the power 
which acceptable engine efficiencies 
can be achieved. Since the power consumption 


level at 


of the electric are is small compared with the 
required thrust power and because the ioniza- 


tion losses are also very small, one has to 


consider primarily the voltage drop across the 
electrodes and the wall losses when computing 


the efficiency of the propulsion system. An 
“electrode efficiency” may be defined by 
V, hE 
tv, 


where }, and V,, are the voltage drops across 
gas and electrodes, respectively; / is the distance 
between the electrodes: F is the average 
field which be obtained by 
integrating E over the channel length. With the 


electric may 


aid of equations (7.4), (7.5) and (7.6). one 
obtains 
if 
E dx 
a : (7.9) 
MM? 1; l/yM?)— 


if one imposes the boundary condition x — 0 
1. For the already used quantities 
i 14.600 / volts, where / is in metres. The 
voltage drop in the electrodes is of the order of 
25 V 
of at least 85 per cent the distance / must not be 
less than 1-0 cm 


Thus. requiring an “electrode efficiency” 


The average heat transfer to the wall has been 
estimated by assuming a wall temperature of 
1000 K and by neglecting the distortion of the 
flow field in the boundary layer by electro- 
magnetic forces. It was found: ¢ ~ 200 W/cm®. 
Defining a “wall loss” efficiency by 

Ap, 
Ap, hu? + A 
where , A h and Ap,4u3 is the ideal thrust 
power, the wall efficiency becomes for A — | cm?: 
" 89 per cent. The total efficiency of the 
accelerator is now 


(7.10) 


Net Ne 75 per cent (7.11) 
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The ideal thrust power is approximately 
8 = 10° kW, corresponding to a_ propellant 
weight flow rate of 1-6 « 10°? kg/sec or approxi- 
mately 180 Ib per orbit revolution. 

The above calculation assumes that the propul- 
sion device is in operation continuously. If the 
scooped nitrogen is used as propellant, the 
vehicle weight would be approximately 50,000 Ib 
if the weight-doubling time is 60 days. Such a 
large vehicle is not practical. 

It is concluded that the flow in the propulsion 
device must be pulsed, whereby the accelerator 
should be in operation during not more than 
10 per cent of the time if the vehicle weight shall 
not exceed 5000 Ib. The time intervals of opera- 
tion must be long enough to permit steady 
state operation. In case of scooping in elliptical 
orbits, no difficulties are expected from the point 
of view of engine size. 


8. ELECTRIC POWER SUPPLY SYSTEMS 
Energy Sources and Electric Generators 


A long operating life is only possible if either a 
nuclear reactor or a solar energy converter is 
used 

Nuclear reactors permit a compact design 
The atmospheric drag on the vehicle can be made 
small. Their disadvantage arises mainly in 
manned flights where massive radiation shielding 
would be required. This shielding of personnel 
in spacecraft receiving the liquids is also to be 
considered. Among the systems which convert 
the reactor’s heat energy into electrical energy 
the closed cycle heat engines and turbogenerators 
are the best developed at the present time. It 
must be noted, however, that heat engines for 
space flight cannot match their counterparts on 
the ground because they must reject waste heat 
through radiation at relatively high temperatures 
Another objectional feature of these units is 
the existence of rotating parts which could set a 
limit to the maximum operating temperature and 
to the reliable (unattended) operating life 
Futuristic estimates of the specific weights for 
complete turboelectric generation systems vary 
from 5 to 20 Ib/kW, and overall efficiencies of 
not more than 20 per cent are indicated. 
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Figure 8.1 shows the ratio of the length of the 
power supply radiator to the vehicle radius as a 
function of perigee altitude for various orbit 
geometries and radiator temperatures of 750 
and 1500 F. The following assumptions were 
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moving parts are used, such as thermionic 
emission generators or plasma thermocouples 
These devices as well as MHD generators could 
be available in the near future 

Converters of solar energy are interesting 


m 


350 


PERIGEE ALTITUDE 


Fig. 8.1. Length of cylindrical radiative surface of electric energy supply system to vehicle radius as a 
function of perigee altitude for various orbit geometries and surface temperatures 


made: efficiencies of power supply system and 
propulsion system, 20 per cent and 75 per cent, 
respectively; fraction of total power used for 
other than propulsive purposes, 25 per cent: 
emissivity of radiator surface, 0-9; time of one 
orbit, 90 minutes. It should be mentioned that 
heat rejection at a temperature of 1500 F is 
possible only if energy conversion units with no 


because they do not present radiation hazards. 
In addition, direct conversion systems—the 
solar battery (silicon cell) and the photoelectric 
emission converters—are simple and will 
probably be used extensively in space flight. 
Their long life operation in satellites has already 
been demonstrated. 

For large collection areas, the specific weight 
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of solar batteries is approximately 50 Ib/kW, 
of which 30 Ib/kW are due to the basic unit 
weight and 20 Ib/k W are invested in the structure. 
The conversion efficiency is approximately 12 per 
cent. Other direct conversion systems such as 
photovoltaic and photoelectric converters show 
promise but have not yet been developed fully. 

A literature survey has shown that at the present 
time considerable developmental work is being 
done in the field of electrical supplies for space- 
craft. It appears that in the near future power 
supplies with a specific weight of as little as 5 Ib 
kW may be expected, especially in case of larger 
power supplies. According to Fig. 4.1, such a 
value may lead to weight-doubling times of less 
than 20 days! 


9. SUMMARY AND CONCLUSIONS 


The purpose of this paper was to describe a 
satellite vehicle that could collect atmospheric 
gases. The economic merits of this system were 
investigated and a preliminary feasibility study 


was made by evaluating the performance of 


various types of air scooping vehicles and their 
components 

Air scoopi>2 may be performed in circular or 
elliptical orbits and the required energy can come 
from either a nuclear reactor or a solar converter 

The investigation showed that scooping in 
circular orbits is better both for the economical 
advantage and for the relative simplicity (and, 
hence. reliability) of the system. 

Air scooping was found feasible at altitudes 
slightly below 300,000 ft and higher if the 
vehicle operates in an elliptical orbit. Operation 
in circular orbits is confined to altitudes larger 
than 320.000 ft. 
equipped with a nuclear energy source, it may 
operate at all indicated altitudes. Solar-powered 
vehicles may not scoop below approximately 
550.000 ft unless they operate in elliptical 


If the scooping vehicle is 


orbits 

At all feasible altitudes the scooped air was 
found to have a pressure wnich is too small for 
liquefaction. Hence, a means for the compression 
of the air must be incorporated. A conventional 
efficiently at altitudes 


compressor operates 
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below 360,000 ft. At higher altitudes a special 
scheme, involving surface adsorption of 
atmospheric gases, must be used 

A propulsion system must produce the thrust 
which is required to balance the atmospheric 
drag of the vehicle. An MHD accelerator of 
nitrogen was found best suited for achieving the 
required specific impulse in the range from 
1000 to 1800 sec. 

The collection of atmospheric gases and subse- 
quent delivery to other spacecraft represents an 
alternative to launching liquid oxygen or air into 
orbit from the surface of the Earth. The two 
methods were compared on an economic basis 
It was shown that the cost per weight of delivered 
liquid decreases with the operating life of the air 
scooping vehicle. After the vehicle has collected 
an amount of oxygen (or air) equal to approxi- 
mately twice its own basic weight (breakeven 
time), both methods lead to the same supply 
costs. When operated beyond this time, the 
proposed vehicle affords substantial savings in 
cost. It is expected that nuclear-powered vehicles 
have an operating life of approximately one 
year and solar-powered vehicles could operate 
for several years, particularly if periodically 
serviced 

The weight-doubling time (which is approxi- 
mately one half the breakeven time) was found 
to depend strongly on the specific weight of the 
electric power supply system a and the drag 
factor Fy. Realistic estimates are a = 10 to 
30 Ib/kW and Fp 
even time of from 66 to 200 days. 

It is noted that areas that require basic research 
are in chemical collection methods and high 
altitude flight. An MHD accelerator for nitrogen 
must be developed before an air scooping 
vehicle can be built. 


1-25, resulting in a break- 
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Abstract—The characteristics of 90 per cent hydrogen peroxide feed systems and thrust chambers 
capable of providing the forces to control the attitude of space vehicles are presented. A comparison of 


HYDROGEN PEROXIDE ATTITUDE CONTROL SYSTEMS 


WILLARD SANSCRAINTE 
Engineer, Rocket Engineering Department, Bell Aircraft Corporation 


conventional jet reaction attitude contro! systems shows that the 90 per cent hydrogen peroxide system 
is considerably lighter than a nitrogen stored gas system and competitive weightwise with other mono- 
propellant and bipropellant systems. The physical characteristics of 90 per cent hydrogen peroxide are 
reviewed and comments are made concerning materials which are compatible with the monopropellant. A 
typical control system schematic is presented. Sketches of hydrogen peroxide thrust chambers show a 
flexibility of configuration and thrust level. Reliable chamber starting can be obtained from the upper 
environmental temperature limit of 140 F down to 20 F. The start delay at 40 F propellant and hardware 
temperature is a maximum of | second for chambers in the 25 to | Ib thrust range. When a thrust chamber 
body temperature is above 150 F completely reproducible pulses with a start delay of 50 msec or less are 
obtained. Operation for periods of accumulated run time up to 15 min has little effect on the thrust 
output of a unit. Operation with propellant feed temperatures of 140 F will accelerate a reduction of 
thrust with operating time. Some increase of the start delay when both chamber and propellants are at 
reduced temperature is noted after 15 min of running but starting characteristics and pulse reproduci- 


bil ty with the bed at 150 F or above ts unaffected 


INTRODUCTION 
One method of providing attitude control 
for high altitude or space vehicles is the 
utilization of the forces developed by small 
hydrogen peroxide monopropellant thrust cham- 
bers. The essential operating characteristics and 
component configurations of hydrogen peroxide 
attitude control rockets and the monopro- 
pellant feed systems will be given in this paper. 
First, a review will be made of the vehicles which 
have utilized, or which will employ, H,O, atti- 
tude controls. Then a summary of a recent paper 
which compared a 90 per cent hydrogen per- 
oxide control system with similar systems utiliz- 
ing other propellants is presented to complete 
the introduction to the subject 
The need for a means of space vehicle attitude 
control arose in 1953. In that year, the X-1 
aircraft reached altitudes where conventional 
aerodynamic surfaces could no longer provide 
sufficient attitude control. Because of the 
efficiency and relative simplicity of small 90 per 
cent hydrogen peroxide thrust chambers, they 
were selected as the means of providing the 
required control forces. Seventy-five pound 
thrust hydrogen peroxide rockets were installed 
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The work which has been done and that in progress 
will provide completely reliable 90 per cent hydrogen peroxide attitude control systems for orbital vehicles 


in the wing tips and fuselage of the X-1B. The 
successful operation of the X-IB thrust cham- 
bers and feed system led to the adoption of a simi- 
lar system to provide attitude contro! for the 
X-15. Hydrogen peroxide control systems have 
been incorporated in projects MERCURY, CENTAUR, 
VEGA and scout. Each of the four vehicles will 
have ten or more hydrogen peroxide rockets 
with a range of thrust from | to about 100 Ib 
The attitude controls will provide some or all 
of the following functions: 

(a) Vehicle orientation for firing of upper pro- 

pulsion stages. 

(b) Initial stabilization in orbit 

(c) In orbit attitude control 

(d) Alignment for retrorocket firing 

(e) Attitude control during the initial phases 

of re-entry. 

Conventional jet reaction control systems were 
discussed in a paper given at the American 
Rocket Society’s Controllable Satellite Confer- 
ence in May of this year.) Typical attitude con- 
trol systems utilizing anhydrous hydrazine, 90 
and 99 per cent hydrogen peroxide, nitrogen 
gas and a bi-propellant combination of in- 
hibited red fuming nitric acid-unsymmetrical 
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dimethyl hydrazine were compared on the basis 
of total system weight versus total impulse. 
Each system consisted of six 50 Ib and six | Ib 
thrust chambers and the applicable tankage and 
valving. The weight comparison was based on the 
estimated specific impulse, ignition power re- 
quirements, and other design criteria presented in 
Table 1. The specific impulse of the IRFNA- 
UDMH._ bipropellant combination shown in 
Table | was assumed to be limited to 200 sec to 
allow repeated thrust pulses of extended dura- 
tion from the small, uncooled rockets. It was 


also estimated that an average of 100 W of 
electrical power would be required for each 
hydrazine rocket to initiate combustion and also 
that the 100 W would be required continuously 
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Table |. Estimated Thrust Chamber Data 


50 and | Pound Thrust Chambers for Attitude Control Systems 
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(c) Because of its ignition power requirements. 
the weight of an anhydrous hydrazine 
monopropellant system is dependent on the 
period during which attitude control is 
desired. The hydrazine system is no longer 
competitive with a 90 per cent H,O, sys- 
tem if the period of attitude control is 
longer than a few hours. 

The nitrogen stored gas system is off the scale 
of Fig. |. Its weight is 4 to 5 times that of a 90 
per cent H,O, system in the total impulse range 
considered. 

Of the systems compared, only the nitrogen 
and 90 per cent hydrogen peroxide have actually 
been used for the thrust chambers 
required for space vehicle attitude control. The 


small 


Chamber pressure, psia 
Nozzle exit area ratio 12 


Characteristic velocity 1322 
Approximate chamber temperature, 
F 0 
Approximate chamber characteristic 
length 10 
Specific impulse (~ altitude) 68 
Ignition power requirements, watts 


(per chamber) 0 


Nitrogen 


IRFNA- 
UDMH 


Hydrogen Peroxide 
90°, 99°, 


Hydrazine 


250 250 250 250 
15 18 20 20 

3040 3380 4265 
1360 1820 1610 1900 
30* 30* 200 40 
160 180 220 200 
0 0 100 0 


* Includes catalyst bed 


during the period of attitude control to provide 
rapid pulsing of the units. The weight comparison 
of the monopropellant and bipropellant systems 
is presented in Fig. | and can be summarized as 
follows: 


(a) The bipropellant and 99 per cent H,O, 
systems were essentially equal in weight in 
the total impulse range of 4000 to 20,000 
Ilb/sec. 

(b) The 99 per cent H,O, and bipropellant 

systems are lighter than the 90 per cent 

H,O, system. The weight difference is about 

8 Ib at 4000 Ib/sec and 25 Ib at 20,000 Ib/sec 

of total impulse. 


No H4—4HOUR 90% > 
TOTAL SYSTEM WEIGHT-L® arriTUDE CONTROL PERIOD 
| f | r-99% 
| | | | 
150 = + + 
+ IRFNA 
100 
90 
80 
60 ++ } |_| 
50 | | 
4 6 8 10 2 \4 16 18 20 


TOTAL IMPULSE X1O"3 LB SEC 


Fig. |. Attitude control system weight versus total 
impulse. 
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desirable features of the nitrogen system, fast 


thrust response at a wide temperature range of 


operation and unlimited storability, can be 
gained only at the sacrifice of low system weight. 
Only preliminary work has been done with 
99 per cent H,O,. The ignition and performance 
problems with hydrazine present an area 
for additional development before that mono- 
propellant could be used in an attitude control 
system. The characteristics of small bipropellant 
rockets in the range of thrust and operation re- 
quired for attitude control are unknown to the 
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Table 2. Physical Properties of 90 per cent H,O,') 


injected into a thrust chamber containing a 
suitable catalyst, the monopropellant decom- 
poses rapidly into superheated steam and oxygen. 
Some of the more important physical proper- 
ties of 90 per cent hydrogen peroxide are pre- 
sented in Table 2. The monopropellant cost is 
50 to 60 cents per pound for quantities of 300 
lb and above and the current capacity for its 
manufacture exceeds the present demand. The 
propellant is normally shipped in 300 Ib drums 
or in railroad tank cars under I.C.C. regulations 
for corrosive liquids. 


Density at 68 F 


Viscosity at 64-4 F 
Vapor pressure at 86 F 
Freezing point 


1:39 

11-62 Ib/gal 
1-30 centipoises 
5mm Hg 

12°F 


(Note: When frozen solid contracts by 


11°, of liquid volume) 
Normal boiling point 
Heat of vaporization 
Heat capacity, 0-18-5 C 
Surface tension at 64-4 F 


284 F 

590 B.t.u./Ib 
0-58 cal/g- 
75-53 dynes/cm 


writer. Ninety per cent hydrogen peroxide 
rockets and feed systems have demonstrated 
performance and the storability characteristics 
which are adequate for the present and immedi- 
ate future of space vehicle attitude control. 

The presentation of the essential operating 
characteristics and component configurations 
of the 90 per cent H,O, attitude control system 


will begin with the physical characteristics of 


90 per cent hydrogen peroxide and the materials 
which can be used for H,O, feed systems. Follow- 
ing this, a typical attitude control system and 
thrust chamber configuration will be presented 
and discussed. The last section will consist of a 
review of the performance and life character- 
istics of the hydrogen peroxide thrust chambers. 


PROPELLANT CHARACTERISTICS 
Ninety per cent hydrogen peroxide is a clear, 
colorless solution consisting of 90 per cent 
H.O, and 10 per cent water (by weight). When 


Because hydrogen peroxide decomposes slow- 
ly during storage, the measure of that rate of 
decomposition becomes a property of the mono- 
propellant. One measure of the rate of decom- 
position is referred to as the “stability” of the 
hydrogen peroxide. The stability is determined 
by subjecting a vented sample of H,O, in a 
glass container to a 212 F environment for a 
period of 24 hr. The active oxygen loss, that is. 
the weight ratio of oxygen evolved to the weight 
of oxygen which would be evolved if all the 
H,O, were to be decomposed, is the measure of 
stability. The maximum allowable oxygen loss ‘ 
is 5 per cent for 90 per cent H,O.,. 

Hydrogen peroxide liquid and vapor are non- 
toxic. No permanent damage to human skin 
has been observed from exposure to hydrogen 
peroxide. In fact, if the contact with the skin is 
relatively short only a temporary bleaching 
results. However, hydrogen peroxide liquid can 
cause severe eye damage. Additional information 
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concerning the physical characteristics of 90 per 
cent hydrogen peroxide can be found in the 
literature. 

Materials which are compatible with hydrogen 
peroxide include glass, pure aluminum, some of 
the aluminum alloys, 300 series stainless steels, 
tin, Teflon, some of the silicone rubbers, poly- 
ethylene and other plastics. Listings of materials 
which have been evaluated for H,O, service are 
available. ‘*. '°. ™ Ref. 9 gives the relative merit 
of each material by reporting the amount of 
decomposition caused by standard sample sizes 
exposed to hydrogen peroxide at one or more 
temperatures. The materials which have demon- 
strated adequate compatibility with hydrogen 
peroxide are sufficiently diverse in physical char- 
acteristics to permit the design of all the compo- 
nents, valves, pumps, tanks, expulsion bladders, 
lines, etc., for any type of hydrogen peroxide 
feed system. 

After the proper materials have been selected, 
care must be taken in material manufacture to 
provide the most favorable surface finish and 
to prevent contamination of the surfaces by 
impurities. Material and cleaning passivation 
procedures" must be closely followed. For 
example, a 304 stainless steel valve body made 
from bar stock is usually superior to a body 
made from a casting, since the casting may have 
inclusions of incompatible material. If the valve 
body interior is polished or machined smooth, 
the body is more compatible because of the 
reduction of total wetted surface area. The rate 
of decomposition is directly proportional to the 
surface area of the part exposed to H,O,,. 
Passivation of the valve body would be accom- 
plished in a series of steps including degreasing. 
immersion in nitric acid for 4 to 12 hr, condi- 
tioning in 35 per cent H,O, for 12 hr and 
conditioning in 90 per cent H,O, for 24 hr. 
During the 90 per cent conditioning the amount 
of oxygen evolved would give a measure of the 
component compatibility. The passivation pro- 
cess would have to be repeated if the average 
oxygen evolution rate is found to be too high. 

Other materials are more easily passivated than 
300 series stainless steel, but other problems such 
as corrosion of the aluminum alloys and electro- 
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lytic attack when dissimilar metals are used 
require special material preparation and com- 
ponent design. In general, considerable manu- 
facturing and passivation experience is required 
to utilize materials known to be compatible in a 
H,O, feed system. It must also be emphasized 
that except for the relatively small number of 
materials which are compatible with H,O, most 
other metals and solid materials can cause rapid 
decomposition of H,O, which could result in 
pressure rupture of containers, even when 
vented. Also, many liquid hydrocarbons and 
most hydrocarbon fuels will form an explosive 
mixture with hydrogen peroxide. 


SYSTEM AND COMPONENT 
CONFIGURATIONS 
A typical H,O, attitude control system schema- 
tic is presented in Fig. 2. A gas pressurization 
circuit includes a tank, fill disconnect, pressure 
regulating valve, relief and solenoid start 


FILL DISCONNECT © ® PRESSURE GAGE 


SOLENOID START VALVE 


VALVE 


PRESSURE REGULATING 
VALVE 


BJ MANUAL VENT VALVE 
EXPULSION BLADDER 
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FILL VENT DISCONNECT 
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HIGH-THRUST CHAMBERS LOW-THRUST CHAMBERS 


Fig. 2. Schematic of hydrogen peroxide attitude 
control system 


valves. In a manned vehicle, a gas 
pressure gage could be used to give an approxi- 
mate indication of the total impulse remainng 
in the system. The propellant tank is fabricated 
from aluminum and contains a bladder to 
assure positive expulsion in any attitude or 
under weightless conditions. Compatible bladder 
materials are available which provide a 98 
per cent expulsion efficiency. A fill vent dis- 
connect is provided near the tank outlet so that 
air trapped in the propellant fill line can be 
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vented when the propellant is loaded. A manual 
vent valve is installed on the gas side of the tank 
to vent a low gas pressure which would be used 
to collapse the bladder prior to propellant filling. 
The thrust chambers supplied through 
individual solenoid-operated feed valves. In- 
line feed are 
available for H,O, service. For the cases where 
throttled operation is required only manual 
been developed 


are 


solenoid valve configurations 


proportional valves have to 
date 

Because of the measurable H,O, decomposition 
rate which occurs in the system, an ullage volume 


must be included in the propellant tank design 


INJECTOR ASSEMBLY — 
8 MOUNTING FLANGE 
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per week. As an approximation for the oxygen 
evolved in the H,O, feed lines and valves it can 
be assumed the O, evolved is equal to that ob- 
tained in the tank. The feed lines and valves 
contain propellant but possess 
higher surface to volume ratios and utilize 
less compatible materials than the tank bladder. 
Therefore, if the propellant tank contained 100 
lb of 90 per cent H,O, the weight of the oxygen 
evolution from the tank and feed system in one 
week would be (100 0-9 0-00602) about 
0-542 Ib or 0-0775 Ib in 24 hr. If the system is to 
remain completely filled and pressurized for 24 
hr at 100 F and it is desired to limit the partial 


much less 
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Fig. 3. 50 Ib thrust chambers. Nozzle exit area ratio 


to limit the pressure buildup due to the decom- 
position. If the propellant tank is spherical, its 
surface-to-volume ratio is essentially equal to 
the surface-to-volume ratio used in standard 
compatibility tests. Assuming that the bladder 
material is Teflon, or equivalent from the stand- 
point of compatibility, the active oxygen loss 
would be about 2-8 per cent per week at 151 F.‘ 
To obtain the active oxygen loss at some lower 
temperature, say 100 F, the 2-8 per cent would 
be divided by 9-3 as determined by the relation- 
ship given for the dependence of the decomposi- 
tion rate on the temperature of the H,O,.'*) 
At 100 F. then, the loss would be 0-301 per cent 
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pressure or pressure rise in the tank due to 
decomposition to 50 psi, the gas law dictates 
that an ullage volume of 503 in® must be pro- 
vided in the tank capacity. The volume of 100 Ib 
of H,O, at 100 °F is 2050 in*. The tank capacity 
would have to be increased 25 per cent for the 
case considered 

A wide variety of “catalysts” and catalyst con- 
figurations have been used for 90 per cent hydro- 
gen peroxide decomposition. The materials are 
not true catalysts; there is a weight loss pro- 
portional to the period of the reaction. During 
World War II the Germans used porous porce- 


lain stones impregnated with calcium, potassium, 
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or sodium permanganate in the Type 26 Walter 
submarine."“”) The 90 per cent hydrogen 
peroxide submarine propulsion cycle built in 
this country employed a silver catalyst. Silver 
screen, 20 and 40 mesh, has been used in disc 
and roll form. A variety of chemical treatments 
have been investigated to increase the activity 
of the silver screen. The addition of 50 parts 
per million of a wetting agent to the hydrogen 
peroxide has increased the reaction rate of silver 
catalysts but unfortunately, the wetting agent 
decreases the useful life of the catalyst bed. 
Platinum is cited as a good hydrogen peroxide 
catalyst.“® Bell Aircraft Corporation has 


embarked on a catalyst research program to 
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The small size of a | Ib thrust chamber is 
indicated. The chambers are machined from 
Stainless steel, usually type 304L. 


THRUST CHAMBER PERFORMANCE 

The nominal specific impulse of the thrust 
chambers corrected to infinite altitude conditions 
is 157 Ib sec/Ib based on a nozzle exit area ratio 
of 15:1. The /sp is based on nozzle efficiency of 
96 per cent which was altitude test results of a 
right angle nozzle thrust chamber. The expansion 
nozzle half angle was 18°. 

The starting delay of the hydrogen peroxide 
becomes an important consideration for the 
programing of attitude correction pulses from 


50-POUNDS THRUST 


improve the low temperature starting and life 
characteristics of hydrogen peroxide catalysts. 
Succeeding discussion of the thrust chamber 
performance characteristics is based on catalysts 
developed to date under that program. 

The low decomposition temperatures of the 
hydrogen peroxide and the flexibility of its 
catalyst allows many possibilities in the con- 
figuration of H,O, thrust chambers. Some of the 
configurations which have been tested are shown 
in Figs. 3 and 4. The conventional straight 
chamber and pintle nozzle designs are shown in 
Fig. 3. A one-inch reduction in chamber length 
is provided by the pintle nozzle design for the 
50 Ib thrust chambers. 50 Ib and | Ib thrust right 
angle nozzle chambers are presented in Fig. 4. 


Fig. 4. Hydrogen peroxide thrust chambers (right angle nozzle design). 


the vehicle autopilot. Measured from the time 
of application of electrical energy to the solenoid 
feed valve to the attainment of 75 per cent of 
rated chamber pressure, the starting delay ts 
dependent on several factors. The feed valves 
currently in use have an opening delay of approxi- 
mately 10 msec. The effect of the empty line 
between the feed valve seat and the catalyst 
screen within the chamber can be minimized by 
mounting the feed valve directly to the head of 
the chamber and by reducing the dimensions of 
feed passages through the valve and head. In 
cases where the feed valve must be located at a 
distance from the chamber, a check valve at the 
chamber will keep the feed line filled with pro- 
pellant. The chamber start delay is also a function 
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of the H,O, feed temperature and the temperature 
of the catalyst bed. The starting delay of thrust 
chambers in the 1-25 Ib thrust range vs. the 
propellant and hardware temperature is pre- 
sented in Fig. 5. The feed valve was mounted 
directly to the chambers. The starting character- 
istics shown in Fig. 5 are based on 142 start 


START DELAY - SECONDS 
24 


——90 % FREEZING POINT 


> 


variations in the catalyst preparation. The 
greatest variation was obtained when a second or 
third bed of the same thrust rating was packed 
with material from a different batch of catalyst 


Efforts are being made to reduce the spread of 


data 
The start delay tests indicated that the ratio of 
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Fig. 5. Start delay limits versus temperature— hydrogen peroxide thrust chambers 
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Fig. 6. | Ib thrust chamber pulsing tests 


delay tests. No failure to start was encountered 
although the freezing point of the propellant 
was approached. The data represent an advance 
in the state-of-the-art for 90 per cent H,O, 
without wetting agent 

The spread of the start delays shown in Fig. 
5 at a given temperature is due mainly to the 


rated flow to the cross-sectional area of the bed, 
or bed loading in Ib/in® min, had little affect 
on the start delay. The bed loading of some of 
the chambers was 19 and that for two different 
| Ib chambers was approximately 3 and 7. Also, 
some variation in the rated chamber pressure 
appeared to have no effect on the start delay. 
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One pound thrust chambers were run at 235 and 
300 psi Pc and similar start characteristics were 
obtained. 

The start delay of the hydrogen peroxide 
chambers is considerably reduced when the bed 
is warm from a preceding pulse. If the tempera- 
ture of the outside chamber wall is above 150° F, 
the start delay with 40°F propellant is less than 
50 msec with a feed valve which opens in 10 
msec. Fig. 6 shows an oscillograph record 
of pulse tests for a | Ib thrust chamber with the 
propellant maintained at 40°F during the tests. 
Timing lines indicating 0-1 sec intervals are 
included on the figure. The thrust chamber body 
temperature was 40°F before the first pulse, 
which was of 0-2 sec duration, as shown by the 
feed valve voltage trace. The pulse gave almost 


time between pulses was a half second. The 
first and hundredth pulses shown, and all 
intervening pulses, are nearly identical in shape 
and total impulse. The starting delay of the 
pulses is approximately 20 msec. Thus, rapid 
pulsing of a hot chamber gives fast response and 
completely reproducible results. Additional tests 
like those presented for the | Ib thrust chamber 
are required to determine the pulse duration and 
spacing to insure a given amount of impulse 
when the chamber is initially at a low tempera- 
ture. 

The residual impulse, the total impulse de- 
livered after the feed valve voltage has been in- 
terrupted, has been determined for 
thrust chambers. The residual impulse turned out 
to be equivalent to approximately 0-05 sec 


several 
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Fig. 7. 24 |b thrust chamber pulses. 


negligible thrust. After 25 sec a pulse of 0-15 
sec was made which gave 83 per cent of rated 
total impulse or 0-125 Ib sec. At the start of the 
second pulse the thrust chamber body tempera- 
ture read 51 F. After a second interval of 25 sec 
the third pulse was made. The body temperature 
had reached 144 °F just prior to the third pulse 
which gave a start delay of approximately 35 
msec and the total impulse was 92 per cent of 
rated. Pulses of 0-2 sec duration of a 24 Ib thrust 
chamber which was above 150 F from pre- 
ceding operation are presented in Fig. 7. The 


operation followed by an instantaneous drop of 
chamber pressure or thrust to zero. For example. 
a 50 Ib thrust unit has a residual impulse of about 
2:5 Ib sec. The 0-05 sec figure is based on opera- 
tion with the feed valve mounted directly to the 
thrust chamber. 

With a fixed feed pressure, any change in the 
fluid resistance of the catalyst bed changes the 
H,O, flow and consequently the thrust of the unit. 
The pressure drop across the bed increases 
with the total accumulated operating time. The 
life of a catalyst bed is usually defined as the 
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total accumulated running time during which 
the thrust is reduced a maximum of 3 per cent 
The increase of pressure drop across the bed is 
due in part to the loss of catalyst material from 
the upstream portion of the bed and its redeposi- 
tion toward the downstream end 
material is accelerated by operation with high- 
temperature propellant (above 140 F). The bed 
also acts as a filter for the aluminum and tin 
impurities in the hydrogen peroxide. Another 
cause of the increasing pressure drop is the 
reduction in the length of the bed. The bed loses 
some of its compressive strength due to the 
temperature of the decomposition. One method 
to reduce the bed compression is to operate with 
a low initial pressure drop across the bed by 
providing a relatively large cross-sectional area 
relative to the flow or a low bed loading, and by 
reducing the depth of the bed. Bed loadings in 
the range of 7 to 12 psim are desirable for long 
bed life but designs based on higher bed loadings 
give a smaller unit. Reducing the depth of the bed 
may comprise the low temperature starting 
Chambers with catalysts of 2 in. 
depths and operating at 18 psim bed loading have 


capability 


been run for 13-3 min within the thrust tolerance 
of 3 per cent. The running time was accumulated 
in 10 see bursts and 2000 pulses of 0-2 sec dura- 
tion. The life of chambers with lower bed loading 
will be evaluated in the near future. The effect of 
reduction of bed depth on life and starting delay 
will be evaluated also 

Test data show that the specific impulse of the 
rockets is unaffected by the bed life, at least to 
15 min of total run time. But the accumulated 
time does affect the chamber starting delay when 
both the chamber and propellant are at reduced 
temperatures. The delay 
presented earlier were obtained during the first 
few minutes of bed life. Fig. 8 presents a 
series of start delay data points for a | lb cham- 
ber at various periods of total accumulated 
running time. Each start test was of about 0-5 
sec running time so that the bed life remained 
essentially constant during the start tests. The 
first series of tests were conducted after | min 
of operation time and short delays were ob- 
tained. Starts of about 0-20 sec were recorded at 


start characteristics 
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The loss of 


40°F. After nine minutes of run time was 
accumulated by 10 sec firings and 0-2 sec pulses, 
five tests were conducted at about 40°F the 
first of which gave a 1-14 sec delay. The bed then 
appeared to recover somewhat and proceeded 
to give start delays in the 0-4-0-6 sec range. This 
recovery of start delay at 40 F after endurance 
testing has been noted with other chambers. A 
third series of start tests were conducted when 
the bed life had reached approximately 15 min. 
Two tests were made near 60 , two at 40° and 
two at about 30 F. The start delay had increased 
by a factor of about 4 as compared to the first 
series of tests at | min life. When the chamber 
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PROPELLANT FEED AND HARDWARE TEMPERATURE —*F 
Fig. 8. Start delay versus temperature—! Ib 90 per 
cent H2O> thrust chamber 
Start delay measured from feed valve voltage switch 
pip to 75 per cent of rated P- 
— after | min of run time 


— after 9 min of run time (1, 2—etc.—test 


sequence) 
— after 15 min of run time 


wall temperature is above 150°F. no change in 
start delay with life has been detected. 

The essential operating characteristics and 
component configurations of 90 per cent hydro- 
gen peroxide attitude control thrust chambers 
and the monopropellant feed systems have been 
presented. The work which has been done and 
that in progress will provide completely re- 
liable 90 per cent hydrogen peroxide attitude 
control systems for orbital vehicles. 
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SOME PROBABILITY THEORY ASSOCIATED WITH 
CLUSTERED-ROCKET FLIGHTS 


GEORGE MARSAGLIA 


Mathematics Research Laboratory, Boeing Scientific Research Laboratories 


Abstract—The primary purpose of this note is to provide the probability distribution of the amount of 
propellant remaining in a cluster of rocket engines at the times that the first and second burnouts occur 
In addition, various other random variables associated with the random behavior of the engines of a 


INTRODUCTION 

A common method for providing stages with 
very high thrusts in multi-stage rocket vehicles 
is to cluster a number of rocket engines to form a 
single stage. This note will discuss some of the 
probability theory related to the fact that the 
rocket engines in a cluster will not all burn out 
at the same time. 

In what follows, we will make these general 
assumptions: the m rocket engines under con- 
sideration will have burning times /,. fs. » & 
which are independent, normally distributed 
random variables with common mean m and 
standard deviation o. We suppose, further, that 
each of the rocket engines has the same initial 
weight w of propellant and that it will burn this 
propellant at a constant rate for the duration of 
its burning time. Thus the thrust, F,, provided by 
the ith engine will be proportional to w/1/,: 
F kw t,. The total impulse, F,7,, will be the 
same for every engine permitted to burn its full 
life 

These assumptions do not precisely fit the 
actual behavior of rocket engines, but, as in 
most applications of mathematics to physical 
situations, they may be close enough that the 
theory developed below will be useful to de- 
signers of rocket vehicles 


THE PROBLEMS DEFINED 

If the rocket engines of a cluster are symmetric- 
ally located about the axis of the rocket vehicle, 
the loss of thrust in one or more engines may 
seriously affect the stability of the vehicle. 
Consequently, it may be advisable to cut out all 


cluster (pitch and yaw moments, time between successive burnouts, etc.) are discussed. 
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of the engines after a certain number (usually 
one or two) of them have burned out. Such ter- 
mination procedures raise questions of this type 
What is the probability distribution of the 
amount of fuel unburned in the remaining engines 
at the instant of the first burnout? The second? 
What is the expected loss in total impulse? How 
does termination after the first or second burn- 
out compare with termination after a fixed time 
by use of a clock? We will develop methods to 
provide answers to such questions 

In terms of loss of total impulse and being 
burdened with unused propellant. the conse- 
quences of terminating thrust after a certain 
burnout may be so great as to make the designer 
decide to let all the engines burn out and take 
additional measures to maintain the stability of 
the vehicle during the period of unbalance 
caused by the successive expirations of the 
engines. In that case, he may be interested in 
other random variables associated with the n 
burning times, for example, the time between 
the ith and i + Ist burnouts. We have not 
included tables of the distributions of these 
random variables, but the section at the end pro- 
vides a summary of the expected values and 
standard deviations of such random variables 
as are likely to occur in this connection. 


THE DISTRIBUTION OF THE AMOUNT 
OF PROPELLANT WASTED 
To fix ideas, suppose we have a cluster of four 
rocket engines and that this is our plan of flight: 
At the time of the second burnout, all engines 


| 
=. a 
A 
1 
bh 
‘a 
i 
cae 2 
x 
A 
_ 


will be cut off. We ask then for the probability 
distribution of the amount of unburned pro- 
pellant 

Let be the smallest of 14: the 
next; and so on, so that f,,) (a) (3) (4) 
are the four ¢ values arranged in increasing 
order. 

Now all of the propellant in the “first” and 
“second” engines will be used, while the amount 
remaining in the “third” engine is 

(1 (3) f(g) (3) 
since we are assuming that the original amount n 
is burned at a uniform rate. 

Similarly, the amount remaining in the 
“fourth” engine will be 


(fig) — )w/tiy 


and the total amount wasted will be 


Rar WT t (1) 


If we let 1 (/ 
independent standard normal random variables, 


m)/o, then Us, Ug. Uy are 
and defining r,,) U (2) U (3) Uy) as the 
four v values in increasing order, as before, we 
may represent (1) as 


Ov OV is) Mm 
re ’ 2 
Ov (4) m ov 
Now 
avis) + Mm 


(o?/m? 3, 
and if (om) is small (it will usually be 1/80 or 
less), we may approximate 


[(or + + m)) 
adequately with | (o/m)e (2) 
hence (1) may be approximated by 


In a similar manner. the amount of fuel re- 
maining after the first burnout may be approxi- 
mated with this random variable: 


For the case of six engines clustered, thrust 
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terminated after the first burnout. the unburned 
propellant may be represented by 


ulo m)LY V (5) V (4) T V (a) 
— S¥q] (4) 


and for termination after the second burnout 
M)LY T V (5) V (4) T V (a) (5) 


where V V (3) Vig) V (5) Vg 
are the ordered values of six independent standard 
normal random variables. 

We have thus expressed the distribution of the 
amount of propellant wasted in terms of linear 
combinations of ordered normal random vari- 
ables. The next section will develop methods and 
provide tables for the numerical specification of 
such distributions. 


THE DISTRIBUTION OF CERTAIN 
LINEAR COMBINATIONS OF ORDERED 
NORMAL RANDOM VARIABLES 


Let Vo. Vg. V4. 5. be independent standard 
normal random variables and define new random 
variables x,. X,; by the relation: 


0 0 0 0) 5 


0 0 0 4 | 

Xe, Xq. Xs) | | | 
(V5, Veo Var Vas Ve) |! | 


Then .. ., are independent normal random 
variables with zero mean and variance 2, 6, 12. 
20 and 30, respectively. 
If vy) U (a) U (3) 
increasing order, then 


U(q) ae Vy, Vo. Vg. Vg 


Pr[v iy) + Ce) U (2) 30 
4!Pr[y, Vo Vs Va Ve Vs 
Ye — 3y, < a] 
4!Pr{0 Xs < al (6) 
and 
Pr[v ig) + — < a] 
4!Pr[y, Ve < VWs < Va Ve 


4!Pr{(O < x, < x, < x3 < a] 
4'Pr[0 


| 
« 
V3 “V2 a) 
| 
rity 
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Furthermore, if V @) 
the six y's in increasing order, then 


are 


Pri ie) + (4) “7 } (3) ~ (2) 
S¥ a) 6!Pr[y, < ye < yy 
V5 » ya T V4 


Vs + Ve 5 6'Pr[0, 


and 
+ Vos 
6!Pr[y, 
Ve + + 
6'Pr[0 < x, 
a| + 6!Pr{0 
(9) 


We have reduced our problem to that of 


evaluating expressions of the type 


(i + < x, x a). 


Designate this function of a by Ha). Then. 
putting H,(a) 


H, (t)ex ?/2(i? +- i) 
(i + 1) pl = 
\ i)] 


which provides a recursive relation for determin- 
ing H,,..., H,. Tables of H, to H, are included. 
The function H, is of course already well 
tabled: it is listed here for completeness. 

The usefulness of the H’s is this: If yq) 

vy,) are the ordered values of n independent 
standard normal random variables, then, as in 
equations (6) and (8), the probability distribution 
of Vi) + + Ve — (n— is 
H,, a): furthermore, as in equations (7) and 
(9), the probability distribution of 


(9) (n 2)¥ 


“ex /2(n* 
H,, a) nH, sa) pl 
\ 


If we label the expression in (10) as G,,_ (a), and 


if we let (a) be the area under the right tail of 


the standard normal curve. 


Y(a) 
\ 


a 


then 


Ga) Ha) + (i DH, 


Applying these results to expressions (2), (3), 
(4) and (5), after dividing by suitable values, we 
conclude that, for m engines: 

The probability that the amount of propellant 
unburned at the time of the first burnout will be 
less than p per cent of the total initial propellant 
weight is, approximately, H,_,(b), where b 
nmp 

The probability that the amount of propellant 
unburned at the time of the second burnout will 
he less than p per cent of the total initial propellant 
weight is, approximately, 


G,, (>) H,, (b) + ni, n)), 


where b 
Figure | is a graph of the probability distribu- 
tion functions H,(a), Ha) and 


nmp /100e 


G,(a). Ga), G;(a). The density functions of 


oT 


+ 


13 4 16 17 18 19 


Fig. |. Graphs of the H and G probability distribution 
functions. 
Left to right: Solid lines, Hi(a) to Hs(a) 
Dotted lines: G3(a), Ga(a), Gs(a). 


dt. 
x; Xg < < < a] (8) 
ae 
a 
: 
| 
a 
; 
| 
dr 
3 


these probability distribution functions are 
drawn in Fig. 2. These are defined as follows: 


d 
(i + 1)H,_,(a) exp [—a?/2(i? + 
y [27(i? + 
and 
Gia) 


(a)¥[a/y (i? + 


4} + + 

| 4 

| | | 
| 

0 2345676910 213 14 15 16 I7 18 19 


Fig. 2. Graphs of the h and g probability density 
functions. 


PRE-SET TERMINATIONS 


Designers may wish to compare the propellant 
waste, or loss of total impulse, for termination 
after the first or second burnout with that for 
termination at a specified time, say m co. 
After (m co) sec, the amount of unburned 
propellant in the ith engine will be 


(m ca) w 


so that the total amount unburned is* 


6 


nw wim co) = I /t, (11) 


Once more putting /, oy; + m, we may ap- 
proximate 1/1, by (o/m)y,], and if we 
do this, (11) becomes 


newa/m w(a/m)\(1 cao/m)X y, (12) 


If we divide (12) by nw/100, we have a random 


+ We suppose c large enough that we may neglect those 
situations for which 1, m — Co. 
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PERCENTAGE OF UNBURNED PROPELLANT 


Fig. 3. Graphs of the probability distributions of the 
amount of unburned propellant. 


variable which represents the percentage of the 
total propellant which is wasted: 
y 


100ca/m (100/n\(o/m) (1 


Hence: 

The percentage of unburned propellant at time 
m — co is approximately normally distributed with 
expected value \00c o/m and standard deviation 
(100/\ n\o/m)\(1 

Figures 4 and 5 provide comparisons of the 


ao/m). 
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Fig. 4. A comparison of the effects of three termina- 
tion procedures for a cluster of four engines 
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probability distribution of the unburned pro- 
pellant at the instant of the first burnout, the 
second burnout, and at time m — 3e for various 
situations 


= REMAINING ENGINES | 
| CUTOFF AT TI 
| OF SECOND 
~ CUT OFF AT TiME 
we | OF FIRST BURNOUT 
+3” Al ENGINES 
- CUT OFF AT 

6 
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| 
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a 
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PERCENTAGE OF PROPELLANT WASTED 
Fig. 5. A comparison of the effects of three termina- 
tion procedures for a cluster of six engines 


THE PITCH AND YAW MOMENTS 


We may expect that, even during the time that 
all engines are burning, differences in thrust 
between the engines will contribute to the pitch 
and yaw of the rocket vehicle. We will determine 
the probability distributions of such effects 

Suppose. for the moment, that the thrusts 
F,. Fs . F,, are independent, normal random 
variables. and that the engines of the cluster are 
uniformly spaced at a distance d from the longi- 
tudinal axis of the rocket vehicle. Then, for 
some angle a, depending upon the designation 
of the pitch axis, the pitch moment will be 


n 
F.d cos (a + 2jx/n) (13) 


while the yaw moment will be 


> F.d sin (a 2jz/n) 
! 


The total thrust is 
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Now for every a, 


cos (a + 2jz/n) sin (a + 2jx/n) 


, 


cos (a + 2jx/n) sin (a + 0 
and 
¥ cos? (a 4+- sin? (a n/2 
! 


We conclude that: 

If the rocket engines of a cluster are uniforml) 
spaced, each a distance d from the longitudinal 
axis of the rocket vehicle. and if the thrusts 
F,. Fs, . F,, of the n engines are independent. 
normal random variables with mean m' and 
standard deviation o', then, whatever the orienta- 
tion of the pitch axis, the pitch moment and the 
vaw moment are independent normal random 
variables with mean zero and standard deviation 
doa'y (n/2). Furthermore, the total thrust is a 
normal random variable with mean nm’ and 
standard deviation a yn and is independent of the 
pitch and yaw moments 

Under the assumption that F kw/t,, and 
writing / a} m, where are inde- 
pendent standard normal random variables, we 
may write 


F, = (kw/m)f{l o/my)y,] 


so that F, is approximately normally distributed 
with mean kw /m and standard deviation Awe m*: 
the remarks above on the pitch and yaw moments 
and total thrust may be applied 


MOMENTS OF VARIOUS PERTINENT 
RANDOM VARIABLES 


The following list gives the expected values and 
standard deviations of some of the random vari- 
ables which are likely to be considered in various 
ramifications of the problems previously dis- 


cussed. As before, we let vq) Vey Vw 
be an ordered set of m independent standard 
normal random variables, and 


t;,) an ordered set of m independent normal 
random variables with expected value m and 
standard deviation o. The moments are expressed 


= 
a 
10; 
F 
a 
4 
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as multiples of o in case the distribution is inde- Expected Standard 


pendent of m, or as multiples of 100e/m, since n value deviation 
that quantity is close to | in most cases. 5 0-134(1000/m) 0-111(100e/n1) 
Random variable: + Vor) 6 0-251(1000/m) 0-147(100e0/m) 


Vay — (n 1)v«)], the percentage of 


propellant remaining at the time of the first Random variable: (100 nyo/M)[Y ony + Vinay > 
burnout. The probability that this random - Vig) the percentage ol 
variable will be less than p per cent is propellant remaining at the time of the fifth 


burnout. 


H,_,(nmp/1000) Expected Standard 


Expected Matstaed n value deviation 

6 0-104(100e/m) 0-O086( 1000/17) 

n value deviation 
0-564(1000/m) 0-427(100e/m) 
0-846( 1000/7) 0-476(100e/n1) 


3 Random variable: f () ti), the time between 
4 1-029( 0)-492(100e/m) 

5 

6 


the first and second burnouts. 


1-163(1000/m) 0-498(1000/n7) Expected Standard 
1-267(100e/m) 0-499( 100e/m) n value deviation 
2 0-924 
Random variable: (100/n\(o/m) [vo + Poy 3 0-8460 0-676c 
(3) (n 2)v the percentage of 4 0-732¢ 0-602¢ 
propellant remaining at the time of the second 5 ()-6680 0):5570 
burnout. The probability that this random 6 0-6250 (0)-5280 
variable will be less than p per cent ts 
Random variable: 1,5) fi). the time between 
G,,_(nmp/100e) the second and third burnouts. 


Expected Standard Expected Standard 
n value deviation n value deviation 
282(100e/m) 3 0-8460 0-6760 
0-480(1000/m) 0275(1000/m) 4 0-5940 04490 
0:629(1000/m) 5 0-4950 0-4270 
6 «0-311 1000/m) 6 0-4400 0-3850 


i ym variable: f (4) the time between 
Random variable: + vo nde Gis tome 
- the third and fourth burnouts 
V (4) (n the percentage of 
propellant remaining at the time of the third Expected Standard 
burnout. n value deviation 
d 4 0-7320 0-6026¢ 
Stan ard 5 0-4950 0-427¢ 
n value deviation 6 0-4030 0-3550 


4 0-183(100e/n1) 0-149(100e/n1) 
0-332(100e/m) 0-193(100e/m) 


Random variable: f 4), the time between 
0-453(1000/m) 


the fourth and fifth burnouts. 


Random variable: vo uw Expected Standard 

V (5) (n 4)v y], the percentage of n value deviation 
propellant remaining at the time of the fourth 0-6680 0-557¢ 
burnout. 6 0-4400 0-385 


wa 
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Random variable: in). the time between Ha) HJAa) H Ja) H Ja) 
the fifth and sixth burnouts 

0-989! O-7882 04483 09-1903 00634 

0-991! O8041 04694 0-2049 00704 

0-9928 O8191 04902 06-2200 00777 

0-994)? 0-833) 0-5107 2354 0-0855 

0-9953 O8465 0-5309 2511 0-0937 

0-9963 00-8589 $508 2671 1023 

0-9970 00-8705 $702 2834 1113 

09976 OR8813 2999 1207 

9981 O8914 06078 3165 1306 

9985 00-9008 0-6259 3333 1408 

9989 09094 06435 350! 1513 

9991 O-9175 0-6606 671 1623 

9993 09250 06771 3840 1735 

999§ 09318 0-693? 4010 1851 

9996 09382 06-7087 4120 1970 

9997 09440 7337 4348 209? 

9998 0-9494 7381 1516 2216 

9998 00-9543 750 1683 2343 

9999 00-9588 1249 2473 

99990-9629 778? $012 2604 

‘ 0-9999 7906 $175 2737 

H Aa) Ja) 0-9999 9701 287? 

(2 2 

1.0000 9732 8136 $49? 3009 

9760 8244 $647 3146 

H Aa) Q7RS R347 S200 

9R09 R446 $950 3474 

00564 00014 00000 0.0000 0.0000 9829 8529 6097 3564 

O1125 00055 00002 00000 00000 9848 R628 624) 3705 

) 00123 00006 00000 0.0000 YRHS R713 3846 

00-0013 0-000! 00-0000 ORR! R792 

00338 000% 0-000! 360-0000 4128 

0-048? 00044 06-0003 0.0000 9907 R94? 4727 4268 

0-0649 00-0070 0.0005 00000 9918 9010 A915 4408 

00837 06.0009 06.0001 9977 175 7040 4548 

0- 1045 0-0145 0-0015 0-000! 7 99% 1% T1461 4687 

1271 00197 00022 0000? 9944 9194 7279 4824 

$12 0-0258 0-003? 99S} 9748 72904 41961 

00229 ooo4s 0-0005 9299 7505 $097 

0041! 00060 0.0007 996? 348 $231 

00504 00080 00010 9393 7717 $364 

00608 O0102 94% 7RIR $495 

00722 OO131 99 9476 7916 $625 

0-08.47 00164 00025 0.9978 9514 8010 $753 

00982 00202 0-003? 0-998} 9549 R101 $879 

0-11 2¢ 00245 00042 0-9984 952? 60-6003 

01281 00293 00053 0-9986 9613 ©8274 06125 

R624 » 01444 00-0066 0-9988 09642 0-355 06245 

R802 O1615 00409 0-008! 09989 0-9669 08434 06363 

896 | 01794 00476 0.0099 09991 09694 06-8599 06479 

103 0.1980 0-0549 0-999) 0-9717 00-6593 

229 02172 00629 00142 0-9993 09739 08652 0-6704 

9340 02370 OO718 O-:0169 09994 09760 OR719 06813 

438 O6010 02572 OOR07 0-9995 060-9779 09-2783 20-6920 

9523 06256 02778 00906 0-023! 09996 00-9796 07024 

09597 06494 ©2987 00268 09996 00-9813 08904 07126 

09661 06721 03199 ©1122 060-0308 0-9997 09828 O-R960 0-7226 

09716 06939 O3413 061239 0-035? 09997 09842 09014 0-7323 

09763 O7148 03627 01361 00400 0-9998 06-9855 0-9066 00-7418 

09804 07346 ©3842 01489 00453 09998 09867 09116 0-751) 

09838 07534 04057 01622 0-0509 09998 09878 09163 07601 

09867 07713 04271 O1760 00570 0-9999 O9208 0-7689 


Expected Standard 
value deviation 
06250 05280 


Given below are Tables of the functions 


Ha) fH | 
(2H 


for to § 1] 


Values of the functions Ga) may be obtained 


from the relation 


71 
75 


at “ot “ot 


* 

3 

4 

= 

: 


CLUSTERED-ROCKET FLIGHTS 201 


H fa) Ha) Ha) H Ja) a Ha) Ha) H <a) H sa) 


10000 09999 00-9898 0-925] 0-7774 14-2 1 -0000 10000 09999 00-9963 0-9715 


98 09999 0-9292 0-7857 14-3 09999 09-9965 0-973 
99 09999 0-933] 0-7938 14-4 10000 09968 060-9744 
10-0 09999 09922 0-9368 0-8017 14-5 09970 00-9757 
10-1 0-9999 00-9929 09-9404 0-8093 14-6 0-9973 0-9770 
10-2 10000 00-9935 0-9437 06-8167 14-7 0-9975 0-978? 
10-3 09941 00-9470 00-8238 14:8 0-9977 0-9794 
10-4 09947 0-9500 00-8308 14-9 0-9979 0-9805 
10-5 0-9951 00-9529 06-8375 15-0 09980 00-9816 
10-6 09956 09556 0-844] 15-1 0-9982 
10-7 09960 00-9582 00-8504 15-2 00-9983 0-9835 
10-8 0-9964 00-9607 00-8565 15-3 09985 00-9844 
10-9 09967 09631 00-8624 15-4 0-9986 0-9853 
11-0 09970 00-9653 0-868] 15-5 0-9987 0-986! 
0-9973 09674 00-87% 15-6 0-9988 09-9869 
11-2 09976 00-9694 0-8790 15-7 00-9989 0-9876 
11-3 09978 00-9713 O-R8841 15-8 0-9990 
11-4 09980 0-9730 0-999] 0-9890 
11-5 09982 09747 00-8939 16-0 0-999] 06-9896 
11-6 00-9984 0-9763 16-1 0-999? 0-990? 
11-7 00-9986 0-9778 0-9029 16-2 0-9993 0-9908 
11-8 09987 0-979? 0-907? 16:3 0-9993 0-9913 
00-9113 16-4 0.9994 0-9918 
12-0 09990 O98I8 00-9153 16°5 09994 (-9923 
12-1 0-999] 09830 0-919] 16-6 0-9995 0-9927 
12-2 0-9992 09841 06-9228 16°7 0-9995 0-993? 
12-3 0-9992 0-9263 16-8 0-999¢ 0-99%6 
12-4 0-9993 (0-986! 0-9297 16-9 0-9996 0-9940 
12-5 09994 09870 0-9330 17-0 0-9996 (-9943 
12-6 09995 09879 17-1 0-9997 (-9947 
12-7 0-9995 0-9887 0-939] 17-2 0-9997 09-9950 
12:8 09996 09895 0-9420 17-3 09997 (-9953 
12-9 0.9996 0-990? 0-9447 17-4 00-9998 00-9956 
130 0-9997 0-9909 0-9474 17-5 0-9998 0-9959 
13-1 0-9997 09915 0-9499 17-6 0-9998 0-996] 
13-2 09997 00-9921 06-9523 17-7 0-9998 (0-9964 
13-3 09998 09927 0-9547 17-8 0-9998 00-9966 
13-4 09998 00-9932 00-9569 17-9 0-9999 (-9968 
13-5 0.9998 0-9937 0-9590 18-0 09-9999 0-9970 
13-6 0-9998 0-994] 0-9611 18-1 0-9999 (09-9977 
13-7 00-9999 0-994§ 0-9630 18-2 0-9999 0-9974 
13-8 0-9999 09-9949 0-9649 [8-3 0-9999 0-9975 
13-9 09999 (-9953 0-9666 [8-4 0-9999 0-9977 
14-0 00-9999 00-9956 0-9683 18-5 0-9999 0-9979 


14-1 0-9960 0-9700 18-6 0-9999 0-9980 
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SATELLITE AUXILIARY POWER SYSTEMS 


NELS B. PALMOUIST, Jr. 


Vehicle Internal Systems Development Department, Satellite Project 


Lockheed Missiles and Space Division, Lockheed Aircraft Corporation 


Abstract—The general requirements of auxiliary power systems for satellites are presented in this paper, 
in particular for the recent Discoverer I vehicle. The preliminary studies, design approaches, and hard- 
ware development of the prime energy equipment and power conversion equipment are discussed 


Pictures showing the mechanical configurations and curves illustrating performance characteristics of the 


equipment are included. The auxiliary power system is formulated, and its flight performance is evaluated 


\ brief look at future systems such as solar photovoltaic, nuclear, thermoelectric, and high energy 
batteries is also presented. The ultimate goal of the auxiliary power system is not to be the limiting factor 


in the useful life of the satellite vehicles 


1. INTRODUCTION 

The adventure into the horizons beyond the 
capabilities of the modern airplane is like all 
past Columbus-type adventures that had many 
new and challenging frontiers. Existing today, 
in our attempts to send unmanned, and later 
manned. vehicles into space. is another new 
frontier in the area of Auxiliary Electrical- 
Electronic Power Systems. As man progresses 
with his conquest of space through the Vanguard, 
Explorer. Atlas. Discoverer, and other space 
programs. the role that the auxiliary power 
systems play in these vehicles becomes more and 
more important every day. The present satellites 
are relatively short lived. and require small 
amounts of auxiliary power for the completion 
of their specific missions. In the not too distant 
future. satellites, space vehicles, and space 
stations will demand unlimited power systems 
This paper deals primarily with the preliminary 
studies. design approaches. hardware develop- 
ment. and system performance of the auxiliary 
power system recently used in the Discoverer II 
vehicle. The preliminary studies covered a wide 
scope of equipment that could be used in 
auxiliary power systems. Basic conclusions were 
(1) that existing primary batteries had to be 
considerably improved, and (2) that the con- 
version equipment had to be of the static 
electronic type. The major objective of the space 
vehicle power equipment is to furnish electrical 
power, in the proper form, to associated vehicle 
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and payload systems for a time interval 
compatible with the vehicle mission. In order to 
accomplish this objective, the auxiliary power 
system should be designed with the highest 
possible electrical energy-to-weight ratio. It 
should also be able to withstand the environ- 
mental conditions experienced during launch, 
boost. and orbital operations. Auxiliary power 
systems must have a high degree of reliability 
and should maintain a maximum system 
efficiency 

From the present day Discoverer series, which 
are life-limited to only a few days of operation. 
it can be easily seen that satellites requiring 
months, and possibly years, of operation will 
require extremely large capacity and highly 
efficient auxiliary power systems. In the near 
future these advanced systems will become, as 
Major General Stanley 1. Wray stated, “the 
primary power system for satellites and space 
vehicles”. A brief look at future prime generating 
power systems will show how the present battery 
system will eventually be replaced by high- 
energy battery systems, solar photovoltaic 
systems, solar thermoelectric systems, nuclear 
systems, or combinations of various systems. 
The ultimate goal of the primary power system 
is not to be the limiting factor in the useful life 
of the vehicle. 


2. PRIME ENERGY EQUIPMENT 
The prime energy source is the first building 


4 
4 
rae 
| 
z 
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block to consider in the auxiliary power system 

for satellites. Initial minimum satellite require- 
ments have been satisfactorily met in the 
Vanguard system with the utilization of mercuric- 
oxide/zine primary batteries. The recent Pioneer 
systems employed silver-peroxide/zinc batteries 
that provided a larger energy-to-weight ratio. 
For the Discoverer series of vehicles. it was 
necessary to find an electrochemical system that 
was most readily available for obtaining the 
energy-to-weight ratio. A 


highest possible 


summary of the currently manufactured batteries 
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immediately set out on a program to: (1) devise 
better grid and plate structures. (2) improve 
processing procedures and methods. (3) find 
new separator and terminal materials. and 
(4) design a light weight container that could be 
cast from magnesium. The results of these efforts 
culminated in the production of the Primary 
Type | Battery, LMSD No 1060629. which 
weighs 109 Ib, and has a 360-A-hr rating at a 
nominal of 25-0 V d.c. The discharge curve 
at 40 F for this battery is shown in Fig. 2 | The 
lower third sigma rating is 7500 Whr with a 


was compiled as shown in Table 2.1.“ Although 
the silver-peroxide/zinc electrochemical system 
has a theoretical performance limit of 176 
Whr/Ib, the available batteries had only 40 Whr 
lb due to the necessity for thick separators, 
heavy containers, large connectors. etc. (2) The 
first basic conclusion was that existing primary 
batteries had to he considerably improved in 
order to extend the vehicle operating life and 
obtain considerably more scientific inform: ition 

Since much experience has been acquired by 
battery manufactureres over the past years with 
the silver- oo zinc electrochemical system. 
it was decided in June, 1957 to embark on a 
battery improvement program that would at 
least increase the previously mentioned 40 Whr 
lb to 75 Whr/Ib. Design control drawings and 
specifications were established and requests to 
bid were submitted to several companies. The 
successful bidder was the Eagle Picher C ompany 
of Joplin, Missouri. 

The engineers at the Eagle Picher Company 


Fig. 2.1 Discharge curve at 40 F for Primary battery, type IA 


mean of 9000 Whr or approximately 86 Whr/Ib 
Some individual cells have been measured at 
105 Whr/Ib. This sixteen-cell battery with its 
7-Ib magnesium case is shown in Fig 
The Type I battery has successfully completed all 
of the functional, environmental. and life tests 
in a qualification program which utilized thirty 
celle and five complete batteries 

The actual battery used in the Discoverer 
vehicles is electrically the same as the Type | 
battery, except that it has rails on its sides for 
mounting purposes. This battery has been 
designated as the Primary Type IA Battery, 
LMSD No. 1060905 

Since the hydraulic motor used in the vehicle 
requires over 300 A for starting and 80 A for 
Operation, it was necessary to establish design 
control drawings and specifications for a smaller 
battery for this purpose. The Eagle Picher 
Company was again selected and the engineers 
rg and built the 26-Ib battery shown in 
Fig. 2.3. The silver-peroxide/zinc cells used in the 
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Fig. 2.2. Primary battery, type IA 


battery were a considerably improved version of 
one of the existing cells previously developed 
This battery is designated the Primary Type IIA 
Battery. LMSD No. 1062170. The discharge 
curve at 40 F for this battery ts illustrated in 
Fig. 2.4. The 105 A portion of this curve reflects 
the load cycle for the hydraulic motor. The 
35 A and 4 A portions of the curve represent 
multi-purpose loads that this battery is called 
on to supply. It has a lower three sigma rating 
of 1000 Whr with a mean of over 1200 Whr, or 
46 Whr lb. A smaller battery could have been 
used at the expense of having a lower energy-to- 
weight ratio for the combined batteries. This 
battery has also completed all of the functional, 


g. 2.3. Primary battery, type !1A environmental. and life tests in a qualification 


program utilizing thirty individual cells and 


Fig. 2.4. Discharge curve at 40 F for primary battery, type IIA. 
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five complete batteries.“ A slight variation of 
this battery using five cells less in the same con- 
tainer was selected for use to power the com- 
munication equipment on the Atlas vehicle 
satellite. The primary energy portion of our 
power system is schematically illustrated in 
Fig. 2.5. A blocking diode is used to prevent 
hydraulic-motor starting surges from appearing 
The diode allows all 


the remaining energy to flow to the main bus 


on the main vehicle bus 


and the other vehicle subsystem. 


3. POWER CONVERSION EQUIPMENT 

The second building block to consider in the 
development of electrical power for satellites is 
the power conversion system. From the point of 
view of design philosophy, it appears desirable 
to remove voltage performance limitations from 
the first building block, the prime energy source, 
in order to obtain the highest possible energy 
conversion. Auxiliary power system components 
should then be depended upon for highly 
efficient operation through a very wide range of 
input voltage and over a wide range of output 
load. The choice of voltage level and frequency 
also must be considered from the systems point 
of view. The basic utilization of 28 V d.c. has 
been standard in aircraft and missile applica- 
tions for many years. It appears to be a reason- 
ably logical choice from the standpoint of high 
altitude arc-over, adaptability to prime energy 
sources, and reasonably efficient conversion to 
alternating current. The standard 400 cycle 
alternating current has also been accepted and 
appears quite satisfactory from the standpoint 
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Fig. 2.5. Schematic diagram of prime energy of Discoverer II vehicle 
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of motor 


operation, gyro operation, and servo 
system usage. The transformation of 400 cycle 
a.c. power to intermediate and high-voltage 
d.c. requirements of electronic equipment is. 
however, not particularly conducive to a reduc- 
tion in power-equipment weight. The Discoverer II 
vehicle system designed at LMSD, therefore. 
incorporated a 2000 c/s a.c. power distribution 
for such electronic usage. The advantages of 
going to higher frequencies in order to reduce the 
weight of the transformer and filter components 


have been considered by many companies in the 
missile industry, as well as in military organiza- 
tions. The most recent development has been the 
issuance of a specification, MIL-E-26144, recom- 
mending the utilization of a 3200 cycle, 3 phase 
auxiliary power type in addition to the 
standardized 28 V, 400 cycle systems. At the 
present time, LMSD is maintaining the design at 
the 2000 cycle frequency primarily because of 
developmental work already completed in the 
design of 2000 cycle components, and secondly. 
because the efficiency of 
appears to be slightly better with transistorized 
equipment at the 2000 cycle frequency. ‘ 

An analysis of the available rotary power 
equipment used of today’s missile 


power conversion 


in most 


programs revealed that the efficiency of the best 
units seldom exceeded 60 per cent at full rated 
load, and, generally, were in the range of 
40-50 per cent at full load. At light loads, the 
rotary devices were in the 10-20 per cent effici- 
ency range and the standby losses were in 
hundreds of watts. Also, the VA/Ib ratio of the 
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Table 3.!. Auxiliary Power System Design Requirements for Discoverer I! Vehicle 


1060906 


10627170 


Frequency 
ind phase 


{c 8) 


rotary devices are one-half of the 


VA Ib 
watt savings can be gained not only in the 


roughly. 


ratio of static inverters. Consequently, 


inverter, but in the savings of primary power 
These facts led to the second basic conclusion 
that the conversion equipment had to be of the 
Static electronic type. The recent improvement 
of the high current power transistor has per- 
mitted rapid development of the high current 
power transistor and permitted rapid develop- 
ment of static electronic inverters with increased 


power ratings. The application of these inverters 


to equivalent load conditions can result in 


efficiencies of 75-85 per cent. Extremely tight 
control tolerances for voltage. frequency. and 
distortion under wide variations of load power 
can be achieved with static inversion equipment 
The voltage and frequency control required for 
space vehicles clearly indicates that the industry 
must lean strongly in the direction of static 
devices 


The power demands for the vehicle propulsion, 
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flight control, guidance, communications, and 
payload subsystems for the Discoverer II have 
been compiled and analyzed. The design 
requirements established for the power system 
are shown in Table 3.1. The system provided 
plus and minus regulated 28-3 V d.c. power: 
2000 c/s, | phase, 115 V power: 400 c/s, 3 phase, 
115 V power; and 400 c/s, | phase, 115 V 
precision regulated power. The numerous other 
d.c. voltages peculiar to a subsystem are pro- 
vided by 2000 c/s transformer-rectifier supplies 
contained within that subsystem. A review of all 
existing static electronic conversion equipment 
for missiles was conducted and several of the 
The 


components had extremely high stand-by losses 


best items were tested in the laboratory 
and extremely low conversion efficiencies. These 
units were also unsuited for satellite use from a 
thermal standpoint because they depended upon 
Satellite 
components must rely on conduction to heat 


convection and forced-air cooling 


sinks or vehicle surfaces and radiation from 


these surfaces in order to maintain desirable 
operating temperatures 

Design control drawings and specifications 
were prepared and submitted to LMSD Pur- 
chasing for competitive bidding among the more 
The bidder 


Magnetics Company, a 


capable manufacturers successful 
the 


Division of Gulton 


was Engineered 


Industries, of Hawthorne, 
California. As the designs progressed, LMSD 
engineers reviewed the circuits developed, always 
keeping in mind the two most important facts 
in addition to the functional operating require- 
ments: (1) that the units must be as light in 
weight as possible, and (2) that they must be 
highly efficient. Every watt saved in reducing 
losses amounts to a total of 24 Whr/day, which, in 
turn, represents a portion of the battery energy 
that could be the sub- 
systems. Design improvements recommended by 


LMSD engineers were incorporated. All of the 


delivered to vehicle 


items have successfully completed all functional, 
environmental, life The 2000 
| phase inverter has passed the 7000 hr mark of 
The 
the 
dis- 


and tests c/s, 
continuous operation under cycled loads 
described briefly in 


The scope of this 


items are 


finalized 
following paragraphs 
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cussion does not permit presenting schematics 


with detailed operational discussions of the 
numerous circuits involved. 
The 2000 Cycle Static Inverter 

The 2000 cycle inverter is a_ transistor- 


oscillator power amplifier. Essentially, operation 


is accomplished by a full-wave transistor 
switching circuit controlled by a square-wave 
input derived from an LC stabilized 2000 c/s 
oscillator. Since high efficiency is a primary 
method of 


preferred to a standard class-B power amplifier 


requirement, this operation ts 
operating from a 2000 c/s sine-wave signal input 
The theoretical efficiency limitation of the class-B 
amplifier may be shown to be 78 per cent. 
whereas, in practice, efficiencies considerably 
greater than this can be achieved using suitable 
square-wave switching circuits. In detail. the 
output of the 2000 c/s Colpitts oscillator is 
amplified and clipped to an amplified square 
wave, which in turn drives the push—pull output 
The power 


formed and filtered by tuned harmonic-series 


stage final output is then trans- 


circuit stages to produce the desired sine wave 
The 


voltage regulating circuit is a silicon Zener-diode 


with distortion of less than 5 per cent 


rectifier bridge which senses the average value of 
output voltage and controls the power to a 
series boost circuit, which, in turn, maintains an 
output voltage of — 5 per cent. Since the output 
is a uniform sine wave, average voltage sensing. 
calibrated for operation to rms voltage values, is 


The power loss versus load curve 
(4) 


satisfactory 
is illustrated in Fig. 3.1 

The mechanical design of the 2000 cycle 
inverter is presented in Fig. 3.2. The same general 
type of construction with regard to _heat- 
transfer provisions and sealing requirements is 
followed in the design of this component as is 
described for the design of the plus 28 V regu- 
The mechanical design, and particularly 
the design of transistor mountings, will promote 
maximum heat-transfer to the inverter-assembly 
base plate. The mounted on 


individual heat sinks and are arranged such that 


lator 


transistors are 
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= 


Fig. 3.1. Power loss versus load for 2000 c/s inverter 


Fig. 3.2. Mechanical configuration of 2000 c/s inverter 


they are externally available for replacement, if 


necessary 


The Plus 28 Volt Regulator 

The voltage regulation characteristics of major 
prime energy sources prohibit their direct use 
with many of the associated subsystem com- 
ponents. However, it has been determined that 


the d.c. voltage regulation requirement (— 2 per 
cent of 28-3 V d.c.) can best be met by the 
incorporation of a separate voltage-regulator 
component rather than compromising and 
restricting performance of the prime energy 
source to the degree required in order to realize 
this regulation 

To hold the efficiency of regulation to the 
highest possible level, it appears feasible to use a 
voltage booster concept in which the maximum 
anticipated potential of the prime energy source 
would be equivalent to the maximum permissible 
voltage level of the regulated supply. Variations 
in potential of the primary energy source, 
therefore. would be below this maximum 
selected level, and regulation can be accom- 
plished by the incorporation of a_voltage- 
booster component to supply that increment of 
voltage between the operating level of the prime 
energy source and the designed voltage regula- 
tion range. Based on this operating concept, the 
energy required for regulation would be at an 
absolute minimum and be dependent upon the 
inherent regulative limits of the prime energy 
source. 
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selected voltage-booster 


The 


regulator is in accordance with accepted design 


design of the 


practice for transformer-rectifier construction 


The required voltage regulation increment is 


furnished by a magnetic-amplifier controlled. 


full-wave,  silicon-diode  transformer-rectifier 


Regulation is accomplished by sensing the output 


potential of the battery plus the booster series 


combination. The voltage booster operates 


from the 2000 cycle inverter power source. thus 


eliminating the requirement for an associated 


transistor oscillator inverter. The full-wave 


rectifier configuration is preferred to a full-wave 


bridge circuit. since the former will hold inherent 


voltage drops to those across a single rectifying 


diode. The magnetic-amplifier control is located 


in the transformer primary in order to minimize 


direct-current core magnetic 


the magnetic-amplifier control was located in the 


secondary, as it is in many missile-unit designs, 


the direct-current core magnetic saturation would 


be quite noticeable.) Inherent energy losses in 


this component are therefore confined to the 
voltage drops across the rectifying diode, to 
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Fig. 3.3. Power loss versus load for plus 28 V d.c. regulator 


saturation. (If 


Fig. 3.4. Mechanical configuration of plus 28 V d.c 
regulator 
minor losses in the magnetic core and windings. 


and to a small but fixed power loss in the 
regulator circuit. These losses amount to approxi- 
mately 2-5 per cent in the diode, 1-5 per cent for 
core and winding losses, and 3 per cent in the 
regulator circuit on the basis of the regulated 
The 
plotted in Fig. 3.3.) Mechanical construction is 


such that heat transfer between the diodes and 


28 V_ power. power loss versus load is 
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metallic case structure is made as efficient as 
possible with all components mounted mechanic- 
ally rigid, and the entire regulator is potted, as 
required, to result in a sealed construction. The 
final assembly is shown in Fig. 3.4. 


operation from the 2000 cycle inverter. Regula- 
tion is accomplished by a magnetic-amplifier 
circuit. Although the voltage output is minus 
28-3 plus or minus 0-56 V, a 1-0 per cent voltage 
tracking capability is required between the 


Fig. 3.5. Power loss versus load for negative 28 V d.c. power supply. 


Fig. 3.6. Mechanical configuration of negative 28 V d.c 
power supply 


The Negative 28 Volt Supply 
The negative 28 V supply is a conventional 
full-wave transformer-rectifier arranged for 


In order to fulfill 
cross-reference 


negative and positive supply 
this requirement, a voltage- 
regulated sensing component is used between the 
positive and negative supplies. 

The overall efficiency of this negative 28 V 
supply is nearly 80 per cent under the full 30 W 
load condition. Efficiency is reduced under lighter 
load conditions because of the constant voltage 
drop in the diodes and constant power loss in 
the regulator circuit. The power loss versus load 
curve is illustrated in Fig. 3.5. 

Mechanical construction with regard to 
potting, sealing, and diode heat-transfer con- 
sideration is similar to that of the plus 28 V 
regulator previously considered. The completed 
unit is shown in Fig. 3.6. 


The 400 Cycle, 3 Phase Inverter 


The 400 cycle, 3 phase auxiliary power system 
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component is a transistorized power inverter. 
The block schematic of Fig. 3.7 illustrates the 
general circuit design and functional operation 
of this inverter. It may be noted that the fre- 
quency is controlled by a 19,200 c/s, quartz- 
crystal-controlled oscillator. The sine-wave out- 
put is transformed through a squaring circuit, 
differentiating network, and inversion circuit 
Countdown and phase shift is accomplished by 
a magnetic-core ring-counter which, in connec- 
tion with associated binary flip-flop circuits, 
accomplishes the required countdown to 400 
cycles and establishes an accurate 120 degree 
phase separation. The ring-counter/phase-shift 
circuit controls three separate transistor-type 
push-pull driver circuits, which, in turn, control 
three push-pull output power amplifiers. Wave- 
form correction is accomplished by harmonic- 
series-tuned and shunt-tuned filters in the output 
transformer secondary. Voltage is controlled by 
a silicon-Zener rectifier bridge operating in 
conjunction with a_ pulse-width modulation 
circuit to each of the push—pull driver stages. The 
mechanical design of the 400 cycle, 3 phase 


inverter is shown in Figs. 3.8, 3.9, and 3.10. The 
efficiency of the inverter can be easily calculated 
from the power loss versus load curve of 
Fig. 3.11. 

The output transformers of the individual- 
phase power amplifiers are connected in delta 
The delta connection may be preferred to the 


Fig. 3.10. Mechanical configuration of 400 c/s, 3 phase 
inverter 


Fig. 3.11. Power loss versus load for the 400 c/s, 3 phase inverter 
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more conventional wye connection for the 


following reasons: 
(a) Under fairly even phase-load distribution 
conditions, all phase voltages and angles 


are maintained with a high degree of 


accuracy at the required uniform value. 
A failure can be sustained in any of the 
individual power amplifiers without the 
loss of either | or 3 phase power, pro- 
viding severe overload does not follow 
An undesirable feature of the delta connection 
is in the characteristic of high-output-transformer 
This 


which 


currents circulating-current 
that 


accurate phase and voltage control noted in 


circulating 
characteristic 1s establishes the 
(a) above: however, it should be noted that the 
value of the circulating current may be restricted 
by the introduction of circuit inductance within 
the delta. Such a design introduces an attendant 
weight penalty 

The design of both the 400 cycle. 3 phase 
inverter and the 2000 cycle. | phase inverter, 
described above. incorporates power input 
filters to restrict noise reflection into the battery 
circuit. Such filters are necessary to eliminate 
noise feedback that would pass from the inverter 
transistor switching circuits through the battery 
to the low signal-level electronic equipment 

Radio-interference filters are also incorporated 
into the design in both input and output power 
These filters 


circuits are designed to provide 


the performance required by 


military specification 


the applicable 


The 400 Cycle, 1 Phase, A.C. Regulator 

The 400 cycle a.c 
115 \ 0-1 per cent voltage regulator 
The unit accepts 115 V rms 1-0 per cent and 
maintains an output of 115 V rms 0-1 per 


component is a | phase. 
rms 


cent. The output voltage is controlled by means 
of an input series magnetic amplifier. Filtering 
is provided to maintain an output waveform with 
no more than a 0-7 per cent harmonic distortion, 
provided the input voltage waveform does not 
5 per Circuits are 
provided such that the phase shift between the 


exceed cent distortion 
input and output voltage shall not be greater 
than 3-5 


Mechanical fabrication is such that all power 
handling elements are located on the base of the 
assembly for maximum heat transfer. All 
components are rigidly mounted, and the entire 
assembly is potted to insure vibration-proof 
operation. The final 
Fig. 3.12. The efficiency of the unit is approxi- 


assembly is shown in 


mately 80 per cent over the entire load range. \ 


Fig. 3.12. Mechanical configuration of 400 c/s, | phase 
a.c. regulator 


All of the items described above are in 
production and are functionally tested using the 
bench checkout console shown in Fig 3.13 
This console can vary the input d.c. supply to 
the equipment and apply minimum, nominal. 
and maximum loads. The unit employs expanded 
scale voltmeters and also has the capability of 
monitoring percent distortion. A digital volt- 
meter is used for more accurate measurements. 
and a counter is used for checking the frequency 


of the inverters 


4. DISCOVERER If POWER SYSTEM 


The other building blocks in an auxiliary 
power system are the well-known relays, switches. 
umbilical plugs, wiring harnesses, and protection 
devices (blocking diodes, etc.). No discussion of 
these items is necessary, except to state that the 
components must be suitable for operation in a 


vacuum environment. The primary energy 
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Fig. 3.13. Test console for bench checkout of inverters, regulators and power supplies 


source combined with the power conversion 
equipment is schematically shown in Fig. 4.1. 

An abbreviated summary of power require- 
ments is presented in Table 4.1. Each orbit 
requiring beacon and telemetry operation con- 
sumed 450 Whr of energy while the remainder 
of the orbits required 340 Whr each. The 
telemetry data from the flight was analyzed, and 
all of the power system components delivered 
power within the specified operating tolerances. 
The predicted operational life of the vehicle was 


through the twenty-fifth orbit. The 9500 Whr of 
energy contained in the three batteries of 
Discoverer II allowed telemetry to be received 
during the twenty-fifth orbit, but no response 
was picked up on the following orbit. The 
acquisition transmitter powered by a 
separate mercuric-oxide/zinc battery-pack built 
by the P. R. Mallory Company, North Tarry- 
town, New York. The from the 
transmitter were received for approximately 
10 days. 
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Fig. 4.1. Schematic diagram of auxiliary power system for Discoverer vehicle 


Power requirements: 90-minute orbit 
Subsystem . Table 4.1. Abbreviated Summary of Power 


power-using 
items Ascent Active orbit Passive orbit Requirements for Discoverer II Vehicle 
(W-hr) (W-hr) (W-hr) 


Fheht contro! 61 
CGurdance 

Telemetry 

Beacon 


Orbit timer 


Power groups Quantity per Power 
Pav load group (W-hr) 
Hydraulics and 
propulsion Ascent phase (1) 298 
Conversion and Active orbits (10) 4360 
wire, losses Passive orbits (15) 4995 


Total Total power required 9653 
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5. FUTURE AUXILIARY POWER SYSTEMS 

Although the present primary type IA battery 
is capable of providing the power for short- 
lived satellites, it is easily recognized that other 
and must be 
designed and developed in order to have space 
vehicles that can operate for at least 10,000 hr 


chemical non-chemical systems 


(or approximately 417 days). The selection of an 
auxiliary power system for a particular space 
flight objective is dependent upon energy level 
and life-time requirements. It is unlikely that a 
single universal auxiliary power system will be 
developed which is superior in all respects for 
all space vehicle flight objectives. Figure 5.1 


illustrates the probable energy level/lifetime 


auxiliary power system areas of operation 
compatible with the major energy sources we 
have will be noted that as 
power and lifetime requirements increase, design 


progresses from chemical systems, through solar 


considered." It 


systems, to the ultimate nuclear energy sources 


Hydrogen Oxygen Fuel Cell 

The hydrogen-oxygen (H,-O,) system is a 
fuel cell that uses these elements (stored under 
pressure) to take the place of standard electrodes 
in a battery reaction, and about 60 per cent of 
the heat of combustion is available as electrical 
energy. Under long-discharge rates (in excess 
of 24 hr) and at normal operating temperatures. 


Fig. 5.1. Auxiliary power systems for satellite and space vehicles 


Table 5.1. Comparison of Fuel-cell Design Parameters 


Patterson-Moos 


Weight (max.) 

Volume (max.) 

Operating life 

Operating temperature 
(min. for high efficiency) 

Operating pressure 

Fuel conversion efficiency 


Designs 
National Carbon 


50 Ib 
2 ft? 
2 yr 


50 


50 Ib 


250 € 


60 psi 
(min) 


800 psi 
60-80", 
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RETURN 


M RETURN 


Fig. 5.2. Schematic diagram of typical high-energy battery system (H,—O, fuel cell). 


the limiting theoretical performance is 1700 Whr 

lb. Development effort by the National Carbon 
Company and the Patterson-Moos Corporation 
has resulted in the practical realization of 
hydrogen—oxygen fuel cells. A comparison of the 
design parameters is provided in Table 5.1. 

A mechanical-electrical schematic of a com- 
plete high-energy battery system is illustrated in 
Fig. 5.2. It is estimated that a 1000-lb system 
would have an energy-to-weight ratio of 300 Whr 
lb. Since this system has a limiting high-energy 


conversion rate, it must be supplemented with 
either a primary battery or secondary battery 
which can supply the high-power requirements 
that exist during the vehicle launch phase. The 
fuel dis- 
advantages: (1) large volumetric storage require- 
ments for liquid hydrogen and oxygen, and (2) 
danger in storing liquid hydrogen and oxygen. 
Studies indicate, however, that 
storage can be adequately accomplished for 
intervals as long as 6 months. 


hydrogen—oxygen cell has two 


cryogenitia 
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Solar Photovoltaic Systems 


A means of converting solar radiation directly 
into electricity is available in the solar photo- 
voltaic cell developed by Bell Laboratories. The 
Bell solar cell is a silicon crystal with a boron 
impurity making a p-type layer on an n-type 
base. A photon of sufficient energy level im- 
pinging on the surface layer will produce an 
electron-hole pair. Separation takes place at the 
p-n boundary causing a current to flow. The 
bottom of the cell constitutes the negative 
electrode; the positive electrode is a_ strip 
1-0 mm wide running the length of the cell on the 
top edge. A conventional method of assembly is 
by “shingling’ or overlapping. A string of 
seventy cells in series is required to produce 
28 V at a nominal cell voltage of 0-400 V. The 
photovoltaic effect has a maximum theoretical 
conversion efficiency of 24 per cent. The effici- 
ency of the silicon cell with 
temperature as shown in Fig. 5.3. 


solar varies 


Fig. 5.3. Efficiency versus temperature for silicon cell. 


In order that the temperature of the solar 
cells may be kept at a reasonable value, it is 
recommended that a protective coating be used 
to meet the following requirements: 

(a) The material must form a good thermal 

contact with the surface of the cell: 

(b) The transmission must be good in the 

visible region; 

(c) The surface emissivity must be high in the 

infrared region; 


(d) The molecular sputtering threshold must be 
high: 

(e) The material must resist darkening due to 

the actions of the ultraviolet, X-rays, and 
corpuscular streams: 
The thickness of the coating must not be 
so great that a large temperature difference 
exists between the surface of the cell and 
the surface of the protective material, but 
it must be large enough to assure good 
emission in the infrared. 

A proper coating should keep the maximum 
temperature of an array near the earth between 
24°C to 60°C, depending on the array and 
orientation chosen. ‘” 

The solar energy arriving at the Earth’s 
surface is at a rate of about 1000 W/m?. At an 
altitude above the Earth’s ionosphere the rate 
is 1350 W/m? but the utilization of this increase 
in energy by the silicon cell is not directly 
proportional because the cell’s short-circuit 


Fig. 5.4. Solar energy distribution and short-circuit 
response curve for silicon solar cell 


response curve does not accept energy from the 
ultraviolet and long wave-length infrared 
portions of the energy distribution. This is 
illustrated in Fig. 5.4.°° 

Many types of solar arrays can be built, each 
containing thousands of solar cells that are 
electrically connected to give the desired voltage 
and the maximum of reliability. Some of the 
array configurations that have been considered 
by LMSD are: (1) spherical, (2) cylindrical, and 
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(3) flat plane or strips. The selected cell is the 
1 by 2 cm rectangular type with an active area 
of 1-8 cm*. The voltage of 0-400 V at a current 
of 0-042 A yields a cell power output of 16-8 mW 
when under full 90 degrees incident sunlight 
with a matched load. Many cells have been 
purchased from the International Rectifier 
Corporation, the Hoffman Electronics Corpora- 
tion. the Texas Instruments Company, and 
several other companies for evaluation. Eight 


Hoffman-built solar collectors of the strip type 
were used on Discoverer | for powering the 
acquisition transmitter. The configuration of 
this collector is shown in Fig. 5.5 along with 
a small nickel/cadmium secondary battery built 
by the Sonotone Corporation. 

Considering the total energy that can be 
obtained from a particular configuration at a 
90° incident orientation to the Earth-Sun axis 
as being 100 per cent, the efficiencies for the 


Fig. 5.5. Solar photovoltaic collector used on Discoverer | vehicle with associated secondary battery 


Table 5.2. Efficiency Relative to a Plane Normal to Earth—Sun Axis 


Configuration 


Axis perpendicular to Full cylinder 
Earth-Sun axis 
Plane 
Axis directed towards Full cylinder 
center of Earth 
Plane 
Axis tangent to orbit Full cylinder 


Plane 


Sphere 


Per cent efficiency 
(minimum illumination orbit) 


300 miles 500 miles 1000 miles 
19-7 20-8 
62-0 


13-9 
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cylindrical, flat plane, and sphere have been 
calculated for orbit altitudes of 300, 500 and 
1000 miles. The orbit plane is the polar noon or 
minimum illumination plane and not the twilight 
plane or in between. These calculations are in 
Table 

Solar arrays must be designed to suit a particu- 
lar purpose. As a design guide a cell-bank 
weight including cells, backing plate, bonding, 
wiring, coating, etc., of | lb/ft? appears reason- 
able. An additional factor of 20 per cent for 
Structure is also required. To this must be 
added the weight of any required erecting and 
rotating mechanisms. The battery weight is 
determined by the peak power requirements. It 
appears that a power-to-weight ratio of several 
watts per pound can be easily achieved by a 
solar system. 

It can be stated that a solar photovoltaic 
power system should provide reliable service 
lifetimes 
and at weights which would be equivalent to the 
best available chemical battery lifetimes of a few 
weeks. The best example of this is Vanguard I, 


for operational measured in years 


which was still transmitting after 17 months of 
orbiting. 


Thermoelectric Systems 

The Seeback effect, the Peltier effect, and the 
Thompson effect are the physical phenomena 
that form the basis of operation of the thermo- 
electric generator (the familiar thermocouple). 


These phenomena“? are defined as follows: 


(a) Seehack Effect (discovered in 1822) 
A closed circuit made of two conductors 
of dissimilar material with one junction 
maintained at a different temperature 
than the other will allow the flow of an 
electric current in the circuit. 

(b) Peltier Effect (discovered in 1834) 
Heat is produced or absorbed reversibly at 
the junction of two dissimilar metals 
depending on the direction of current 
through the junction. 

(c) Thomson Effect (discovered in 1854) 
A temperature difference between 
reference points in a homogeneous sub- 


two 


stance produces a difference 


between the points. “ 


potential 


Since the thermoelectric voltage per degree of 
temperature difference between the hot and cold 
junctions of a particular material varies approxi- 
mately linearly with temperature, this voltage 
may be maximized at a particular design 
temperature by a proper choice of materials. 
The efficiency of the thermoelectric generator 
can be increased many times that of the usual 
thermocouple by the proper choice of materials 
and by adjusting the geometry of the various 
blocks making up the generator so that each 
junction is near effective 
condition. The ratio of the generator output to 
the output of an idealized machine operating 
with Carnot-cycle efficiency between the same 
temperatures has been established as a figure 
of merit by which thermoelectric generators can 
be compared. Efficiencies of the order of 6 per 
cent of the Carnot efficiency have been achieved 
with lead-telluride p-—n junctions, and it is 
hoped that further research may raise this to 
10 or 12 per cent. The energy to weight ratio of a 
thermoelectric generator today is about | W/Ib. 
The present objectives of research are to improve 
this value by finding suitable thermoelectric 
material combinations that can work effectively 
at higher temperatures (thereby improving the 
ideal efficiency) and to find new materials or 
methods of using present 


operating its most 


new materials to 
yield effectively a higher value of the characteris- 
tic quantity Z. This latter quantity (Z) is the 
ratio of the square of the thermoelectric voltage 
per degree (a*) divided by the product of the 
thermal conductivity (K) times the electrical 
resistivity (p). 


Nuclear Systems 
The use of nuclear energy in auxiliary power 
systems can be done in several ways: 


(a) In the form of a battery, through collection 
of beta particles (electrons) thrown off 
by an isotope such as strontium-90; 

(b) In the form of a heat source with thermo- 
couples connected from the heat source to 
a radiator: 


= 

: 

? 
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(c) In the form of a heat source (essentially 
as a boiler) driving rotating conversion 
equipment 

Nuclear energy can be available either through 

the use of radioisotopes or with a nuclear reactor 

Radioisotopic power supplies, although they 

can probably outperform the electrochemical 

systems, are still quite limited in a number of 
respects. The former dissipate energy at an 
unalterable rate determined by the half-life 
of the radioisotope (290 days for cerium-144) 

Consequently, these radioisotopic power supplies 

must be designed for the expected peak demand. 

Also, there is the problem of throwing away 

excess heat at the start. The radioisotopic power 

supplies are expensive, and there will probably 
never be enough material for any large-scale 

operation. Also, the hazard ts quite high for a 

number of these isotopes (for example, polonium- 

210 is a bone seeker). Furthermore, this hazard 

iS greatest prior to and during launch when the 

unit is fresh. A power supply using radioisotopic 
cerium-144 (called SNAP 1) is in development: 

The Martin Co. is the prime contractor. Thomp- 

son Products is the subcontractor for the rotating 

conversion equipment. 

Nuclear reactors have a criticality requirement 
which sets a lower limit to weight, and they 
may require more shielding. However. they 
essentially do offer an unlimited lifetime and 
less hazard at take-off. Nuclear reactors are 
attractive means for the generation of large 
quantities of heat energy for very long times. In 
the foreseeable future, the weight of a large 
installation using a nuclear reactor source will 
most likely be caused by the machinery required 
to convert reactor heat into electricity. A reactor 
power supply (called SNAP 1) is also in develop- 
ment; the prime contractor is the Atomics 
International Division, North American 
Aviation. It is to use the same conversion 
equipment as SNAP 1. 

A polonium-210 heat source can be used to 
heat a thermocouple to generate electricity. 
Polonium-210 encapsulated in a pellet and 
attached to one end of a thermocouple will 
heat the assembly to a temperature of about 
1500 °F. The unheated end of the thermocouple 
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will radiate waste heat to space. It is estimated 
that such units in development at the Westing- 
house Electric Co., such as SNAP Im, will 
deliver 3 W for 6 months with a total weight of 
only 10 Ib. The cost of such a unit is expected 
to be about $25,000. The efficiency of the con- 
version from thermal to electrical energy is about 
8 per cent. No shielding from radiation would be 
required for most applications. 

Further nuclear advances are dependent upon 
technical break-throughs and the practical 
realization of more unconventional power 
sources with an ultimate objective of direct static 
conversion of the nuclear energy into electrical 
energy. At the present time, no physical concept 
exists by which this might be accomplished. A 
rather novel design approach has been developed. 
however, by the Walter Kidde Nuclear 
Laboratory in which a beta emitter (promethium- 
147) is used to activate a zinc-sulphide-phosphor : 
the radiation of the latter, in turn, produces an 
electrical current by falling on a silicon photo- 
voltaic cell. While the efficiency is considerably 
less than | per cent, the device represents a 
considerable advance in technology. since the 
conversion of nuclear to electrical energy ts 
» 


accomplished with a thermal cycle 


6. CONCLUSIONS 

The auxiliary power system designed and 
developed for the Discoverer II vehicle has 
accomplished all of the objectives of the flight 
mission. The two basic conclusions and the 
design philosophy of the system proved to be 
correct. The modular mechanical configurations 
of the power generating and the power 
conversion equipment makes the system quite 
flexible, and, therefore, adaptable to many 
different flight objectives which may demand a 
specific type of power 

While the efficiency of power conversion at 
75 per cent may be considered highly acceptable 
in present Discoverer vehicle designs, further 
improvement must be realized in order to reduce 
the demands on the prime energy source and to 
reduce the problems of environmental tempera- 
ture control. It is anticipated that the conversion 
from transistor switches to controlled diodes 
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may yield an additional 10 per cent in efficiency 


and leave only 15 per cent yet to be achieved. 
We would like to consider that the ultimate 
objective in power conversion is an efficiency 
just slightly less than 100 per cent. 

lhe “state-of-the-art” for silver-peroxide/zinc 
batteries has been considerably advanced. and 
there is still the possibility of obtaining a few 
more watt-hours per pound from this method 
The high-energy battery system 2ppears to be 
feasible, but many engineering p:oblems have 
to be resolved in the areas of fuel storage, fuel 
pressure and temperature control, as well as 
that of recycling the gases and electrolyte. The 
photovoltaic system can be the most readily 
developed, since cells of 8-8 per cent or more are 
being mass produced and are becoming more 
The 
combined with a nuclear heat source (such as in 
the SNAP III 
intermediate 


economical daily thermoelectric system 


unit) appears to be a desirable 
Step between the 


system and the ultimate higher-powered nuclear 


photovoltaic 


systems 
The design achievements in static electronic 
devices and the information received from the 
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Discoverer flights are helping to pave the way for 
the future space programs, such as the Mercury. 
Vega, Centaur. Saturn, and Nova. 
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The polonium-fueled thermoelectric 
generator displayed on President Eisenhower's 
desk on January 16 of this year has produced 
electrical power continuously for over 5000 hr 
and is still operating on the original fuel charge 
A second polonium-fueled unit, which powered 
The Atom Fair in 
April, has also run continuously and without 
incident until the present time 


an amateur radio station at 


These operating 
times testify to the longevity and reliability of 
the device 

SNAP wt was developed by The Martin 
Company with Minnesota Mining and Manu- 
facturing Company and Mound Laboratory for 
the Systems for Nuclear Auxiliary Power 
demonstration program for radioisotopic fueled 


This 


program is sponsored by the Missiles Project 


thermoelectric and thermionic converters 


Branch of the Atomic Energy Commission 
Some confusion exists as to what SNAP II is 
SNAP I! is a rugged prototype unit which has 
for long periods. It 
measured efficiency of 68 per cent in room 


operated reliably has a 
ambient conditions and a measured efficiency of 


+8 per cent in simulated space conditions 
Although one may squeeze five watts out of the 
generator in room ambient conditions, it ts, in 
general, a 2-5 W unit in a space environment 
Although SNAP in is far from the ultimate in 
supplies, it 


represent available hardware capable of power 


direct conversion power does 


densities of 23 W Ib and energy densities of 


1000 Whr Ib. The generator incorporates years 


* This work was sponsored by the AEC under Contract 
No. AT(30-3)-217 
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Martin Nuclear Division 


of Minnesota Mining and Manufacturing Com- 
experience with lead telluride thermo- 
burner 


pany 
elements for controls 


Fabrication techniques and detail design have 


electric gas 
been refined in the process of building a total 


of eight SNAP mm units. Two of these units 
have been loaded with isotopic fuel and other 
electrically heated models are undergoing test 
programs 

The detailed design problems and construction 
features of SNAP III 


where." ®» However, a brief description of the 


were discussed  else- 
generator will provide a background for the 
data and test results to be presented 

Figure | is an artist's concept of the generator 


The 


>? shows a cross-sectional view 


and Fig 


Fig. |. Artist's concept of SNAP Il! generator 


: 
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center cylinder represents the polonium radio- 
isotope fuel capsule which is contained in the 
molybdenum block. Surrounding the heat source 
are 54 semiconductor thermoelectric elements 
making up 27 thermocouples. Each thermocouple 
consists of a P-type sodium doped lead telluride 
leg and a N-type iodine-doped lead telluride leg 
placed in electrical series and in thermal short. 

lodine doping is used in place of the original 
bismuth doping for reasons of quality control. 
Each leg is made of two differently doped seg- 
ments so that each is at maximum efficiency in the 


double the watt/pound rating of the present 
unit. 

It is interesting to note that in the present 
unit, the weight of the thermoelectric material! 
is less than 16 per cent of the total generator 
weight. Although optimization might increase 
this percentage indicative of 
practical designs which 
optimize on the basis of thermoelectric material 


somewhat, it is 
Clearly, analyses 
weight are likely to be fallacious. 

The 
polonium-fueled 


the second 
tabulated in 


characteristics of 
SNAP III 


initial 


are 


Fig. 2. Cross-sectional view of SNAP III 


which it must operate 


connection is 


temperature range in 
The cold 
soldered; 


continuity ts 


junction electrical 


hot junction electrical and thermal 
maintained by a 


The spring pressure and 


compressive 
spring-loaded contact 
heat partially fuse the lead telluride to the hot 
shoe. This gives electrical continuity even though 
sublimation may take place at the hot junction 

A detailed weight breakdown of SNAP II 
is given in Table |. Obviously, there are many 
ways of reducing generator weight—for example, 
by reducing the weights of individual com- 


ponents or by overall geometrical and detail 


redesign. A_ straightforward redesign should 


Table |. Component Weights of SNAP III 


(g) 
120 
490 
338 


Insulation 

Case 

Cold junction housing 
Heat source 192 
Thermocouple elements 286 
Hot shoes 43 
Cold junction socket 117 
Springs, screws and washers 73 
Element cap (pair and wire) 11 


1770 


1850 
(4-08 Ib) 


Assembled weight 
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Table 2. Initial Characteristics of Second Po-210 Fueled SNAP It! 


Room 
Bell jar 

imbient 

lontum-210 heat mnout (thermal W) 


tput 20) load (W) 


4) 


temperature 


essure (mm He) 


er (mrem hr) 


tat 


Fig. 3 Power output vs. load resistance for second Po-210 fueled SNAP ti! 
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Table 2 for both room ambient and simulated 


space conditions. Figure 3 is a plot of the 


corresponding power out versus load resistance 


data. Note the reduction in output (and effici- 


ency) due to the increase in cold junction 


temperature in the vacuum environment. No 


claim is made that the bell jar arrangement 


simulates space conditions accurately. However. 


it does indicate the relative difference in per- 


formance between room ambient and space 
conditions 

Instrumental errors and errors due to non- 
equilibrium temperatures probably average three 
per cent. Data from a given generator reproduce 
fairly well, but units may vary in thermoelectric 


element properties and electrical and thermal 


contact resistances so that overall efficiencies 
differ as much as ten per cent. Also, the data 
cover several generators constructed’ with 


Thus. all the 


electrical performance data in this paper should 


different insulator materials 


be regarded as typical rather than precise 
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790 


To truly optimize an isotopic thermoelectric 


space system, many parameters must be specified 
Exact material properties of the thermoelectrics 
Electrical 
The 


electrical load profile and regulation, mission 


and the insulation must be known 


and thermal contact resistances are needed 
lifetime, orbit data, structural tie-in to vehicle 
vehicle temperature, and radiation shield require- 
ments must be specified. Isotope availability. 
cost, development time and ground handling 
considerations impose constraints on the design 
abort 


controlling 


launch and 
The 


optimization parameter (such as energy density. 


Hazard considerations of 


reentry are also important 


efficiency, cost, size) must be determined 


Analysis of thermoelectric generator 


per- 
formance in terms of Seebeck voltage, resistivity. 


and thermal conductivity have been given in a 


number of references However. SNAP III 


performance can also be discussed in terms of 
Assuming Thompson effects are 


heat balance 


negligible 


1 0.1 1 


Fig. 4. Electrical output and hot junction temperature vs. forming gas pressure for first Po-210 fueled SNAP | 
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Thermal power from radioisotope where: 
decay 

Are (7, T.) + Kins (G, P) 
(7, + wl — 

Heat conductance of the thermo- 


current 

hot junction temperature 
cold junction temperature 
internal gas pressure 


electric elements 
Heat conductance of the insulation 
generator fill gas (i.e. hydrogen or The interaction of these terms accounts for the 
argon—methane) performance of the device. The effect of the 


internal resistance 


Peltier coefficient generator fill pressure is shown in Fig. 4 


Fig. 5. Volt-ampere and power output curves for second Po-210 fueled SNAP ti! 
Polonium thermal input—50-2 W 
Bell jar environment 
Internal pressure ~ 200 mm Hg Argon-Methane 
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Figure 5 is a typical volt-ampere curve and 
shows the effect of Peltier cooling on the hot 
junction as a function of load resistance. The 
upper and lower crosses correspond to hot 


1000" and 900°F 
nonlinearity is the 


temperatures of 
The 


junction 


respectively. slight 


jut (w) 


Power 


vacuum is shown in Figs. 6-9 for two SNAP II! 
configurations. These generators are identical 
except that in the one design the diameter of the 
thermoelectric element is reduced to increase the 
efficiency at lower power inputs by increasing 
the hot junction temperatures. 


For space 


6 


6 


Load Resistance (ohms) 


Fig. 6. Power out vs. load resistance parametric in power in (SNAP II! filled with atmosphere 85 per cent 
He-!5 per cent H) 


combined result of Peltier cooling and shifting 
of the figure of merit with a change in hot 
junction temperature. 

A study of electrical power output in a bell 
jar versus a load resistance parametric in thermal 
power for one atmosphere fill pressure and 


conditions, the higher power generator may be 
rated at around 2:5 W and the lower power unit 
at 1-5 W. Note that a hot junction temperature 
constraint of 1100°F is used for an atmosphere 
of reducing gas fill pressure and a constraint of 
900°F for the evacuated condition. These values 
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are selected to give generator lifetimes of over a 
year. For shorter missions both constraints could 
be relaxed somewhat. The reducing atmosphere 
not only protects the thermoelectric elements 
from oxidation but also decreases the sublima- 
tion rate of lead telluride 
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ower 
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load resistance, a crossplot of power output 


versus power input with isotope power input 
versus time will give a good indication of the 
performance of SNAP Il! in a space environ- 
ment. These data may be summarized for a given 


load resistance as shown in Figs. 10 and 1! 


Fig. 7. Power out vs. load resistance parametric in power in (SNAP II! evacuated) 


All of these data were taken in a bell jar with 
the generator resting on an insulated tripod. A 
circuit was provided for automatically switching 
load resistances, and readings of load voltage, 
open circuit voltage, and short circuit current 
were taken at each equilibrium point 

For a given generator internal fill pressure and 


These bell jar results may be compared with the 
room ambient data plotted in Fig. 12. Obviously. 
operation in a space environment seriously 
decreases the generator’s performance. For high 
efficiency, the desirability of having the generator 
evacuated is apparent 


A difficulty in dealing with isotopic-fueled 
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Load Resistance (ohms) 


Fig. 8. Power out vs. load resistance parametric in power in (low power SNAP Ili with atmosphere of 95 per cent A- 


5 per cent H). 


generators is that the thermal input varies 
exponentially with time so that after a specified 
time lapse, called the half-life, the thermal output 
is one-half of its initial value. This makes the 
generator design awkward in respects. 
First, the output power varies with isotope power 
input and, second, the end of life efficiency is 
much less than the original efficiency. 

The usual mission requires a constant electrical 
power into a fixed load (averaged over a day) for 


two 


the life of the mission (usually about the isotope 
half-life). For instance, assume that the mission 
requires an electrical output of 0-80 W, for the 
half-life of the isotope fuel (138 day Po-210, 
156 day Cm-242 or 275 day Ce-144). Figure 11 
shows that a thermal input of 19 W is needed at 
the end of life for the vacuum case or thermal 
input of 26 W for one atmosphere case. There- 
fore, the initial fuel charge would appear to be 
38 and 52 thermal W for the vacuum and 
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gas-filled cases, respectively. However, an initial 
input of 38 W would exceed the hot junction 
temperature constraint in the vacuum case and 
make this mode of operation, alone, impossible 
Consider the case where the generator ts initially 
filled with an atmosphere of reducing gas and 
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atmosphere initially to vacuum at the end of life, 
the electrical output requirement is met and the 
mission has been accomplished with fourteen 
fewer thermal watts than in the simple one 
atmosphere case. This represents a fuel invest- 
ment saving of over one-third. Because of the 


Fig. 9. Power out vs. load resistance parametric in power in (low power SNAP Iti evacuated) 


loaded with a thermal input of 38 W. Ample 
output would be available initially but would be 
reduced to 0-35 W at the end of a half-life. 
This mode of operation, alone, does not meet the 
requirements the generator fill 
pressure is properly programmed from one 


However, if 


extreme expense of isotope fuel, this economy ts 
worth the design effort. An incidental result is 
that the electrical output is flattened by this 
procedure. 

This technique allows the generator design to 
be optimized from maximum efficiency at the 
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end of life (usually about a half-life) without 
exceeding thermoelectric material operating 
temperature with an initial charge of fuel. Some- 
times the misnomer, “power flattening’ is 
given to this feature instead of the more descrip- 
tive term, “heat dumping”. It should be kept in 
mind that the thermal short is primarily an 


925 


temperature is shown in Fig. 4. Analysis of the 
data indicate that almost full half-life control 
is possible by varying pressure and hot junction 
constraints. Figure 10 shows that, 
heat dump mechanism is used, evacuating the 
SNAP III generator and limiting the hot junction 
temperature of 900°F with an initial isotope 


unless a 


Evacuated 


Power In (w) 


Fig. 10. Power out vs. power in for SNAP Iii evacuated and gas-filled conditions 


Load resistance 


isotope economy measure and that the power 
flattening is merely an extra dividend. 
Heat dumping will also increase the watt 


pound rating of the generator. 

Several methods of achieving a_ variable 
thermal short this purpose have been 
suggested. A method that looks promising with 
the SNAP tii generator is that of variable 
generator fill pressure. The effect on hot junction 


for 


2-4. Bell jar 


loading of 47 W gives the same electrical output 
as filling the generator with an atmosphere 
raising the hot junction to 1100 F and 
an initial load of 65 W. (Note: Peltier cooling 
of the hot junction also aids in packing in more 
thermal power initially.) The power flattening 
due to heat dumping is also shown. Work is 
under way at Martin to accomplish this. It is 
interesting to note that the generator was not 


using 
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Again, the 


as typical 


designed with this feature in mind 


pressure data should be considered 


rather than exact because of significant variations 


‘nerators as to thermal contact resis- 


among 


tances when the gas film conduction across 


junctions ts removed by evacuating the generator 
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cent material has a streneth of 


200 psi. Powdered Min-K surrounds the elements 


compressive 


themselves and is compacted by vibration during 


assembly 
The 


room temperature ts approximately 2-2 lb and 


spring force on an individual element at 


Fig. 11. Power out vs. power 


Load resistance 


loss of film conduction results in greater 


The 
thermoelectric element temperatures for a given 


power input and is_ reflected in poorer 


performances 
The thermal insulation in the hemispherical 


domes is compressed Min-K, 1301. The 5 pet 


n for low power 


SNAP 


34) 


| evacuated and gas filled conditions 
Bell jar 


increases to about 5-1 Ib at 1100 F. The adjusting 


screw has a thread pitch of 20 threads/in. and a 


spring rate of 175 Ib/in. The screw is set 4 turn 


from the free length of spring. These tensions 
vary with mission 


The dynamic tests to be discussed were in 
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accordance with specifications submitted by Jet 


Propulsion Laboratory. A detailed report of 
these tests will soon be available 

Vibration testing was performed with a 
Calidyne vibration system Model No. 177A 


TEST RESULTS OF 


SNAP III 


The 
mounting plate and test fixture was equalized 
by 
Kronhite band pass filters brought the relative 


level down 3 dB at 1500 c/s and 8-5 dB at I5c/s 


frequency response of the shaker 


a system equalizer and a peak notch filte: 
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Fig. 12. Power out vs 


The test of a_ sinusoidal 


consisted 


program 
vibration of 5 ¢ rms from 15 to 1500 ¢/s super- 


imposed on a random signal of 5 ¢ rms. band- 


limited between 15 and 1500 c/s for 5 min. The 
second portion of the tape consisted of a 
sinusoidal vibration of 8 @¢ rms from 4500 to 


1500, superimposed on a random signal of 5 ¢ 
rms, band-limited between 15 and 1500 c/s for 


5 min. Two test cycles were conducted in each of 


the three orthogonal planes 


power 


in for evacuated SNAP 


Figure 13 shows the generator in its fixture 
mounted on the Calidyne vibrator. A typical 
equalization curve is given in Fig. 14 


Before each test the generator was allowed to 


reach an equilibrium (room ambient) power 


input, power output, and hot and cold junction 
temperatures. These parameters were monitored 
throughout the tests 

The vibration tests showed only a small drop 


in efficiency in the x and z planes. The largest 
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Fig. 13. Test specimen with fixture mounted on Calidyne vibrator 


effect was in the vy plane and is shown in Fig. 15 
Note that the efficiency drop is constant after 
reaching its maximum until the vibratory force ts 
discontinued. In every case, the generator com- 
pletely 
10 min 


recovered its original output within 


In the worst case of the vy plane, the 


efficiency was decreased only 0-3 per cent 


Monitoring of the 2-80 d.c. output showed a 
small ripple in the x and - plane which tripled 
in the y plane ripple 
component revealed that the ripple frequency 
matched the shaker 


Investigation of the 


frequency. A_ sinusoidal 
vibration of constant 2 ¢ rms from 15 to 1500 c/s 
was applied in the x, 


y and z planes. The ripple 


cps 


Fig. 14. Final equalization curve—Y plane model 177A Calidyne shaker. 
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Efficiency--y (%) 


Post and Pre-Test 


10 20 x” 40 50 
Time (min) 
Fig. 15. Vibration test SNAP Il! Y plane 
TH 800 F 
T 120 F 
P 60 W 


component was constant in the x and z planes but Shock test specifications called for four 
peaked sharply at 700 c/s in the y plane shocks in each plane with an input force of 50 ¢ 
The acceleration test was conducted on a_ ina one millisecond rise time with no require- 


Genisco Accelerator. Oscillograph records show ments on the rate of decay of the pulse. Accelero- 


no observable change in generator performance. meters were mounted on the fixture so that the 
Test results are plotted in Fig. 16 


input and response accelerations could be 


Time (min) 


Fig. 16. Acceleration test SNAP iii Y plane 
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monitored. The shock test results are similar to 
the vibration results. Again, the y plane data 
showed the largest ripple component and a 
decrease in efficiency. These data are plotted in 
Fig. 17. The electrical heating element which 
simulated the radioisotope failed in the third 
shock in the y plane. The element was replaced 
and the shock tests completed 

Four SNAP I! generators have passed 
complete vibration, acceleration, and shock 
tests. In no instance has there been a failure of 
any component other than the electrical heater 


(~ 80 g) 


Efficiency--n ( 


Pre-test 
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powdered Min-K so the generator can be re- 
garded as a plastic solid. The axial support 
might be a subject of concern since it is main- 
tained only by spring pressure of the individual 
elements on the heat source cylinder and the 
compressed Min-K domes. This apprehension is 
confirmed to some extent because of the con- 


sistently larger effects in the » plane tests. 

The mechanism of power output decrease and 
its subsequent recovery has yet to be explained 
To do this, consider in detail the nature of the 
electrical contact at the hot junction. Under 


Heater Failure 
Shock III (= 80 g) 


Shock II 
(= 80 g) 


TH 
Te 
Pp 


Additional generators are presently undergoing 
tests to improve the statistical significance of 
these results. 

What are the design features of SNAP II 
that make it so rugged? One might expect that 
the spring-loaded construction would adequately 
cushion radial loads p-ovided the spring reson- 
ances are not excited. Spring resonance has not 
been a problem because it lies much higher in 
frequency range than the vibration inputs. 
Packing the lead telluride elements in powdered 
Min-K insulation tends to dampen out any 
vibration on the part of the elements themselves. 
All voids in the generator are filled with 


Time (min) 


Fig. 17. Shock test SNAP II! Y plane 
840 F 
142 F 
62 W 


operating temperatures, the spring pressure 
causes plastic flow of the lead telluride to produce 
a partial mechanical bond to the hot junction 
shoe. The most likely explanation of the small 
decrease in efficiency during shock and vibration 
is that the contact resistance of the partial 
bonded contact increases with the simulated 
launch loads. After the test cycle, heat and 
pressure again fuse the hot junction contact and 
the generator output recovers completely. 
Although these tests indicate that SNAP It 
generators will survive rocket launch, additional 
testing is underway to demonstrate integrity of 
isotopic power sources in case of launch abort 
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and in reentry. For space applications, any of 
several other isotopic fuels under study might be 
substituted for Po-210 

Radiation thermoelectric 
material by gamma rays is being investigated. A 
couple similar to those in SNAP I has been 
irradiated for over 400 hr in Co-60 fields of 
1-6 « 10° r/hr. A temperature gradient is being 
maintained in the test and no change in output 
has been observed. 

In summary, although 


damage of the 


SNAP III de- 
signed primarily as a proof of principle device, 
the electrical performance data and the vibra- 


was 


tion, acceleration and shock test results discussed 


indicate the feasibility of 
generator for 


using the present 


extending the useful life of 


satellites 
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Abstract—Studies conducted by Douglas 


EFFECTS OF VEHICLE COST ON DESIGN AND SIZING 
OF MULTI-STAGE ROCKETS 


C, GOLDBAUM and J. F. WHITE 


Missiles and Space Systems Engineering, Douglas Aircraft Company, Inc 
Santa Monica, California 


Aircraft Company have shown that designing multi-stage 


rockets solely for minimum weight results in higher vehicle costs. For a lunar system capable of 100,000 
Ib of payload, the dollar expenditure can be reduced as much as $3,000,000 per vehicle 

This paper describes the results of a process by which the vehicle design for minimum cost can be 
established in preliminary design studies, using only approximate values of design and cost parameters 


INTRODUCTION 

With the rapid advances being made in the 
development of missiles and space ships, the era 
of delivering cargo by rockets has arrived 
Minimizing the cost of delivering such cargo is a 
prime objective at Douglas as it has been through 
the years in this field of transport aircraft 

The urgency associated with development of 
existing long-range ballistic missiles and space 
systems relegated vehicle cost to a position of 
secondary importance. Overall system develop- 
ment time and payload capability were of 
primary interest. This latter influence was re- 
flected in the trend to design toward minimum 
growth factor (maximum payload for given gross 
weight and mission requirements) 

It is the purpose of this paper to show that the 
vehicle design for minimum growth factor is not 
the design for minimum cost and to present the 
results of preliminary studies aimed at defining 
minimum-cost multi-stage vehicle configurations 
While techniques for determining the design 
for minimum factor are 
(e.g. Weisbord™)), little has been done toward 


growth numerous 
developing methods for defining missile con- 
Although the 
vehicle represents only a relatively small part of 
the total system expenditure, it should not be 
neglected. As will be demonstrated, it can mean 
many dollars. 


figurations for minimum cost. 


Such results could then be used for evaluation with overall system requirements 
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Such 
economics of an entire system, including R & D 


concepts can be extended to the 
and operational costs. By such processes, the 
era of sustained space missions and cargo 


delivery will be enhanced 


DISCUSSION 

The methods employed in establishing cost 
criteria are straightforward and will not be 
derived here. Rather, a brief description of the 
technique will be followed by an interpretive 
analysis of the empirical results to highlight some 
of the dependency of cost on variables open to 
the designer 

Using accepted equations of motion, the 
restraints placed by the mission objective (e.g 
velocity and altitude at final burnout) can be 
expressed in terms of the vehicle parameters 
These include unit structural weights, propellant 
weight and specific impulse, number of stages. 
thrust level of each stage, programmed flight 
path constants, and final weight items (pay'oad) 
In simpler approximations of the problems, this 
can be done implicitly. Inserting unit cost values 
to each of the weight elements, it is then possible 
to find a minimum cost analytically. In more 
realistic models of the problem, it is necessary 
to solve the transcendental equations by trial 
and error computer techniques. 

The results of the studies are demonstrated in 
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EFFECTS OF COST ON 


detail by considering a typical vehicle capable of 
an escape mission. The use of liquid oxygen 

liquid hydrogen as the propellant with a vacuum 
specific impulse of 415 sec ® and a corresponding 
structural efficiency factor of 0-92 was assumed. 
The structural efficiency factor is defined as the 
ratio of the propellant weight of a stage to the 
difference between the gross weight of that stage 
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will be achieved only through careful evaluation 
of each individual subsystem. 

In order to establish the effect of design concept 
on vehicle cost, it was also necessary to assume 
the cost per pound of propellants, tanks and 
accessories, and cost per pound of thrust for 
engines. The assumed nominal values are listed 
in Table |. The effects of relatively large changes 


Table |. Assumed Nominal Values 


1. Propulsion System Characteristics 


Propellant 


Liquid Oxygen—Liquid Hydrogen 
Liquid Oxygen-RPI 


Vacuum Propellant to 
specific impulse propulsion system 
(sec) weight ratio 
415 0-92 
300 0-95 


2. Component Costs 


Prop:llant 


Liquid Oxygen-Liquid Hydrogen 
Liquid Oxygen-RP1! 


Tanks and accessories 


Engines (per pound of thrust) 


Liquid Oxygen-Liquid Hydrogen 
Liquid Oxygen—-RPI 


Dollars/pound 


0:06 
0-02 


10-00 


1-25 


1-00 


Note: The component costs are not to be construed as being accurate. They are merely 
values assumed to illustrate the purposes of this paper 


and the stage (or payload) above it. It is empha- 
sized that this concept is not limited to space 
vehicles; it is equally applicable to multi-stage 
missiles. 

The total vehicle cost is divided into three basic 
components: (1) propellant, (2) engine, and 
(3) tank and accessory costs, the total cost being 
the aggregate of the component costs. Payload, 
guidance, development and other system costs 
are not included in this study except insofar as 
they are reflected in the individual component 
cost assumptions. This does not infer that 
efficient subsystem design can be achieved 
independent of overall requirements, but it is 
apparent that minimum total system expenditure 


in the assumed values on the vehicle design for 
minimum cost will be demonstrated, as will the 
effect of a relatively large fixed cost which 
might include payload, guidance, development 
or any other expenditures which can be con- 
sidered basically independent of vehicle size. 
General results of the studies are summarized 


in Figs. | and 2. Figure | shows the variation of 


growth factor (initial gross weight to payload 
ratio) with number of stages for (1) minimum 
gross weight vehicles and (2) minimum cost 
vehicles. The data are shown for two propellant 
types and a combination thereof for comparison 
purposes. For convenience the data are shown in 
the form of continuous curves. The growth 
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3 


NUMBER OF STAGES 


mum weight and minimun 
LIC HYD and RPI fuels 


factor varies from about 140 to 90 for vehicles 
using all liquid oxygen-RP! propellants. For 
the hydrogen—oxygen conficuration the growth 

from 41 to 30 for two and four 


respectively: combination of the propel- 


sults in intermediate values. In all cases 
the design for minimum cost requires a larger 
growth factor, the increment deperding on the 
propellant and number of stages 
The corresponding vehicle-costs per pound of 
payloed are shown in Fig. 2 and irdicate that 
substantial savings, varying fiom 1 to 16 pet 
cent for one to five stages of the hydrogen 


wxygen vehicles, can be achieved by proper 
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UG OXY-LIO HYD + 
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TOTAL VEHICLE COST PER POUND OF PAYLOAD $18 


2 3 
NUMBER OF STAGES 


Fig. 2. Cost per pound of payload. Minimum weight 
and minimum cost vehicles. Comparison of LIQ HYD 
and RPI fuels 
——— Minimum growth factor 

—— — Minimum cost 
Initial thrust to weight ratio — 1-5 


design. The cost differential can be as great as 
61 per cent for a four-stage vehicle using liquid 
oxygen-RP! in the first two stages and liquid 
oxygen-liquid hydrogen in the upper stages. For 
the purpose of this phase of the comparison, an 
initial thrust to weight ratio of 1-5 was arbitrarily 
assumed for all stages of all vehicles 

The comparisons presented in Figs. | and 2 
immediately pose many questions, some of which 
are: what is the reason for the cost ¢cifferential ? 
What are the effects of perturbations of vehicle 
parameters, such as specific impulse, propellant 
to propulsion system weight ratio, thrust to 
weight ratio? How important are the initial 


cost assumptions? These questions will be 
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Fig. 3. Propellant distribution effect on growth factor 
3-stage LIQ OXY-LIO HYD vehicle 


discussed by graphical demonstration of the 


empirical results developed on a_ digital 
computer 

\ three-stage hydrogen-oxygen vehicle was 
selected for these more detailed investigations 
It can be seen on Fig. 2 that this choice does not 
favor or emphasize the cost argument in any 
special way 

The reason for the reduction in cost with 
respect to the configuration for minimum growth 
factor can be interpreted from Figs. 3 and 4 

Figure 3 shows the variation of growth factor 


with propellant distribution for a system capable 
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of a typical escape mission. The propellant 
distributions are based on optimally distributed 
second and third stage weights and are adhered to 
throughout this paper. The corresponding vehicle 
costs are shown in Fig. 4 

Phe nature of the growth factor curve of Fig. 3 


indicates that the slope is flat in the region of 


minimum weight. Nominal increases in first 
Stage propellant produce relatively small 
increases in growth factor. However, large 


reductions are noted in first and second stage 
propellant requirements ard hence in tank and 
engine sizes. The increase in first stage propellant 
defines greater propellant and tank costs but 
relatively small increases in ergine cost for this 
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Fig. 4. Vehicle cost per pound of payload. Effect of Ist 


stage propellant weight. 3-stage LIQ OXY-LIQ HYD 
vehicle 


The 


reductions in second and third stage propellant 


Stage (for a given thrust to weight ratio) 


weights produce relatively large changes in the 
costs of propellant, tanks and engines for these 
stages countering the increase due to first stage 
and resulting in a net decrease in vehicle cost (to 
the point where the configuration for minimum 
cost is reached); this is illustrated in Fig. 4. In 
all cases, engine cost represents the major part of 
the total expenditure 

The nominal designs for minimum growth 
factor and minimum cost vehicles ere noted 
The vehicle for minimum cost actually occurs at 
a growth factor which ts 2-8 per cent higher than 
the minimum value, but the cost of delivering 
cargo is less by 4 per cent 


The comparisons shown in Figs. 1-3 were all 


based on initial thrust to weight ratios of 1-5 in 
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THRUST TO WEIGHT RATIO 


Fig. 5. Thrust to weight ratic for maximum payload 


all stages of all vehicles. These are not optimum 
values for minimum growth factor or minimum 
Detailed boost 


three-stage lunar vehicle were made to determine 


cost analyses of phase of a 


the effect of stage thrust to weight ratio 

The effect on payload is indicated in Fig. 5 
The lowest thrust to weight ratios for maximum 
payload were estimated to be 2-0, 1-6 and 1-4 for 
first, second and third stages, respectively, and 
were used for subsequent analysis of minimum 
growth factor vehicles. As anticipated, changes 
in the first stage ratio produced the greatest 
effect whereas changes in third stage had the 
least effect on payload capability 


1 into vehicle cost as a 


[he data were translatec 
thrust 
Fig. 6. For minimum cost per pound of pzyload 
thrust to 1-37 


1-35 and 0-65 for the 


function of to weight ratio as shown in 


the stage weight ratios were 
respective stages, and these 
values were assumed in the subsequent analysis of 
minimum cost vehicles 

In the preliminary stages of vehicle design, the 
within 


that 


pertinent parameters are known only 


certain limits. It is, therefore, important 


variations tn the values of the assumed design 


parameters and component costs have a small 
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effect on the resultant design. The practicality of 


this goal in cost 


demonstrated in Figs. 


achieving optimization is 
The data are shown 
for a liquid oxygen-liquid hydrogen three-stage 
configuration, with initial thrust to weight ratios 
per stage for minimum vehicle-cost per pound 
of payload 

The effects of relatively large variations in 
specific The 


impulse are shown in Fig 
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minimum cost. Effect of structural 


3-stage LIQ OXY-LIQ HYD vehicle 


Fig. 8. Design for 


efficiency factor 


absolute cost per pound of payload obviously 
varies, but the vehicle design for minimum cost 
remains essentially invariant. A one per cent 
change in specific impulse changes the propellant 
distribution for minimum cost only about ,\ of 
one per cent 

Effects of changes in structural efficiency factor 
are shown in Fig. 8. One point change in all 
stages results in less than a two per cent change 


in the design for minimum cost. It is important 
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to note that increasing the structural efficiency 
factor from 0-92 to 0-93 is equivalent to a 13 per 
cent decrease in the weight of the inert parts of 
the propulsion system 

The effects of large changes in initial cost 
The effect 
of propellant cost is shown in Fig. 9, tank and 


assumptions are shown in Figs. 9-12 
accessory cost in Fig. 10, and engine cost in 


Fig. 11. The results are all similar: large changes 
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Fig. 9. Design for minimum cost. Effect of propellant 
cost. 3-stage LIQ OXY-LIQ HYD vehicle 
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Fig. 10. Design for minimum cost. Effect of tank and 
accessory cost 


in component cost have only small effects on 
the design of the vehicle for minimum cost 

The effects of large fixed costs are shown in 
Fig. 12. The fixed costs could represent payload, 
guidance, development or other expenditures 
which could be considered essentially indepen- 
dent of vehicle size 
Fixed incremental costs of $2,500,000 and 
$5,000,000 were assumed based on a 100,000 Ib 
payload for a nominal vehicle with a first stage 


nominal deviations in 
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propellant to weight ratio of 0-725, 
corresponding to a gross weight of 3,280,000 Ib. 
This gross weight was then assumed constant, 
and the payload was allowed to vary with 
propellant Fig. 3, 
resulting in only a relatively small shift in the 


gross 


distribution as shown in 


design for minimum cost. If the payload were 


held fixed, there would be no change in the 
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Fig. 11. Design for minimum cost. Effect of engine cost 
per pound of thrust. 3-stage LIQ OXY-LIQ HYD 


vehicle 
s 
- 
180 
< 160 4 
140 
z 
2 
Sx 
= 120 | 
= 
MIN 
wT 
re) 100 
= 
MIN 
= 
> 0 i 
< os 06 O8 
5 FIRST STAGE PROPELLANT TO GROSS WEIGHT 


PATIO WP, WO 


Fig. 12. Vehicle cost per pound of payload. Effect of 
fixed cost. 3-stage LIQ OXY-LIQ HYD vehicle 
* Based on 100,000 Ib payload capability of nominal 
vehicle at Wp, 0-725 


vehicle design; the increment in cost per pound 
of payload would remain constant with propellant 


distribution. 


The cost distribution is illustrated in Fig. 13. 
It is immediately obvious that not only is the 
first stage by far the major cost component, but 
in all cases the engines are the major expense. 
The importance of recovering at least the first 
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Stage engine(s) after a launching is apparent. 
and an analysis including assumptions of cost 
savings by recovery and re-use of first stage 
would be expected to influence the chosen 
minimum cost design significantly. 

The of the design 
concept and thrust to weight ratio are sum- 


comparison effects of 
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Fig. 13. Cost distribution. 3-stage LIQ OXY-LIQ HYD 
vehicle 
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marized in Fig. 14, assuming a constant structural 
0-92 in all 
The minimum cost vehicle is shown and 


efficiency factor of Stages of all 
vehicles 
compared to a vehicle designed for least cost at 
arbitrary thrust to weight ratios of 1-5 in all 
These are compared to minimum weight 
thrust 


minimum growth factor, and the other for 


Stages 


vehicles: one at to weight ratios for 
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thrust to weight ratios of 1-5 in all stages. The 
data show that the vehicle design for minimum 
cost 1s about 10 per cent heavier than the one 
for minimum weight (for a given payload), but 


the vehicle cost per pound of payload is 25 per 


cent lower 
Translated into expenditure 
assuming an Earth-Moon mission with 100,000 


vehicle and 
pounds of Earth-escape payload, the potential 
savings in vehicle cost alone could be as much 
as $3,000,000 


GOLDBAUM and J F 
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Abstract 


PRELIMINARY DESIGN OF A SIMPLE LOW-COST 
SATELLITE VEHICLE LAUNCHED FROM AN AIRCRAFT 


GEORGE F. CLEARY 


Weapons Development Department, U.S. Naval Ordnance Test Station 


The Naval Ordnance Test Station has investigated the preliminary 


design of an aircraft- 


launched satellite vehicle. Payload capacity for circular polar orbits is 15 Ib for a 300-mile height and 10 


Ib for a 1,000-mile height. With minor vehicle modifications the payload capacity in a 300-mile 


orbit of 


30-degree inclination to the east can be increased to 23 Ib. Within the payload volume limitations, 


instrumentation for many cf the scientific experiments of the IGY 


program can be packaged. It is 


antic pated that a vehicle of this type, utilizing future miniaturized payloads, will have military application 


for reconnaissance, meteorolcgical observation and other purposes 


The proposed vehicle is 205 in 


lorg, 24 in. in diameter, weighs 3,000 Ib, and is launched from the F4D aircraft. It is estimated that unit 


vehicle cost would be $65.000 


INTRODUCTION 
Since this paper is concerned with the pre- 
liminary design of a small satellite vehicle 
launched from an aircraft, it seems appropriate 
to briefly review the need for small satellites and 
mention previous proposals for aircraft-launched 
satellite vehicles. 

In 1953 Prof. S. I 
Maryland proposed the Mouse (Minimum Orbital 
Satellite, Earth). 
payload weight for conducting experiments in 


Unmanned [he estimated 
astrophysics was about 100 pounds. Professor 
Singer described the Mouse as a worthwhile 
proposition, able to “pay its own way”. He 
suggested that the initial orbital vehicles need 
not continue to orbit indefinitely to give valuable 
data. 

By May 1956 scientists of the United States 
had designed equipment and numerous experi- 
conducted the VANGUARD 
Within the 21-5 lb payload capability 
of this vehicle twelve scientific experiments can 


ments to be with 


vehicle 


be performed according to a report publishe | by 
the Office of Naval Research. Additional ex- 
periments are described in detail in the first and 
second Scientific of Earth 
Satellites, the basic reference for earth satellite 
experiments of the United States IGY program 
The editor of the book notes in the preface to 
the second edition that some of the proposed 
experiments have been performed successfully 


editions of Uses 


Singer of the University of 


249 


and that nearly all others are in an advanced state 
of preparation 

The decreasing number of applications for 
satellites as the payload weight increases is 
Staff Report of the Select 


“) which presents a 


indicated in the 


Committee on Astronautics, 
list of experiments appropriate to satellites of 
various payload classes. A count of the types of 
experiments included in each payload weight 
category shows the following: 


lb 14 
100 Ib 10 
Ib 5 
10.000 Ib 


It is apparent from Reference 2 that 12 of the 14 
experiments listed in Reference 4 in the less than 
100 Ib class can be packaged in a 21-5 lb payload 
It seems reasonable to assume that the number of 
times that experiments of each type would be 
repeated would also decrease as the payload 
weight increased. For example, the number of 
applications for 75-ton satellites will probably 
be kept to a minimum, if only for reasons of 
economy. 

Prior to Sputnik I, the publicized U.S. Earth 
satellite program provided for payloads in the 
less than 100 Ib payload category. Experiments 
planned for this program were carefully chosen 
and generally were successful when orbit was 
With the grapefruit satellite, vAN- 
GUARD 1, weighing only 3-25 lb, new information 


achieved. 


é 
| 
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was obtained on the shape of the earth: solar 
cell operation in space was demonstrated; small 
land masses were located more precisely: and 
external temperatures the satellite were 
Existence of the Van Allen radiation 
belt was established and explored with equip- 
ment constituting only part of a 31 Ib satellite 

The first experimental weather satellite that 
the United States successfully launched weighs 
only 21-5 Ib 

Meteorological observations and some IGY 
experiments vary in duration and intensity and it 
is probably desirable to conduct selected experi- 


of 
measured 


ments on short notice, utilizing orbits of different 
inclinations from polar to equatorial. Check out 
In space environment of the experimental equip- 
ment itself or of components would certainly 
be desirable, if testing could be accomplished 
economically. A low-cost vehicle launched from 
an aircraft could perform these functions: such 
a vehicle could be launched from any airfield 
adjacent to the sea or uninhabited areas where 
the vehicle stages could be safely jettisoned. 
With solid-propellant boosters, fueling time 
would not be a problem. Since the United States 
has successfully launched only five Earth satel- 


lites im the IGY program, it is apparent that 
many 


scientific experiments in an advanced 
Stage of preparation are standing by waiting for 
launching vehicle availability 

The concept of an aircraft-launched satellite 
vehicle was presented by Professor P. E. 
Sandorff of the Massachusetts Institute of 
Technology at a meeting of the American Rocket 
Society in June 1955. The advantage of this 
technique (improved reliability and lower cost) 
were emphasized. A two-stage vehicle weighing 
100.000 Ib was estimated to have the capacity 
of orbiting 500 Ib when launched from a B-52 
at an altitude of 50,000 ft 

A. C. Robotti, consultant to the Fiat Com- 
pany in Italy, reported™ in September 1956 
the feasibility of launching a modified Bumper 
vehicle (A-4, plus a WAC CORPORAL) from a 
Convair F102. His calculations indicated that 
orbital velocity could easily be reached with this 
aircraft-vehicle combination 

It is likely that many other aircraft-launched 
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satellite vehicles have been proposed, but the 
present Earth satellite programs in the United 
States do not mention funding for development 
of such a vehicle. In a nation where the solution 
complex technical normally 
sought through parallel developments, we have 
the VANGUARD, JUPITER C, NASA SCOUT, THOR- 
HUSTLER, THOR-DELTA, ground- 
launched vehicles for payloads in the less than 


of problems is 


and other 
100 Ib class, but we have essentially ignored use 
of an aircraft for launching a satellite vehicle 
However, aircraft have been used by both mili- 
tary and civilian agencies for launching the 
Bell-X research the North 
American X-15 and air-launched ballistic mis- 


series aircraft, 
siles 

For certain applications and in specific pay- 
load weight categories, NOTS has concluded 
that a 
craft has many advantages over one that ts 
ground-launched. Recognizing that 
research payloads have already been miniatur- 


satellite vehicle launched from an air- 


scientific 


ized for small satellites and anticipating that 
present small experimental payloads will prove 
to have future application to the military, NOTS 
has investigated problems of preliminary design 
an aircraft-launched vehicle. The payload 
weight capability of this design could initially 


equal that of VANGUARD. However, if feasibility 


of 


of the concept were demonstrated, design of 
vehicles launched from the A3J or B-52 with 
larger payloads could be undertaken with con- 
fidence 


DESIGN OBJECTIVES OF A SMALL 

AIRCRAFT-LAUNCHED SATELLITE VEHICLE 

The design objective of the NOTS study was to 
provide a vehicle of potential ordnance quality. 
By this is meant, the vehicle would inherently be 
simple to manufacture, store, transport, as- 
semble, checkout and launch. Its cost would be 
and by using solid-propellant 
simple controls, and redundant firing circuits 
potential reliability would be high. 

With this over-all objective and utilizing the 
F4D aircraft, several vehicle configurations were 
studied. Over-all vehicle weight was limited by 


low boosters. 


§ 
4 
3 
4 
a”, Riau 
4 
10; 
} 
by 
3 
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the bomb rack mounted on the wing of the F4D. 
Vehicle length, diameter and clearances between 
fins and aircraft also were limited by aircraft 
compatibility considerations. Even within these 
constraints, it appears possible to design a 
satellite vehicle that has a useful payload capacity. 


The following conditions and assumptions 
were considered in the vehicle preliminary de- 
sign: 


(a) The vehicle weight would be limited to 
3,000 Ib 


(b) The vehicle would develop sufficient energy 
to propel 10 Ib into a 1000 mile circular polar 


3rd STAGE Vs —, 


2nd STAGE 


AIRCRAFT 
——} BOOST PHASE 


COAST OR ORBIT 


Fig 


orbit. (In a 300 mile orbit with a 30° inclination, 
the equivalent payload is about 23 Ib. The 1000 
mile polar orbit was selected for this study in 
connection with scanner payload investigations.) 


(c) The vehicle would be released from the F4D 
aircraft at an altitude of 35,000 ft with a velocity 
of 700 ft/sec at an angle of 56° to the horizontal. 


(d) It was assumed that a fin-stabilized vehicle 
would trail to an altitude of 250,000 to 280,000 
ft. The fins would be canted and during this 
part of the trajectory would impart a spin of 
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280,000 
| 


1. Sequence of velocity increments 
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about 5 rev/sec to the vehicle to stabilize later 
stages of the vehicle above 300,000 ft. 


(e) Ascent to orbit would be a transfer ellipse 
with a perigee altitude of 280,000 ft (56 miles) 
and an apogee height equal to 1200 miles. 
Injection into orbit would be accomplished by 
firing a small booster at the transition point 
between the transfer ellipse and the orbit. 

(f) An existing high-performance booster that 
would readily fit within vehicle dimensional 
restrictions would be utilized for the second 
Stage. 


With these conditions specifying the vehicle 


> 
/ | 
| 


energy and other system requirements, the 
velocity increments of each boost phase were 
determined for the trajectory shown in Fig. | 
The following nomenclature and velocity re- 
lationships apply: 


Vory—circular velocity at altitude / 1200 
miles 


Vap—velocity at the apogee of the elliptical 
trajectory 


Vner—velocity at the perigee of the elliptical 
trajectory 


| Vap 4th STAGE 
/ 
cv per / _ V orb 
Vv, \ \ J 
200 mI 
Ist STAGE 
| 
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‘ 
4 
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the 
propelling the 


horizontal velocity required from 


first-stage booster 
vehicle to 280.000 ft 


after 


velocity increment reguired from second- 


stage booster 


velocity increment required third- 


Stage boostet 


velocity increment reguired from fourth- 


Stage booster 


altitude at starting of 


elliptical trajectory taken as 280,000 ft 


point or perigee 


altitude at apogee of elliptical trajectory 
taken as 1200 miles (6°64 10' 


ft) 


gravitational 


the E 


universal 
of 


the 
the 
10°° ft 


of 
and 
as 1-4] 


product 
constant rth 


taken 


mass 
radius of the Earth—taken as 3960 miles 


(20-91 10° ft) 

2GM(R 


2GM(R 


.) (5) 
From these equations circular orbital velocity, 


at 1200 22.700 ft/sec: 


at the start of the trajectory is 27.400 ft/sec: 


miles is velocity. 


the velocity. | 
1.300 


at the apogee 
the 


the fourth-stage 


of the trajectory 


ft/sec, and velocity increment, 


V,. needed from booster, is 
1400 ft sec 
Stage booster provides for only 1300 ft/sec to 
1000 miles altitude 


Final velocity correction made at the apogee 


The preliminary design of the fourth- 


approximate an orbit of 
of the ellipical trajectory places additional re- 
the The 


booster must maintain inertial space orientation 


quirements on vehicle fourth-stage 
from the elliptical trajectory perigee to the apogee 
on the other side of the earth in order for its 
velocity contribution to be horizontal: it must 


also be retromounted in the vehicle so that at the 


F 
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apogee of the ellipse its velocity contribution will 
be in the direction of orbital motion. Injection 


into orbit at the apogee of the elliptical tra- 
jectory utilizes an ascent path requiring minimum 
energy, but as pointed out by Prof. M. Summer- 
field of this “kick 


technique has disadvantages 


Princeton, in the apogee” 
First, the satel- 
lite payload weight must include the fourth- 
stage booster and second, spatial orientation of 
the fourth-stage booster for a long coast period 
would probably be difficult. However, this method 
was attempted with one of the EXPLORER satel- 
lites,‘ 
trajectory precluded demonstration of the tech- 


but malfunction of the vehicle in the initial 


nique. For the vehicle described in this paper, a 
mercury dampener in combination with other 
the 
required spatial 


would be utilized increase 
of the 


orientation of the fourth stage 


methods to 


probability achieving 


The existing booster chosen for the second 


of the NOTS 
provide the velocity increment required at perigee 


stage vehicle could not alone 


of the elliptical trajectory. An additional booster 
In deter- 
mining third-stage booster performance, it was 


(third stage) was therefore required 


assumed that aerodynamic drag at the operating 
altitude (280.000 ft) was so small that it could be 
neglected, and that the trajectory angle was 
essentially horizontal and no gravity loss oc- 
curred. The optimum design for the third-stage 
booster was obtained using the following ex- 
pression 


In 


Mos 
In 
Mos 

where 

Jeno@q 1S the effective exhaust velocity of the 
second-stage booster 

Ing@o 1S the effective exhaust velocity of the 
third-stage booster 

Mog IS the initial weight of the second-stage 


Mos 


is the initial weight of the third-stage 
m,» 18 the propellant weight of the second- 
stage booster 

m, 18 the propellant weight of the third-stage 
booster 
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Using attainable values of propellant specific 
impulse and metal parts weight, the optimum 
weight of propellant for the third stage was 
determined to be about 50 Ib. For this third- 
Stage propellant weight. the combined velocity 
increment V, V’,, obtainable from the seco: d 
and third stages was computed to be 20,600 ft/sec 


From equation 5, the horizontal velocity } 


required from the first-stage booster at the time 
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Table |. Component Weight Estimates (Ib) 


VEHICLE 


characteristics for a vehicle with 10 Ib. 1000 


mile polar-orbit capability. 


a 


VEHICLE LAYOUT AND CHARACTERISTICS 

Figure 2 shows the configuration of the vehicle 
and location of major components. The vehicle 
long, 24 in. in diameter, and weighs 
3000 Ib. Four fins with a 66 in. 
initial stability 


is 205 in 
span provide 


[hey are canted 1° to the vehicle 


Component Ist stage 


Payload 590 
Structure 123 
Controls 3 
Firing system 4 
Booster 27280 
Propellant 1980 
Metal parts 300 
Initial weight 3000 
Burnout weight 1020 
Dead weight fraction 0-143 
Payload fraction 0-197 


2nd stage 


ird tage 4th stage 


78 13 f 

10 5 whe 
0 0 0 
0 0 1-4 

50? 60 

461 20 

4! 10 

590 72 130 

129 28 11-0 
0-086 0-192 not applicable 
0-132 0-168 not applicable 


Table 2. Booster Characteristics 


Characteristic 


Ist stage 


Thrust (Ib) 12.100 (sl)* 
Burning time (sec) 34 
Operating pressure (psi) 600 
Specific impulse (sec) 204 
Total impulse (Ib-sec) 404,000 
Motor performance index 177 
Propellant-to-booster-weight ratio 0-87 


Satellite vehicle 


2nd stage 3rd stage 4th stage 


3,050 (vac) $10 (vac) 160 (vac) 
5 
200 600 750 
254 250 250 
117,000 12,500 4180 
233 208 158 
0-92 0-83 0-65 


* 15 to I expansion ratio 


of firing of the second stage, was found to be 
6800 ft/sec. 
propellant 


weight 


Again using attainable values of 
parts 


design 


metal 
booster 


specific impulse and 


ratios the first-stage 
problem was programmed on an electronic com- 
putor. Aircraft performance, aerodynamic drag 
Table | 
lists the preliminary weights of vehicle com- 


and Table 


and gravity variations were considered 


Is a summary of booster 


ponents, 


longitudinal axes to provide spin stabilization 
after the first-stage separation. The first-stage 
booster has attachments for the fins and is a 
structural member of the vehicle. The structure 
supporting the second- and third-stage boosters 
also functions as guiding rails for launching 
these boosters during stage separation. Two 
separating 


stages. The first stage is jettisoned by separatio 


structural joints are required for 
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4 
. 
4 
; 
: 


254 GEORGE Ff 


at plane | when the second-stage booster is 
fired. Similarly, the second stage is jettisoned 
after burnout by separation at plane 2 when the 
third-stage booster fires. The second- and third- 
stage boosters are held in the assembled vehicle 
by pins that are sheared by the thrust developed 
when the boosters are fired. Separation of the 
third-stage booster ts accomplished by firing a 
squib in a hollow cylinder. This action releases a 
spring mechanism between the third and fourth 
Stages 


The fourth-stage booster is partially recessed 


205 INCHES 


NOSE CONE 2nd STAGE 


4th STAGE 


3r¢@ STAGE 


SEPARATION 
PL ANE 
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statically and dynamically balanced and physic- 
ally arranged to have a_polar-to-transverse- 
moment-on-inertia ratio of the order of 1-2 for 
spin stability about the payload polar axis 

The electronic components and circuitry 
are packaged in two locations. Firing devices 
for the first- and second-stage boosters are 
located between these two boosters. Components 
for firing the third- and fourth-stage boosters and 
a small explosive charge for separating these 
stages weigh about |-4 lb and are located on the 
after end of the payload 


| 


| 


660 INCHES 
24.0 INCHES 


“BURNT CG 


3r¢ 4th STAGE 
FIRING DEVICES 


4th STAGE 
SEPARATION DEVICE 


ist@ 2nd STAGE 
FIRING DEVICES 


HORIZON TRIGGER 


Fig. 2. Vehicle configuration 
Launch weight 3000 Ib 


in the payload package and is retromounted in 
the vehicle. Metal parts of the fourth stage 
weighing about |-! Ib orbit with the payload 
Moments occurring during stage separation 
or from other sources can be reduced by action of 
a nutation damper in the payload. The dampener, 
developed at NOTS, consists of a plastic ring 
having a small, internal, concentric channel 
partially filled with mercury. This device is 
mounted in the payload on its spin axis. When 
nutations occur the motion of the mercury ex- 
tracts kinetic energy from the system to dampen 
out nutations. Each payload would also be 


NOSE CONE 

The nose cone must protect the payload 
package and the fourth-stage booster from aero- 
dynamic heating temperatures computed to be 
2800 °F on the outer surface of the nose. Figure 
3 is a chart of the temperature profile for the 
outer and interface surfaces of a nose cone 
consisting of { in. thick astrolite molded on 
0-015 in. thick stainless steel shell. It is estimated 
that a nose cone of this basic design with one or 
two layers of refrasil blanket insulation on the 
interior surface would weigh about 5 Ib. It is 
believed that with this protection the payload 
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NOSE OUTER 
SURFACE 


TEMPERATURE (°F) 


120 160 


exceed a 
F due to 


temperatures would not 
temperature of 


heating 


maximum 


aerodynamic 


AERODYNAMIC STABILITY 
stability 
vehicle configuration selected indicate that ade- 


Aerodynamic coefficients of the 


quate stability in the initial trajectory can be 


obtained. Investigations of the high-altitude 


VERTICAL 
ALTITUDE 
280,000 FT. 
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| 

| CASE | 


LOW-COST SATELLITE VEHICLE 


INTERFACE . 


Fig. 3. Temperature profile 


Fig. 4. Horizon trigger 
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stability have not been completed and final 
determination of this 
probably 


characteristic would 


require instrumented test vehicle 


firings 


PROGRAMMING SYSTEM 
The critical component in this system is the 
horizon trigger. It is a telescope with a narrow 
field of view having an infrared (IR)-sensitive 
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focus. Its optical axis is set at a 12 


ehicle axis. Figure 4 shows the 
of this component and the p-oposed 


When the 


turns under 


operation spinning first- 
an attituce 
IR 


de- 


the 


fTavitv to 
the ‘al horizontal 


will be 


rotates 


respect to 


from the Earth's surface 


As the vehicle 


inth’« ho von 


ition 


rad 
tected by the IR cell 
chops the and voltage 


generated through the IR cell 


These 


FIRST SECOND 


THIRD & 


STAGE 


FOURTH STAGE FIRING 
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for firing the second-stage booster at the de- 
sired angle could be established only by firing a 
series of instrumented test vehicles 

To increase reliability two indcpendent firing 
\ b'ock diagram 
in Fig. 5 


systems are provided in parallel 
of one channel of the system is shown 
A first-stage firing circuit is armed at vehicle 

“ase by a pull-plug actuated switch. Before the 
first-stage booster ts fired, a safe separation dis- 


tance between aircraft and vehicle is assured with 


FIRING CIRCUIT 


STAGE 
SEPARATION 


IRCUIT 


Fig. 5. Programming circuit block diagram 


sulses are amplified and integrated to fire the 

second-stage booster at the proper angle between 
the 


distinguish 


vehicle axis and horizontal. Integration is 


performed to between spurious 


the 


offers a 


signals and the Earth’s horizon. Firing of 


second-stage booster in this manner 


method of nullifying errors in initial trajectory 
resulting from first-stage mass asymmetry, 
thrust malalignment and small errors in vehicle 
release angle. Although horizon sensing devices 
have been used in satellite attitude stabilization 


systems. confidence in the proposed application 


a 5-sec-delay timer. As previously explained, the 


second-stage booster is fired at the end of a 


coast period by action of the horizon trigger 
The second-stage firing circuit provides an arm- 
ing timer set at 105 sec to prevent premature 
the Third- 
fourth-stage boosters and the explosive charge 


operation of horizon trigger and 
that separates these stages are fired by additional 


be 
booster 


the 
ancraft, 


timers. Since vehicle would 
delivered from all 


igniter firing leads are shorted and grounded 


electronic 
manned 


until the vehicle has been released 
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SUSPENSION MECHANISM 
To obtain an aerodynamically clean configura- 
suspension mechanism between the 
vehicle and aircraft bomb rack is necessary. 
Although a preliminary design for this structure 
has not been completed, a clamshell-type mechan- 
ism or jettisonable bands, utilizing explosive 
bolts activated vehicle 
approaches being considered. 


tion, a 


after release. are two 


SEQUENCE OF OPERATION 
The delivery aircraft makes a run-in on the 
desired azimuth, executes a 24 g¢ wings-level 
pullup manceuver to an angle of approximately 
36°. The satellite vehicle is released from the 
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wing bomb rack by the aircraft's fire control 
system used in a conventional toss-bombing 
delivery. After vehicle release the aircraft re- 
covers by completing a wing-over manceuver 
Figure 6 shows the sequence of events during the 
initial trajectory of the vehicle. Table 3 
elevation angles, altitudes, velocities and range 


lists 


from launch point. The first-stage booster fires 
5 sec after vehicle release and the vehicle is pro- 
pelled to an altitude of 95,000 ft. 
The fin-stabilized vehicle then 
280,000 ft turning under gravity to an angle of 
about 3° with the local horizontal. It is spinning. 
however, at about 5 rev/sec; the horizon trigger 
has been enabled: the second-stage booster fires 


coasts to 
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Fig. 6. Initial trajectory 


Table 3. Initial Trajectory 


Aircraft run-in and pullup 


Fire fin stabilized Ist stage 
Begin Ist coast period 
Fire spin stabilized 2nd stage, jettison Ist stage 
Fire spin stabilized 3rd stage, jettison 2nd stage 
Begin 2nd coast period, jettison 3rd stage 

Fire spin stabilized 4th stage, jettison nose cone 
Burnout of 4th stage and orbit 


Time 


Event 


see 


1. Aircraft run-in and pullup 

2. Vehicle release 0 
3. Fire Ist stage 5 
4. Begin Ist coast 39 
5. Fire 2nd stage and jettison Ist stage 138 
6. Fire 3rd stage and jettison 2nd stage 177 
7. Begin 2nd coast and jettison 3rd stage 202 
8. Fire 4th stage and jettison nose cone 3200 


Burnout of 4th stage 


Velocity 
(ft/sec) 


Range 
(miles) 


Altitude 
1000 (ft) 


Elevation 
angle ( ) 


56 35 700 0 
47 37 570 0-4 

25 95 7,900 20 

3 280 6,800 150 

285 19,200 235 

292 27,300 329 

6644 21,100 12,000 
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after the integrated output of the horizon trigger 
sweeping across the Earth’s horizon has reached a 
value required by the firing circuit. Thrust of the 
second-stage booster shear the pins connecting 


the second and first stages: simultaneously, the 
first-stage booster and fins are jettisoned. The 
spin-stabilized second-stage booster burns for 
39 After 
burnout of the second-stage booster, the third 


sec. at essentially constant altitude 
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Stage 1s fired. Separation of the third stage from 
the second stage is accomplished in the same 
manner. After burnout, the third stage 
jettisoned by a small explosive charge. 


is 
The 
velocity at this point is greater than orbital 
velocity for the altitude The additional energy is. 
of course, expended as the third stage coasts to 
the apogee altitude. 

Correct spatial orientation of the fourth stage 


TIME 


N SECOND 


Fig. 7. Acceleration profile 
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EARTH 


<— ORBIT APOGEE 
ALTITUDE MI 
4th STAGE FIRES = 
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NOSE CONE 


SOUTH 
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PAYLOAD, 4th STAGE, & NOSE CONE 


ORBIT PERIGEE 
ALTITUDE 1000 mI 


INITIAL TRAJECTORY 
STAGES | TO 3 


329 Mi 


ALTITUDE 56 Mi 


SPIN STABILIZED 


with its retro-mounted booster is maintained by 
gyroscopic action due to spin. This orientation 
is maintained throughout a coast period of 
about 53 min to the opposite side of the Earth 
At this point. about 12.000 miles from the launch 
site, the fourth-stage booster is fired to provide 
the final velocity increment required for orbiting 
the satellite 
thrust from the fourth-stage booster. Figures 7 
and 8 show the acceleration, velocity and altitude 


The nose cone is jettisoned by 


profiles experienced by the various vehicle stages 


TYPICAL ORBIT 


A typical polar orbit is illustrated in Fig. 9 
This also indicates how the fourth stage would 
maintain proper orientation in space and align 
the booster thrust vector parallel to the hori- 
zontal at the apogee of the orbit. The launch- 
point latitude that of the Pacific 
Missile Range. although similar orbits can be 
obtained from any launching latitude or at any 
inclination to the Earth’s equator 

Launching could be accomplished from any 
airfield adjacent to the sea or uninhabited areas 
where the jettisoned stages could fall safely 


shown is 


Fig. 9. Typical orbit. 


Estimated impact points for the various stages in 


a normal firing are as follows: 


280 miles from launch 
750 miles from launch 


(a) First stage 
(b) Second stage 
(c) Third stage would disintegrate on re- 


entry. 


Table 4 shows calculated orbit sensitivities due 
to variations in launch conditions and vehicle 
parameters. In the analysis, one parameter was 
\aried to determine its effect on the orbit while 
all other parameters were held constant. The 
more sensitive parameters and variations that 
would individually preclude orbiting have been 


computed to be as follows 


(a) Aircraft release angle less than 54 
(b) First-stage ignition time greater than 


sec. 

(c) Horizon trigger firing of the second-stage 
booster when the angle between the vehicle 
axis and the horizontal is less than | 


No difficulty is anticipated in holding the 
tolerances specified for items (a) and (b) 
However, realistic tolerances on item (c) could 
only be determined by firing instrumented test 


vehicles. 
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Table 4. Orbit Sensitivity to System Variations 


System variable Standard 


Aircraft velocity (ft/sec) 700 
Aircraft release angle ( ) 56 
Aircraft altitude (ft) 35,000 
Aircraft azimuth ( ) 180 
Ist stage ignition time (sec) 5 
2nd stage ignition vehicle angle ( ) 3 
3rd stage ignition time (sec) 
4th stage ignition time (sec) 3,200 
Thrust (Ib) 
Ist stage 12,100 
2nd stage 3,050 
3rd stage 510 
4th stage 160 
Weight (Ib) 
Ist stage 3.000 
2nd stage 590 
stage 78 
4th stage 13-0 


177 


Tolerance 


Change in apogee Change in perigee 
(miles) (miles) 


1325-1110 1030— 930 
1265-1175 1025— 990 
1410-1115 1030— 950 
1125-1450 960-1025 
1235-1270 995-1020 
1380— 650 880— 970 
1265-1250 1015-1025 
1390-1250 995. 990 


1390-1150 1025— 980 
1475-1150 1025— 950 
1400-1150 1035-— 990 
1265-1265 1035— 995 


1110-1465 950-1030 
775-1780 1020-1060 
825-1700 1025-1075 
1100-1465 900-1125 


PAYLOAD POSSIBILITIES AND 
LIMITATIONS 
Instrumentation for scientific research with 
earth satellites will no doubt follow the pattern 
of change typical of development in other 
technological fields. Each payload will initially 
present a separate packaging problem. For this 
vehicle the present restrictions on payload pack- 
aging include the following 
(a) Components must be arranged and sup- 
ported within a hollow cylinder of about 400 in® 
in volume. It is possible to increase this volume 
to about 1000 in® by designing a third-stage 
booster with an internal nozzle 
(b) Instruments for the experiment will be 
subjected to a maximum longitudinal accelera- 
tion of about 25 ¢ and an estimated maximum 


temperature from aerodynamic heating of 


150 

(c) A spin rate of approximately 5 rev/sec 
about the satellite longitudinal axis will be 
experienced although lightweight devices can 
be designed that will reduce this spin, if desired, 
after orbiting has been achieved. 

(d) Assembled payloads must meet require- 
ments for proper polar-to-transverse-moment- 
of-inertia ratio and must be balanced statically 
and dynamically 


Obviously. within the satellite weight and 
volume limitations of this design, there is little 
possibility of including either attitude stabiliza- 
tion devices or components required for re- 
coverable payloads. Spinning of a satellite as it 
advances in its orbit is an inherent requirement 
for some scanning experiments such as meteoro- 
logical observation and reconnaissance. NOTS 
has designed an experimental IR scanning pay- 
load of this type. It utilizes the spin of the satel- 
lite and its motion in orbit for continuous 
scanning of the terrain below. Packaging of this 
payload to meet the requirements of the NOTS 
vehicle can be readily accomplished 


ESTIMATED COST 

The estimated unit cost of the vehicle in 
small-lot production is $65,000. Based on this 
figure, the vehicle cost per pound (per orbit 
attempt) for a 10-lb payload in a 1000-mile polar 
orbit is $6500. In a 300-mile orbit of 30 
inclination, the cost per pound for a 23-lb pay- 
load would be $2800 per Ib. 


CONCLUSIONS 


Preliminary studies indicate that a 3000-Ib 
vehicle launched from an F4D aircraft has the 
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capability of placing a 10-lb payload in a 1000- 
mile polar orbit. The vehicle design is simple, and 
potential reliability is therefore high. Confirma- 
tion of vehicle stability at high altitudes, opera- 
tion of the horizon trigger firing of the second 
Stage. and spin-stabilization of latter stages of 


the vehicle would require firing of instrumented 
test vehicles. Estimated unit cost of the vehicle 
is low enough to classify the design as a worth- 
while proposition. able to “pay its own way”. 
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DESIGN OF A SPIN STABILIZATION SYSTEM FOR THE 
ABLE SPACE PROBES 


W. F. SHEEHAN and G. S. REITER 


Space Technology Laboratories Inc 


Abstract—The design, analysis, and testing of a missile spin stabilization system used to minimize the 
dispersion of the uncontrolled third stage of the Able space probes are described. The design problems 
involved in this program were unusual because of the size of the vehicle to be stabilized, the high accuracy 
required with a low spin rate, and the smooth separation which was necessary between stages. Ground 
testing of the system also presented unusual difficulties because of the need to simulate flight conditions 
of weightlessness and vacuum, and accuracy requirements placed on the instrumentation. Emphasis is 
placed on the resolution of difficult design problems, and on ways of minimizing these problems in the 


future. 


1. INTRODUCTION 

It is the purpose of this paper to discuss one 
of the many design problems encountered in the 
preparation for launch of the Able-3 (Explorer 
V1) satellite vehicle, the Able-4 Thor deep space 
probe and the Able-4 Atlas lunar satellite. The 
launch configuration of Able-3 and Able-4 Thor 
consisted of a Thor IRBM as first stage, an 
Aerojet AJ-10-101 liquid-propellant second stage. 
an Allegany Ballistics Laboratory ABL 248 
solid-propellant third stage, and the satellite or 
probe as the fourth stage. The Able-4 Atlas 
differed only in utilizing an Atlas C missile as a 
first stage. The vehicle is illustrated in Fig. |! 
The aerodynamic nose fairing covering the upper 
Stages 1s jettisoned at the appropriate time in the 
trajectory 

The first and second stages of the vehicle 
contained guidance and control systems but the 
third stage did not. Since it was necessary that 
the third stage velocity vector achieve a pre- 
determined direction at burnout within specified 
accuracies, some consideration had to be given 
to obtaining attitude stabilization during third 
Stage burning. One possibility of resolving this 
problem was to include a guidance and control 
system in the third stage: but the obvious de- 
terrent to this possibility was the great weight 
increase on the upper stages. The minimum 
weights necessary to incorporate actuators, 
power supply. intelligence equipment, and 
torque-producing means were so great as to 
preclude this choice. not to mention the time- 


consuming developmental problems. Another 
method was to utilize spin stabilization, i.e., 
to spin the vehicle so that the gyroscopic action 
of the spinning third stage would tend to retain 
the second-stage burnout attitude during third- 
Stage firing. Although quite simple in theory. 
the mechanization of a successful system for 
spin stabilization turned out to be one of the 
more difficult design problems encountered in the 
program 

In this paper we should like to summarize the 
factors which affected third-stage dispersion and 
how spin minimizes these effects, to discuss the 
evolution of the spin stabilization system used, to 
present the analysis used, and to describe the 
various ground tests designed to obtain experi- 
mental verification of analytic results 

For the Able missions, the angular deviation 
of the third-stage velocity vector is the most 
critical parameter. Because of trajectory con- 
siderations the standard deviation of the angu- 
lar dispersion had to be less than three degrees 

Assuming nominal trajectory conditions at 
second-stage burnout, the important perturba- 
tions affecting angular deviation of an unsta- 
bilized third stage during burning include: 


(1) Angular separation impulse imparted to 
the third stage during separation from the 
second stage 

(2) Third-stage thrust misalignment torque 

(3) Initial pitch (or yaw) angular velocity 

present at second-stage burnout 
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Fig. |. Able-3 vehicle, Able-4 Thor vehicle, Able-4 
Atlas vehicle 
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All these perturbations are essentially random 
in nature, and should result in errors which have 
a zero mean. The individial errors may, there- 
fore, be combined in quadrature to give the 
standard deviation of the dispersion at third- 
stage burnout. It is immediately apparent that 
spin stabilization significantly reduces the effect 
of these perturbations. Table | compares the 
initial pitch rate, separation impulse, and thrust 
misalignment errors for a spinning and non- 
spinning vehicle of constant mass. 

To illustrate the effect of spin stabilization on 
the orientation of the third-stage velocity vector 
for an initial pitch rate, the following example is 
cited. 


In Fig. 2, 


the component of the angular 
momentum vector along the spin axis of a free 


Initial 


Fig. 2. Angular momentum diagram—lllustrating effect 
of spin on reducing dispersion. 
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Table |. Dispersion Comparison 


Roll moment of inertia 
Pitch moment of inertia 


7 slug ft* 
40 slug ft* 


Burning Time — 40 sec 


Perturbations 


Initial pitch rate, « 


1 sec 


Angular separation impulse, H 
ft-Ib-sec 


Thrust misalignment, 
1 ft-lb 


Dispersion of velocity vector 
in degrees 


Spin stabilized 


(2 rev’sec) Nonspinning 


body ts given as the product of the roll moment 
of inertia and the roll rate (/,«,) 

The component of the angular momentum 
vector caused by the residual pitch rate ts given 
by the product of the pitch moment of inertia 
and the pitch rate (/,«,) 

The total angular momentum vector is given 


as 


w*) 


A \ 


The 
defined as 


magnitude of the coning angle 


lw 

for small angles 
Because of gyroscopic effects, the principal 
xis Of the body precesses about the total angu- 
ar momentum and at a 


vector al a rate w 


coning angle a, rather than rotating in a plane 
as a nonspinning body would. This angle |a’, 


is the angular dispersion of 


The 


spinning free body is thus reduced over the case 


the third-stage 


velocity vector angular deviation for a 


for a nonspinning body. Similar reductions in 


angular dispersion are attained for the other 


perturbations in Table | 


2. FUNCTIONAL DESIGN 
A. Requirements 
The Able spin stabilization system performs 
three major functions 


(1) The spin stabilization of the ABL 248 


third stage and the satellite or space probe 
payload 

(2) The separation of the third stage from the 
AJ-10-101 second stage 

(3) The separation of the payload from the 
burned-out third stage 


The requirements on the system are that it 
should perform the above functions with mini- 
reliability, and the 
necessary accuracy as specified in the introduc- 


mum weight, maximum 
tion 

Certain limitations are placed on system de- 
sign by the rest of the vehicle. The most import 
ant of these constraints is that the spin rate is 
limited by structural design considerations and 
by the requirements of the experiments in the 
payload to a value on the order of 200 rev/min 


B. Configuration 

The most important factor in determining the 
vehicle configuration is the choice of the time 
in the trajectory when the vehicle is to be spun 
up. Three practical choices are available 


(1) The second, third, and fourth stages of the 
vehicle can be spun. Spin-up would take place 
after second-stage burnout, to avoid interference 
with the second-stage autopilot and to maintain 
active control over the vehicle as long as possible 
Figure 3 shows this configuration 

The advantages of this method are simplicity 


v 
A 
P 
= 


and relatively low weight. The disadvantages are 
that a larger amount of impulse is needed than 
would be necessary if only the third stage and 
payload were to be spun, and that the vehicle is 
unguided during spin-up 

(2) The third stage and payload can be spun 
after separation from the second stage (Fig. 4) 
This method has an advantage over the previous 


Fig. 3. Possible configuration for spin-up at second stage 
burnout 


Fig. 4. Possible configuration for spin-up of third stage. 


one in that less impulse is required to achieve 
comparable accuracy. 

A possible disadvantage of this configuration 
is that, with an adverse exchange ratio between 
second- and third-stage weight, the 
penalty of this mechanism may be excessive. This 
was true in the Able-3/4 series. 

(3) The third alternative is to spin the third 
stage and payload with a spin table while they 


weight 
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are mounted on the second stage (Fig. 5). This 
procedure allows spin-up before second-stage 
burnout the autopilot is 
providing active control to the vehicle. In addi- 
tion to allowing control during spin-up, this 
method places no restrictions on the time when 
spin-up Is to occur. For example, the upper stages 
could be spun while on the ground. 


while second-stage 


The principal disadvantage of this configura- 
tion is that the spin table is heavy and complex. 
and the design is hampered by a number of 
factors including: 


(a) Susceptibility to vibration damage 

(b) Difficulty in maintaining the precise align- 
ment needed 

(c) Effect of gyroscopic moments on second- 

stage autopilot 


Fig. 5. Possible spin table configuration 


rhese considerations do not make the system 
impractical, but they increase the development 
time. Once completed, the design can, of course. 
be verified by test. 

For the Able program, the first configuration 
(Fig. 3) the increased 
accuracy available from the other two possible 
did not compensate for the 
attendant increase in development time, weight. 
and complexity. 


was selected because 


configurations 


3. DETAILED DESIGN 
The detailed design of the spin stabilization 
system is based on the configuration described 
in the previous section. The Able spin stabiliza- 
tion system can be divided logically into order 
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and timing of events occurring during flight and 


the design of equipment to accomplish the 
necessary functions, particularly a mechanism 
for spinning the vehicle, and a mechanism for 


separating the two stages after spin-up 


A. In-Flight Sequence of Events 
Over-all Considerations 


The performance of a spin stabilization sys- 


tem depends to a large extent on the proper 


ordering and precise timing of the major events 
flight: for 
rocket ignition and third-stage separation 


occurring during example. spin 


To achieve high reliability, a maximum 
number of events should be initiated by a mini- 
mum number of discrete electrical signals and 
sufficient time must be provided between events 
between functions. For 


to avoid interference 


example. a serious malfunction could result if 
Stage separation took place while one or more of 
Also. to 


minimize dispersion, events occurring between 


the spin rockets were still burning 


second-stage burnout and second-stage—third- 
Stage separation should be compressed into a 
short time because the vehicle is essentially un- 
stabilized during this period and appreciable 
initial errors could accumulate before spin 


B. Individual Events 
The during spin 
stabilization system operation are as follows 


major events occurring 


| Second-Stage Cutofi Signal 

This signal is generated by the decrease in 
chamber pressure of the second-stage engine and 
provides a convenient starting point for opera- 
tion of the spin stabilization system. Second- 
stage thrust decays to a negligible level by 
approximately 0-8 sec from this signal. 


2. Erection of Solar Cell Paddles 

On Able-3 and Able-4 power is supplied to 
the payloads by solar converters mounted on 
paddles (Fig. 6). These paddles are carried in 
the retracted position until second-stage burn- 
out when they are erected by a spring mechanism. 
The spring system will not function properly 
if appreciable thrust is present during erection; 
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consequently, erection must take place after 
Also, since the 
must be 
erected and locked in place before the vehicle is 


second-stage thrust termination 


paddies are relatively fragile. they 


spun. This ts accomplished tn about one second 
after thrust termination 
3. Centerine of Second-Stagve Thrust Chambe: 
The gimbaled thrust chamber of the second- 
stage engine must be centered during spin-up 
since the spinning vehicle must be symmetrical! 
because of dynamic balance considerations 
Engine centering should take place after termina- 


tion of second-stage thrust to provide active 


Fig. 6. Able-3 payload showing solar cell paddles 


Be- 


cause of the short time necessary to center the 


control of the vehicle as long as possible 


engine, it is possible to use the same electrical 
signal for centering the engine and for firing the 
spin rockets, an exception to the rule that events 
must not overlap in time 


4. Spin-Up 

Selection of a spin-up mechanism ts described 
in the next section. The systemchosen uses rockets 
with a nominal burning time of about 0-5 sec 


5. Jettison of Blast Band on Second Stage 

The blast band (Fig. 7) is used to prevent flow 
separation in the third-stage nozzle during 
staging caused by excess pressure from the third- 
stage exhaust gases in the compartment behind 
the nozzle. The band is held in place by ex- 
plosive bolts. It is released at the time of ignition 
of the third stage by firing of the explosive bolts. 
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Fig. 7. Blast band 


6. Third-Stage-Second-Stage Separation 

This separation mechanism is described in 
Section 3D. Separation must take place after 
the spin rockets have burned out, and after the 
bending vibration excited by the spin rockets has 
decayed. Tests on the spin rockets showed that 
a delay of 1-1 sec is necessary between spin rocket 
ignition and separation 


7. Third-Stage Ignition and Burning 


ape Se Fig. 8. Able-3 payload separation system. 
Ignition is initiated by the same signal used 


for separation. Sequence Selected 
The sequence chosen is shown in Table 2 


It combines the events described above, mini- 
8. Payload Separation from Third Stage 


Separation is accomplished by means of a 
spring system which produces a small relative 
velocity between stages (Fig. 8). 

Payload separation occurs well after third- 
stage burn-out because any residual thrust in the 
third stage might cause it to impact the payload. (1) Minimum weight, 


mizing the number of electrical initiating signals 


C. Spin-Up Mechanism 
The main considerations in the selection of a 
method for spinning a space vehicle are: 


Table 2. In-Flight Sequence 


Signal Time Events initiated 


Engine cutoff 0 Start timers numbers | and 2 
Release paddles 
Second-stage thrust termination 
Paddle erection completed 
Timer No Ignite spin rockets. Center second-stage 
engine 
Nominal spin rocket burnout 
Timer No I Ignite third stage, jettison blast doors, 
actuate separation mechanism 
Approx. 37 Third-stage burnout 
Timer No. Approx. 90 Payload separation 


* Timer No. 3 started during second-stage operation 
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(2) Short action time. 
(3) Reliability 


Consideration 2 is particularly important for 


the Able missions because the vehicle is not 
attitude-stabilized during the spin-up period 

The two most practical types of mechanisms 
used for spinning a large space vehicle under no 
thrust are small solid-fuel rockets and jets of 
inert gas, supplied from a pressure bottle 

For the Able application, a multiple solid 
rocket system was used for spin-up because it 
had a higher specific impulse and, therefore, less 
weight than a gas jet system for the same appli- 
cation. Solid rockets are also characteristically 
high thrust devices, and can provide the neces- 
sary impulse in a much shorter time than would 
be possible with an inert gas system. The re- 
liability of the solid rocket system was improved 
by using clusters of small rockets rather than a 
few large rockets so that failure of a single rocket 
would not abort the mission. The particular 


Fig. 9. Able-3 spin rocket assembly 
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rocket used was the Atlantic Research 0-5KS 
130-HA, which had a short burning time and 
had previously qualified for the environment 
anticipated for the Able-3/4 flights 

The configuration of the Able-3 spin rocket 
assembly ts shown in Fig. 9. The spin rocket 
clusters were located near the system center of 
gravity to minimize the torques about the pitch 
and yaw axes caused by small misalignments or 
misfire of the rockets 


D. Separation Mechanism 

The requirements which determine the design 
of an interstage mechanism for separating two 
spinning stages are as follows 


(1) Structural integrity, 

(2) Minimum weight, 

(3) Reliability, 

(4) Capability for maintaining precise align- 
ment between stages until separation, 

(5) Minimum interference with upper stage 
during separation 


The particular stages which are joined for the 
Able vehicles are shown in Fig. 10 

The simplest possible system for joining these 
two stages is shown in Fig. 11. The nozzle of the 
third stage is simply attached to the top of the 
second stage with explosive bolts. The major dis- 
advantage of this sytem for the Able application 
was the relatively low bending strength of the 
ABL X248 nozzle, which prohibits making it the 
only structural member. To avoid the excessive 
weight penalty associated with strengthening the 
nozzle, a rod supporting structure could be 
added (Fig. 12). To minimize the danger of 
interference with the upper stage at separation. 
the support rods could be hinged at base and 
designed to fly out under centrifugal force at 
separation (Fig. 13) 

A still better design, from the standpoint of 
inteference, is shown in Fig. 14. This is the design 
used on Able-3 and Able-4. The interstage 
structure consists of four support struts, a 
retention ring, a separation band, two bushings 
and two explosive bolts. The support struts are 
hinged, at their lower ends. The hinge brackets 
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A 


rig. 10. Able third stage (ABL 248)—Able second stage (AJ/0-10!) 


Fig. 11. Simplest separation Fig. 12. Separation*’mechanism using Fig. 13. IMustrating motion of 
mechanism rod support structure support rods at separation. 
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are mounted on the second-stage control 
compartment. On the upper ends of the struts are 
bulbs which fit into the third stage retention 
ring groove. The aluminum separation band is 
in two parts, held together by explosive bolts 
which fit into bushings inserted into the band 
trunnions. The band wraps around the upper 
ends of the fans, forcing the fan bulbs into the 
retention ring groove. When the separation 
signal fires the explosive bolts and ignites the 
third-stage engine. the band separates and 


centrifugal force causes the support struts to 
rotate about their hinges, pulling the bulbs out 
of the retention ring and breaking physical 
connection between the stages. 

The advantage of this design is that the clear- 
ance distance between stages increases very 
rapidly with time even though the upper stage 
may more away very slowly. 


4. ANALYSIS 

A. Introduction 
An analysis of the Able spin stabilization 
system was conducted to determine the system 
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Fig. 14. Able-3 and Able-4 separation system 
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performance, to identify the significant sources 
of dispersion, and to define values for the 
parameters which can be controlled, particularly 
the spin rate. The steps in the analysis are as 


follows: 


(1) Obtain an expression for the overall error 
in the orientation and the magnitude of the 
third-stage velocity vector. (The velocity vector 
orientation is the most critical and will be the 
only one considered here.) 


(2) Estimate values for the dispersion due to 
each individual source. and compute the esti- 
mated over-all error. 

(3) Assign values and tolerances to the para- 
meters which can be controlled 


B. Effects Considered 
The sources of dispersion in the third-stage 


velocity vector are as follows: 


(1) Static and dynamic unbalance, and mis- 
alignment between stages. 
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(2) Third-stage thrust misalignment torque: 
the moment of the thrust vector about the third- 
Stage center of mass. caused by intrinsic mis- 
alignment of the rocket nozzle and by deviation 
of the vehicle center of mass from the axis of 
symmetry 

(3) Spin rocket misalignment torque: the 
moment about an axis normal to the vehicle axis 
of symmetry during spin-up, due to spin rocket 


alignment tolerances and thrust deviations 


(4) Residual angular velocity at second-stage 


burnout. Since the second-stage attitude is not 
burnout. pitch 


angular velocity present at burnout will result in 


ictively controlled after any 


an attitude error. The magnitude of the residual 
angular velocity is determined by the character- 
istics of the second-stage autopilot, and by the 
effects of asymmetrical thrust tailoff 

(5) Separation impulse (tip-off), the angular 
impulse acting on the third stage at separation. 


caused by: 


(a) Asymmetrical gas flow and rocket starting 
transient 


771 


(b) Elasticity of the separation mechanism 

(c) Physical interference between second and 
third stages, or between the stages and the 
separation band. 


(d) Explosive bolt forces. 


One of 
ground 


These effects are difficult to calculate 
the principal the 
program was to measure this impulse 


objectives of test 
Other possible sources of dispersion, which 
were found to have negligible effect are: 
(a) Elastic motion of the vehicle 
(b) Motion of residual liquid propellant in the 
second-stage tanks 


(c) Aerodynamic effects 


C. Coordinate System and Terminology 


The coordinate system is shown in Fig. 15 

The Z axis is oriented along the nominal third- 
stage velocity vector, and normal to the complex 
a| is the angle from the Z axis 
to the major principal axis of the third stage 


reference plane 


Imaginary 
Axis 


Rea! Axis 


Fig. 15. Coordinate system 
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The third-stage attitude will be described by 
means of the complex angle of attack 


Cxp (1) 


where |a| ts the magnitude of the angular devia- 
tion from the Z axis, and 4 gives the orientation 
relative to the real and imaginary axes. For small 
angles a is the projection on the complex plane 
of a unit vector along the third-stage principal 
axis. Other quantities having both magnitude 
and angular orientation will also be represented 
numbers in the 


by complex angle-of-attack 


plane 


The following terminology will be used for the 
important time periods in the analysis: 


Time: 

0 Time of second-stage burnout: 
‘, Time of spin rocket ignition (as- 
sumed instantaneous): 
Time of spin rocket 
sumed instantaneous): 


Time of 


burnout (as- 


Stage three 
third-stage 


separation of 


from stage two. and 


ignition 


Time derivatives are denoted by dots over the 
quantities 


D. Conditions at Third-Stage Ignition 

Making the usual small angle approximations. 
assuming that both stages are symmetrical rigid 
bodies, and neglecting gyroscopic effects in the 
vehicle before separation, the attitude and rate 
of change of attitude just after second/third- 
Stage separation can be expressed as follows: 


a(t) OK 


where 

a, and w, are complex unbalance parameters, 
which depend on the static and dynamic balance 
of each stage, the alignment between stages, the 
spin rate and the moments of inertia. The calcu- 
lation leading to these quantities is elementary 
but lengthy, and can be found in Reference 4. 

w, is the complex residual angular velocity 
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normal to the axis of symmetry at second stage 
burnout 

H is the complex angular impulse imparted to 
the third stage during separation and ignition. 
It is assumed to be applied instantaneously. 

/,, is the pitch and yaw moment of inertia of 
the vehicle after separation, at third-stage 
ignition 

OK, and OK 


errors 


are complex attitude and rate 
spin 
Expressions for these quantities may be obtained 


caused by rocket misalignment 


as follows: 


(a) Neglect gyroscopic effects in the vehicle 
before separation (an excellent approxima- 
tion for a long, thin body) 

(b) Assume spin rocket misalignment is the 

dispersion 


source of present (the 


other effects add linearly) 


only 


Then the equations of rotational equilibrium 
about the real and imaginary axes have the form 


O 


, 


where 


O is the moment exerted by the spin rockets 
about an axis which is normal to the major 
principal axis, and which rotates with the body 
(The spin rocket misalignment moment.) 

/, is the pitch-yaw moment of inertia of the 
vehicle at second-stage burnout. 

is the angular acceleration of the vehicle 
about the major principal axis, due to the spin 
rockets. 

As shown by H. I 


be integrated in terms of the Fresnel integrals 
C(u) and S(u), tabulated in Reference 2, to give 


Leon"? equation (3) may 


On 
a(t) [Ciu) + iS)\dut, (4) 
0 


After spin rocket burnout (/ t,) the pitch 


angular velocity remains constant and the 


attitude 
separation (f = fy) 


error increases linearly, so that at 


a(f,) a(t.) — OK, (5) 


— 


= 
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which defines K 


ty) 


K.,. 


a(fy) 


E. Missile Attitude During Third-Stage Burning 
After separation and third-stage ignition the 
problem becomes 
moments of inertia are time-varying and because 
gyroscopic effects The difficult 
problem of determining the motion can be 
simplified by two conservative assumptions 


more complex because the 


are important 


1. The moments of inertia are constant. (The 
value used for computation will, in each 
case, be the value which results in the 

largest error.) 

The side forces exerted by the exhaust gas 

on the nozzle (jet damping forces) are neg- 


lected. 


te 


Imaginary 
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Under the above assumptions, the equations of 
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motion can be integrated. using the initial con- 
ditions at third stage ignition 
considering the effects of thrust misalignment. 


The derivation. 


is given, for example. in References | and 3 
The result ts 


(My + 
att) Jeu? exp lw 1) 
exp (i w | | 
: exp (i; wt | alts) (7) 


where M 
moment due to misalignment of the rocket 
and M, 1s the thrust misalignment 
moment due to static unbalance. This equation 
One possible form of the 


is the intrinsic thrust misalignment 
nozzle, 


is an epitrochoid 
motion is shown in Fig. 16 


Real 


Fig. 16. General character of equation (7). 
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F. Velocity Vector Dispersion 


Equation (7) contains constant terms and 


terms which oscillate with time. For a burning 
time long compared to the spin period, as in the 
orientation a, of 
the 


terms 


angular 
will be 


equation 


present case. the 


the velocity vector determined by 


constant terms in (7), t.e.. the 


determine the center of the curve in 


(iS) 


or, substituting from equations (1) and (2) and 


“arranging 


five 
the 
a random variable with a 


The above 
bracketed 


Each term is 


equation terms of 


gives in 


terms. each uncorrelated with 


others 
mean of zero. Hence the standard deviation 
of a, can be obtained as the quadrature sum of 
the independent 


the standard deviations of 


terms 


.(Unbalance 
Error) 
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7? (Thrust Misalienment Error) 


ao@* (Residual Pitch Rate Error) 


* (Separation Impulse Error) 


IK 


where the horizontal bar denotes the standard 


52 (Spin Rocket Mis- (10) 
K es alignment Error) 


deviation, and the vertical lines denote the ab- 


solute value of a complex quantity 


G. Estimates of Dispersion Source Magnitude 
Equation (10) can be used to compute a, when 
been the 


deviation of the various sources of dispersion 


estimates have made of standard 


Estimation of standard deviations for un- 


balance 


misalignment ts 


thrust misalignment, and spin rocket 
but 


these standard deviations is the 


straightforward lengthy 


since each of 
sum of a large number of structural asymmetries 
and manufacturing tolerances. The estimate of 
the standard deviation of the residual pitch 
was obtained from an analog computer 


The 


estimate of the standard deviation of the separa- 


rate 


simulation of the second-stage autopilot 


tion impulse was obtained from ground test data 
The results of this analysis are shown in Table 
3 for the typical case of Able-4 Thor 


Table 3. Breakdown of Dispersion «a, for Able-4 Thor 


Source of dispersion 


Unbalance and alignment effects 


Contribution to (m rad) 


Spin rate Spin rate Spin rate 
(60 rev min) (120 rev min)(180 rev min) 


20-1 18-3 


Intrinsic thrust misalignment of third-stage nozzle 3-6 1-6 


Spin rocket misalignment and thrust variation (based 


on 0-5 sec spin-up time) 


Separation impulse-tip-off (assumed 


uncorrelated 


with spin rate). Values estimated from test data 


Residual pitch rate at second-stage burnout 


Total! (rms) 
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The conclusions drawn from the data pre- 
sented in Table 3 are as follows: 


(1) The system described has sufficient accur- 
acy for the Able-4 Thor mission. 

(2) A spin rate of 120-180 rev/min is satis- 
factory. (This result determined the structural 
design loads for the radial direction.) 

(3) The accuracy of the system may be 
limited by separation impulse. (This conclu- 
sion oriented the ground test program toward 
separation impulse measurements.) 


5. GROUND TEST PROGRAM 
A. Introduction 
The Able 3/4 Design 
Program was to provide information with which 


purpose of the Test 
to improve the design of the flight vehicles and 
to assure the adequacy of the accepted configura- 


tion for flight conditions. The scope of the test 


program included structural. electronic and 
mechanical system tests 
The various mechanical systems were sub- 


jected to operational tests such that marginal 
functional operation would be apparent. These 
systems were then redesigned and retested where 
This procedure of design, test. re- 
the 

With 


exception of structural and electronic systems, 


necessary 
con- 
the 


design. retest was continued until 


figuration was acceptable for flight 


test conditions did not exceed reasonable ex- 


Table 4. Tip-Off Mechanisms and Scaling Laws 
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pectations of the flight environment. When it was 
not possible to duplicate flight conditions, as in 
separation example, scaling 
(Table 4) were developed to relate the test 
results to flight conditions. 

Since the scope of this paper is limited to spin 
stabilization, only those tests concerned with 
the second/third spin stabilization system will 
be discussed in the ensuing portions of this paper. 

The tests which are pertinent to the separation 


tests for laws 


phenomena are 


1. Functional Spin and Separation Tests 
The purpose of these tests was to check 
the 
obtain 


operation of 
and to 
data on the motion 


gross Stage separation 


mechanisms quantitative 


Single Bolt Impulse Test 

These tests were conducted to determine 
the amount of impulse imparted to the 
third stage at second /third-stage separation. 
due to a failure of one of the two explosiv 3 
bolts in each mechanism. These tests were 
completed and the results indicate a tip-off 
was 


angle of approximately 0-3” which 


considered relatively unimportant 


Dynamic Spin and Separation Tests 

These tests utilized full-scale models of the 
second, third, and fourth stages in an effort 
to obtain a closer simulation of the flight 


conditions 


Postulated mechanism 


and initial pitch rates 


(1) Separation angular impulse independent of weight 
center of gravity, locations and initial pitch rates 


(2) Separation linear impulse independent of weights 


(3) Separation angular impulse proportional to relative 
acceleration between separating stages 


Scaling law relating 
two configurations* 


(wT )o 
fle 


ly d, 


t» d,(w,1,), 


mya, (wT 


Qs Ml, (w,1,), 


* Note: m = mass of upper stage 


d = distance from center of gravity of upper stages to support ring 


a axial acceleration 


# 
; 
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‘ 
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4. Tethered Spin and Separation Tests 
These tests were similar to the functional 
tests but were designed to obtain more 
accurate measurements of the separation 
impulse 
Alignment Tests 
These tests measured vibration and shock 
effects on the second third-stage alignment 
Results indicated no significant effect 


The tolerance for payload tip-off angle ts 


large compared to that for the third stage, and 


it was believed that functional tests of the pay- 
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load separation mechanism would be sufficient 
to reveal any gross malfunctions. For this reason 
only functional spin and separation tests were 
conducted on the payloads. These tests were 
conducted and the results were satisfactory. 

The tests conducted on the second/third inter- 
stage were applicable to all three Able vehicles 
because the designs were identical 


B. Functional Tests of Second Third Stage 
Separation 


The objectives of these tests were to determine 


Fig. 17. Functional separation test facility. 
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the assembly and alignment procedures in an 
effort to discover any omissions or errors in the 
design, to check the functional operation of the 
separation system, and its operating sequence, 
and to obtain quantitative data on the tip-off 
during separation 

Figure 17 is a photograph of the test facility 
at the Aerojet-General Corporation. Chino 
Hills Ordnance Test area. 

Figure 18 illustrates the arrangement of the 


Fig. 18. General arrangement for functional separation tests 


test hardware. An electrical sequence box was 
mounted in the control compartment which pro- 
vided the proper electrical fire command to 
the explosive bolts. The basic instrumentation 
for the tests consisted of four Fastex cameras 
with timing. 

A series of eight third-stage separation tests 
were conducted. Table 5 presents a summary of 
the configurations tested and the observed tip- 
off angles. 
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Table 5. Results of Functional Separation Tests 


Run Tip-off angle 


9 

3 3-07 

4 1-13 

5 0-56 

6 2-66 

7 1-57 
No data 
9 2-92 
10 3-40 


Remarks 


1 bolt fired, shear pins in 

1 bolt fired, shear pins in 

1 bolt fired, shear pins in 

2 bolts fired, shear pins in 
1 bolt fired, shear pins out 
2 bolts fired, shear pins out 
2 bolts fired, shear pins out 
2 bolts fired, shear pins out 
2 bolts fired, shear pins out 


C. Design Changes 

Several design changes were made as a result 
of these tests. Examination of the data and the 
flight hardware from the first test revealed that 
one of the shear pins, which was used to transmit 
the roll torque through the nozzle flange to the 
second stage, had been marred, indicating an 
interference between the nozzle and the pin had 
occurred thereby causing the large tip-off angle 
The shear pins (and associated support structure) 
were removed from the design after load tests 
confirmed the integrity of the structure. Other 
changes were made to the wiring harness and 
explosive bolt bushing on the retention band to 
remove the tie between the band and the sup- 
port struts after bolt detonation 

The results of these tests indicated that the 
impulse imparted to the third stage during 
separation when scaled (Table 5) to flight con- 
ditions was not a significant factor. Thus, it was 
possible to state that the impulse imparted by the 
band, a single bolt firing, and interference of the 
support struts in the groove were second-order 
effects 


D. Dynamic Spin and Separation Tests 


The pur pose of this test series was to determine 
the separation impulse imparted to the upper 
stages during separation. The essential difference 
between these tests and the functional tests was 
that the full-scale vehicle was modeled. A series 
of four tests were run, the first of which was a dry 
run to check the equipment. (The stages were not 
separated.) 

Figure 19 shows a photograph of the test 


facility and test vehicle. The vehicle consisted 


of the following: 

(1) A simulated second stage which was loaded 
to approximately the same moments of 
inertia and center of gravity as the second 
stage of the flight vehicle at burnout, in- 
cluding residual propellants: symmetrical! 
radial lugs and stop nuts were attached to 
provide for adjusting the weight and mo- 
ments of inertia. The stage was suspended 
from a self-aligning bearing located at the 
center of gravity of the second third /fourth- 
stage assembly. The forward end of the 
Stage consisted of the forward controls 
compartment used in the third-stage func- 
tional separation tests 


The empty third-stage motor case used for 
the functional separation tests. ballasted to 
approach flight weight, center of gravity, 
location, and moments of inertia 

(3 


A dummy payload, weighted to simulate 
the flight article with solar cell paddles 
extended 

(4) A spin rocket assembly consisting of 
0-S5KS-130 rockets. simulating the flight 
configuration. 

(5) Second third interstage and third/fourth 
interstage structures. 

(6) A flight sequence box was used to obtain 
the proper sequence of events after the 
fire command had been initiated from the 
test console. 

Below the suspended stages was a padded pit 

to receive the dropped stages. Approximately 
twelve feet of free-fall distance was provided. 
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Fig. 19. Dynamic spin and separation test set-up. 


The instrumentation consisted of two Fastex 
cameras with common timing. 

The test procedure consisted of aligning the 
third stage to the second, hoisting the vehicle 
into position, and initiating the command 
from the ground control console. The fire com- 
mand would initiate the spin rockets and the 
flight sequence unit would fire the separation 
bolts at the proper interval after spin rocket 
ignition. The third stage plus payload would 
separate and fall into the pit. Examination of 


the test hardware after the third test revealed 
that the sand ballast in the third had 
shifted a significant amount. This invalidated the 
results of Tests 2 and 3. Rigid ballasting was 
used in Test 4. 


Stage 


E. Data Reduction and Analysis 

The principal data reduction and analysis 
problem was to determine the magnitude of the 
tilt of the third stage angular momentum vector 
(coning angle) after separation. Fastex film data 
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from the west and north cameras were used for 
this purpose 

When the tilt angles aw and ay have been 
determined. the total tilt angle at the corre- 
sponding time can be determined, using the 
notation of Section 4, by the relation |a 
\ (a; a2) and the direction of tilt can be 
determined by tan d — ay/aw. where the proper 
quadrant is determined by the sign convention 
used. Assuming no initial pitch rate prior to 
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polar plot similar to Fig. 20 could be made. 


From it, the coning angle a, and the direction of 


separation impulse could be obtained. However, 
certain facts complicated the reduction problem: 


(1) Data was obtained for less than half a 
precession cycle due to the short drop 
distance 

(2) Resolution of the film reading process was 
approximately + |! 


Missile Axis 


Initial 
Position 


separation and that the vehicle is vertical at 
separation, Fig. 20 illustrates the motion. The 
theoretical motion of the third stage due to a 
separation angular impulse H is a p-ecession 
(coning) about an axis whose coning angle is 
given by 


ae H 
The precession rate is given by 
] 


With perfect data for a full precession cycle, a 


Fig. 20. Coning angle due to separation impulse 


This, in addition to normal reading errors, can 
produce large errors in the determination of the 
angular direction of tip-off at any time. Since 
fitting a circle to the raw data would be very 
difficult, it was decided to use the method de- 
scribed below to determine the coning angle. 

The precession rate can be determined fairly 
precisely. The relation between the coning angle, 
precession angle, and angle of attack as a function 
of time is given by the law of cosines as ay 
a/2 sin (/,,1/2/,) and ¢ is measured from bolt 
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firing time. The calculated value of a, varied with 
time because of the scatter of the data. An average 
value of a, was calculated for each run. 
The computed value of the coning angle for 
test 4 was: 
ay 0-75 


rhis test simulated flight conditions, with the 
exception of the presence of an axial load on the 
interstage structure because of the gravitational 
field. The tethered spin and separation fixture 
described below was designed to include the 
axial force as a parameter 


F. Tethered Spin and Separation 


During the conduct of the Dynamic Spin and 
Separation Tests, it was decided in the interest 


of economy and accuracy, to develop test equip- 
ment which would expedite testing and improve 
data accuracy. This equipment was designated 
as the Tethered Spin and Separation Test 
Facility. 

Figure 21 shows a schematic of the test set-up 
and Fig. 22 shows a photograph of the equip- 
ment. The equipment consists of a dynamically 
similar third-stage model suspended from a spin 
table using flight hardware. The 
suspension of the third stage is accomplished 
through a vertical shaft attached to the spin 
table at its upper end by a universal joint, and to 
the center of gravity of the simulated third stage 
at its lower end by a universal joint and rotary 
bearing, allowing freedom about three ortho- 
gonal axes. An adjustable spring permits tensile 


interstage 


p— Univereal Joint 


Fixed Axis 
Spin Table 


Adjustable 
Spin Table 


Fan Restraint 
Mechanism 


Fan Assembly 


Tension and Compression 
Spring for Thrust Loads 


Three Dimensional 


Bearing 


Fig. 21. Schematic diagram of tethered spin and separation test 
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Fig. 22. Tethered spin 


or compressive loads to be transmitted through 
the three-dimensional bearing to the third stage 
to simulated thrust loads on the interstage 
assembly. The spin table is made so that the 
longitudinal axis of the third stage may be varied 
concentrically with respect to the spin axis of 
the table. A mirror on the bottom of the third 
stage, whose plane is perpendicular to the third- 
stage longitudinal axis and parallel to a plane 
defined by the support struts, forms part of an 
optical system to indicate third-stage motion after 
separation 


and separation test 


The basic instrumentation consisted of an 
optical system (see Fig. 23) to monitor third- 
stage angular motion. A light source reflects 
light from the mirror at the bottom of the third 
Stage to a series of other mirrors, and to a screen 
which is photographed with a time exposure 

Nine test runs were made with the equipment 
The results are summarized in Table 6. Figure 24 
is a photograph of the optical system light traces 
for one of the runs. Examination of the light 
trace reveals three prominent features: the trace 


of the preseparation motion is a small circle or 
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SRO STAGE SPIN & DYNAMIC 
TETHERED SEPARATION TEST SETUP 


TRANSLUCENT 
SCREEN 


SIMULATED 3RO STaGeE 
TEST ARTICLE 


ROTARY 
A. MIRROR on / CHOPPER 
ly BOTTOM 
SURFACE COLLIMATED 
oF TEST / /.\iGHT souRCE 
ARTICLE 


ADJUSTABLE 
MIRROR 


4 4 4 


Fig 23. Optical instrumentation for tethered spin and separation test. 


Table 6. Tethered Spin and Separation Test Results 


2 3 4 5 6 
Radius initial Radius final 
circle circle 


Run Thrust load Spin rate 
(Ib) (rev /sec) 


Loop radius 
{) 


28 0-25 0-75 0-125 
29 0-15 1-05 0-125 
29 0-375 2-25 0-125 
29 0-25 1-3 0-125 
9 0-1 0-75 0-125 
0-175 19 0-125 
29 0-1 0-5 0-125 
2-9 0-1 1-05 0-125 
29 0-1 1-0 0-125 


PRESEPARATION TRACE 


POSTSEPARATION TRACE 


* 


Fig. 24. Light trace record from tethered separation test 
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spot, the postseparation traces consist of larger 
circles, and the larger circles are modified by 
loops at the spin frequency. The foreshortening 
of the circles is introduced by the optical system 


These patterns were interpreted as follows 


(1) The small circles or spots are produced by 
the plane of the mirror not being normal 
to the spin axis before separation. The 
magnitude of this angle ts shown in column 
(4) of Table 6 


(2) The large circles represent the precessional 
motion of the principal axis. The radius 
(column 5, Table 6) is proportional to the 
coning angle 

(3) The loops are produced by an angular 


misalienment of the mirror and the 


principal axts 


These test runs were conducted during the 
preliminary phase of the use of this equipment 
and the results indicated that further equipment 
was necessary to obtain precise alignments 
However. because of the urgency of the schedule 
situation, these results were used in an attempt to 
determine the effect of thrust on the tip-off angle 

\ misalignment of the principal axis, with the 
spin axis at separation, produces a tip-off ang!e 
four times as large as the misalignment angle 
Therefore. in order to extract the tip-off angle 
induced by the separation impulse, it is necessary 
to know the magnitude and phase of the mis- 
alignment of the principal axis with the spin 
axes at separation. It was possible to compute the 
most conservative values by assuming the mis- 
alignment angle as large as possible and oppo- 
site to the direction of the separation angular 
impulse 

This assumption was applied to the data from 
all runs. The results from a number of runs with 
a simulated thrust of 600 Ib, which was con- 
sidered indicative of flight. yielded an average 
value of 2:47 . Scaled to flight conditions (Table 4) 
this would give an average value of 1-16 at 
600 Ib thrust. The result is quite conservative 
A more reasonable method would be to rms the 
various angles as follows: 


(eal 


where the circled numbers refer to columns in 
Table 6. This gives about 0-75 for flight con- 
ditions at 600 Ib thrust. This is still conservative 
since the quantity of interest is actually the dis- 
placement of the angular momentum vector due 
to separation effects. This is the same as the 
coning angle when the body is not coning before 
separation, and when, as in this case, the time of 
application of the separation impulse can be 
assumed to be small compared to the precessiona! 
period 

Further examination of the data indicated no 
significant proportionality of the dispersion with 


axial load 


G. Conclusions 

As a result of these tests, it was concluded that 
a one-sigma tip-off angle due to the separation 
mechanism was independent of the axial load 


and its magnitude was one degree or less 


6. CONCLUSIONS 


(1) A spin stabilization system has been de- 
veloped which satisfies the requirements of the 
Able missions 

(2) In the course of the development, certain 
design and test methods were developed that 
will be useful for future programs 
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EFFECTS OF SUPPORT CONDITIONS AND SHAKER 
ARRANGEMENTS IN BEAM VIBRATION TESTING 


H. E. LINDBERG 


Space Technology Laboratories, Inc 


Abstract 


The motion of a uniform beam is studied directly and with the aid of an analog computer, in 


order to determine the effects of support damping in terms of an approximate per cent of critical damping 
in each mode. The computer is used to determine the range of support damping for which velocity 


coupling can be neglected in calculating the damping in the constrained modes. Curves are also pre- 


sented giving the relative amplitudes of the first few constrained modes and the first few free-free 


modes plotted as a function of shaker position for three “soft-mounted 


conditions. Similar curves 


are given for an actual missile. Recommendations are made concerning procedures to be used when 


ground-testing a missile for the damping in each of its free-free modes 


1. INTRODUCTION 

In designing an autopilot for a missile it is 
found that the damping in each of the first few 
free-free modes has a very critical effect on the 
autopilot stability. These damping factors must 
be known quite accurately if an efficient auto- 
The problem of measur- 
ing these damping factors on the ground is com- 


pilot is to be designed 


plicated by the fact that a free-free condition 
cannot be obtained. and one must be content with 
supporting the missile on the softest springs 
possible consistent with static stability. Even 
a small amount of damping in these supporting 
springs can be quite appreciable when compared 
to a typical free-free mode damping of | or 


2 per cent of critical. In this report the range of 


support damping for which simple approximate 
equations can be used for determining the in- 
crease in modal damping due to support damping 
is investigated with the aid of an analog com- 
puter. 

In making damping tests in soft-mount test 
stands, it is important to obtain, as nearly as 
possible, a single mode shape for each forced 
resonance. This is desirable because a missile is 
anything but uniform and its damping will 
certainly depend on its mode shape, and further- 
more, when modes other than the mode of the 
resonating frequency are excited they will die 
out at their own frequency and tend to mask the 
desired decay curve of the resonated mode. It is 


impossible, of course, to excite only one mode 
with a finite number of shakers, but one should 
at least be sure that his choice of shaker loca- 
tions tend to minimize the amplitudes of un- 
desirable modes. If more than one shaker is used 
there is a further 


opportunity of optimizing 


shaker locations and relative time phases. The 
considerations necessary for optimizing shaker 
arrangements are quite simple and a number of 
“mode participation” 


function of shaker location are given here as a 


curves 


plotted as a 
guide to the available possibilities 


2. NOMENCLATURE 

The word heam appearing below may also be 
interpreted as missile 
a, b, coordinates of points of force appli- 
cation. 
hy. by complex damping factors of a lateral 
and torsional spring, respectively 
lateral and torsional dashpot values. 
respectively 


Cu, Cy 
peak values of sinusoidally varying 

forces. 
spring constants of lateral and tor- 
sional springs, respectively 

K.P/EI, Krl/El, non-dimensional 
spring constants. 
total length of beam. 
distance from beam c.g. to location of 
constraining springs. 


7 
a} 
4 
J 
285 


m total mass of beam 

frequencies of constrained beam, in- 

cluding gravity moment. assuming 

beam is rigid 

generalized coordinates of free-free 

and constrained modes, respectively 

q steady state amplitude of the mth 
generalized coordinate due to a force 
varying sinusoidally at the mth mode 
frequency 

ratio of the undamped 
natural frequencies of the nth and 
mth modes 
time 

’ coordinate along undisturbed center- 
line of the beam. 

! lateral displacement of the centerline 
of the beam measured from the un- 
disturbed centerline 

C,/m, damping parameter 

C,/mp,, de-dimensionalized damp- 
ing parameter for the special case 
where Ky, K7 

per cent of critical damping in a free- 


j 


free or constrained mode, respectively 

rt equivalent constrained mode per cent 
damping. including effect of support 
damping 

change in constrained 
mode per cent damping due to sup- 
port damping 

‘ phase angle of motion at shaker shut- 
off. maximum dis- 
placement 

d free-free and constrained mode shapes. 

respectively. normalized to total beam 


measured from 


mass 
undamped natural circular frequen- 
cies of a free-free or constrained beam. 


respectively 


3. CORRECTING FOR SUPPORT DAMPING 


The beam or missile to be tested is usually 
supported by a lateral and a torsional spring 
as shown in Fig. |. These springs need not be 
located at the base of the beam, of course. but 
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this arrangement is not uncommon and was 


chosen in this study for concreteness. Associated 


with each support spring there is a certain amount 
of damping, which will affect the apparent damp- 
ing in each mode. If the damping characteristics 
of these springs can be represented by known 
lumped constants, it is very easy to obtain an 


approximate expression for the change in effect- 


ive modal damping for each mode due to the 
support damping 


Fig. |. Schematic drawing of beam configuration in 
constrained condition 


3.1 Support Damping Represented by Dashpots 


This is perhaps easiest to see if the support 
damping is represented by dashpots as shown in 
Fig. |. Assuming that the constrained mode 
shapes 4, are known, the differential equation of 
free vibration of the mth constrained mode can 
be written as 


- 
2¢ 


m 


where the terms on the right-hand side of the 
equation are |/m times the generalized force due 
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to the support dashpots C; and Cr, and the 
constrained modes 4, normalized to the 
beam or missile mass. 


are 


If the support damping as well as the modal 
damping factors of 
inspection of equation (1) shows that each mode 
vibrates at its own frequency @, with an ampli- 
tude which depends on the initial conditions. 


each mode are zero, 


If these damping factors are very small, let us 
assume that each mode is still vibrating at 
essentially its own frequency. Then the right- 
hand side of equation (1) will be a series of 
sinusoidal driving terms of small amplitude 
(because C;, and Cr are small) at frequencies &,. 
Only the term with frequency @,, however, will 
have an appreciable effect on the motion of g, 
for two reasons. 

1. The frequencies @, are usually located 
relatively far from each other in the frequency 
spectrum and therefore the amplification factors 
in these terms when acting on the nth mode will 
be small. 

2. If %,, is small the amplification factor of the 
®, driving force becomes very large 


Thus, all the essential terms in equation (1) 
are at frequency , and the assumption that 
each mode is vibrating at essentially its own 


frequency is correct. This assumption is even 
more correct if the initial conditions are such 
that the amplitude of a single mode, say @,,, is 
much larger than that of the other modes. This is 
indeed the case (see Section 4) when the initial 
conditions are obtained by forcing the beam at 
®, and then suddenly removing the force. Thus 
equation (1) can be approximated by 


4, 
(2) 


wg, > 


so that the equivalent modal damping including 
support damping ts 
Oh) 


(3) 


where the modes ¢,, are normalized to the beam 
mass. If the mode shapes ¢,, are known, all of 
the terms in equation (3) can be determined ex- 
perimentally for each mode with the exception 


of {,, the constrained modal damping. If the 
support springs are soft enough that the con- 
strained “bending” mode shapes and frequencies 
do not differ too much from the free-free modes. 
then this figure can be taken as the free-free 
mode damping. Just how much these modes 
can differ before this assumption becomes in- 
valid depends on the individual beam or missile 
This question cannot be answered by studying a 
uniform beam, but one can determine the range 
of validity of equation (3) with a uniform beam 


3.2 Complex Support Damping 

Before continuing this range of validity dis- 
cussion, some mention should be made of the 
form equation (3) takes if the damping in the 
supports is expressed by “complex damping” 
rather than viscous damping. In this case it is 
most convenient to compute the energy absorbed 
per cycle by the “complex” spring and compare 
this to the energy absorbed per cycle by the 
mode damping. Using the notation of Mykle- 
stad’? the spring constants K, and Kr are 
replaced by K, and Kr respectively 
With this substitution a plot of spring force 
versus deflection for a sinusoidally varying 
deflection at any constant frequency is an ellipse. 
as shown in Fig. 2 for the lateral spring. In this 
figure 4 is the spring deflection, dmax is its peak 
value, and F is the magnitude of total spring 
force, including damping. Assuming that the 
presence of the damping does not affect the mode 
shapes, the peak deflection for the lateral spring 
with the beam vibrating in its mth constrained 
mode is 
(4) 


Omax 
The energy absorbed by the lateral spring per 
cycle is merely the area enclosed by the ellipse 
or 


Ey 


sin 2h, sin 2h, 
KiGimax 


\/(2) sin by (2) cos by 


Similarly, the energy absorbed by the torsional 
spring is 


Ey — (6) 


max 
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The energy absorbed per cycle by the mode 
damping term is 


mg? di 


For small damping, 9,, COS 


and 
E,, = 2nl,,m@? (8) 


‘marx 


In equation (8), mdq- represents twice the 


maAaX 


maximum kinetic energy of the nth mode, which 
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Equation (10) is the counterpart of equation (3), 
but for complex damping. 

Because the energy absorbed per cycle by 
complex damping is the area enclosed by a stress 
strain hysteresis loop, this energy is independent 
of frequency as long as the amplitude 5max is 
held constant. Another common interpretation 
of complex damping is that it results from forces 
in phase with the velocity but proportional to the 
displacement. The damping force due to a dash- 
pot, however, is proportional to the velocity so 
that the energy absorbed per cycle depends on 


Fig. 2. Force deflection diagram for a spring with complex damping 
a (1/2) sin 2bz/sin by 
b (1/\ 2) sin 2bi/cos by 


for the small damping considered here, can be 
replaced by twice the maximum potential energy 
of the nth mode so that 


(9) 


E = MGinax 
The total energy absorbed per cycle is the sum 
of the energies of equations (5), (6) and (9) 
If the equivalent modal damping (» is defined 
such that when substituted into equation (9) 
it vields this total energy, it is found to be 


Nig Mw, 


(10) 


the frequency as well as the amplitude of motion 
This difference is apparent in equations (3) and 
(10), the change in per cent damping falling off 
with frequency as 1/4, for viscous damping and 
as 1|/@* for complex or hysteresis damping 


These rates of fall-off are not strictly true, of 


course, because although 42(/,) remains the same 
order of magnitude for all modes, ¢'%(/,) in- 
creases with mode number in proportion to w 
so that the torsional damper becomes propor- 
tionately more effective than the lateral damper 
in the higher modes. The choice between using 


E, (7) 
0 
K, 6 
L max 
\ 
\ 
Ke / 
/ 
/ 
? 
/ 
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dashpots or complex damping to describe the 
damping in the supporting springs depends on 
the nature of the used. The actual 
damping will probably lie somewhere between 
these extremes. 


structure 


3.3 Limits of Applicability 
Equations 


of Approximate 


For an analog computer study it is more con- 


venient to associate dashpots with the support 
springs because this procedure avoids the simula- 


289 


tion of hysteresis loops which would be neces- 
sary if complex damping were to be used. In 
order to investigate the range of dashpot values 
for which equation (3) is a good approximation. 
a uniform beam supported as shown in Fig. | 
simulated. 
expanding the motion of the beam in terms of 
the “rigid-body” the 
gravity moment) 
the 


was The simulation was made by 


two modes (including 


and the first three free-free 


modes of beam. For the relatively soft 


mounting springs used (the simulation was made 


0.03 0,04 0.05 


OF 


t, First Rigid Body 


Fig. 3. Comparison _of change in modal damping predicted by equation (3) to analog computer results 
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in such a way as to reproduce as closely as 
possible the frequency ratios of typical missile 
damping test configurations) these modes were 
quite sufficient. For these runs the sinusoidally 
varying concentrated force was placed at the 
base of the beam. The frequency of the force 
was varied, just as it would be in an actual 
vibration test, until a resonance condition was 
found. The forcing function was then turned off 
at maximum amplitude (for reasons to be 
discussed in the next section) and the damped 


The 


total damping in each constrained mode was 


free vibrations recorded on a brush recorder 


then found by observing these decay curves 
In this simulation it was assumed that Cr/C, 
Kr K,. which seemed to give reasonable 
values of damping. With this assumption, the 
magnitudes of the dashpots are expressible by a 
single quantity «7 C,/mp,. Figure 3 shows a 
plot of the change in modal damping as pre- 
dicted by equation (3) as compared to the actual 
changes in modal damping observed from the 
The abscissa of this plot is 


Part of these 


computed results 
the support damping parameter «€) 
runs were made with free-free modal damping of 
| per cent of critical and part with 3 per cent of 
critical. As would be expected, the change in 
damping 4¢,, predicted by equation (3) is con- 
sistently less than the change in damping ob- 
served from analog computer results. Equation 
(3) gives smaller damping because it does not 
include the effect of the damping terms in 
equation (1) that were neglected in deriving it 
For the first “bending” mode this difference is 
uniformly about 13 per cent of the analog com- 
0-07 


about 10 per cent for the second bending mode 


puter value up until 4¢, This figure is 
For larger damping this percentage gradually 
0-10 a clearly de- 
That is, 
when reading the analog computer results at 
0-10, the apparent damping 
changed considerably from cycle to cycle. Ob- 
served values of ¢, of 0-118, 0-115, and 0-129 
recorded between half- 
cycles. This variation was even more noticeable 


increases until about 4¢, = 


fined ““modal damping” ceases to exist 


modal 


were three successive 
for the second bending mode for which values of 
c, of 0-167, 0-121, 0-100, 0-142 and 0-107 were 


recorded between successive half-cycles. This 
type of behavior occurs, of course, because at 
these high dashpot values the velocity coupling 
between modes becomes that 
frequencies other than the resonated frequency 
amplitudes during the free 


large enough 


have considerable 
vibration decay. 
These computer results indicate that for this 
type of application, equation (3) can be used with 
confidence as long as the change in modal damp- 
ing due to the concentrated damping ts less 
than about 8 per cent of critical modal damping. 
Furthermore, in this range, the change in damp- 


ing predicted by equation (3) seems to be con- 
sistently about I! per cent less than the actual 
change in damping so that this additional 11 
per cent could be added to give an even better 


estimate of modal damping 


4. EFFECT OF SHAKER ARRANGEMENTS ON 
MODE PARTICIPATION 


In the previous section it became apparent 
that 
shake the beam in such a way that only one mode 


there are several reasons for wanting to 


is excited when measuring beam damping. In 


this section a “mode-participation™ 


curves are presented for various beams being 


group of 
vibrated by concentrated forces. These curves 
consist of plotting the ratio of the amplitudes 
of the undesired modes excited, to the product 
of the amplitude of the desired mode and twice Its 
per cent of critical damping, as a function of 
shaker location. The only information required 
to make these plots, for small damping, are the 
If a 
force F sin wf ts acting on a beam at position a. 


mode shapes and frequencies of the beam 


the equation of motion for the mth mode, as- 
suming that all damping present can be repre- 
sented by a modal damping factor (,,. ts 


+ (F m)d,(a) sin wt (11) 
where the mode shapes 4, are normalized to the 
total beam mass. The amplitude of the steady- 


state solution of equation (11) ts 


(F/m)d,(a) 
q, =. (12) 
wy (w/w) 4 (w w *] 


‘ 
= 
A 
| | 10 
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If the frequency w of the driving force is at the 
resonant frequency w,, this amplitude ts 

q, 
Also. the amplitude of another mode, say the 
mth, when the driving force is at frequency o,, Is 

(F/m)d,,(a) 

where 


The ratio of the amplitude of the mth mode (the 
“undesired” mode) to the amplitude of the nth 
mode (the “desired” mode) is 


,,(a) 
(14) 


is less than about 0-04, 
it can be neglected in equation (14) 


If the damping factor ¢ 
Thus, the 
mode participation ratios to be examined are 


(a) P 
(15) 


4.1 Mode Participation Curves for a Free-Free 
Uniform Beam 


Figure 4 gives a plot of the ratios of equation 
(15) for a uniform free-free beam. The upper set 
of curves give the relative amplitudes of the 
second and third modes when the beam is being 
The ab- 


scissa 1s the location of the force along the beam, 


forced at the first mode frequency 


going from one end to the other. The lower set of 
curves are similar plots of the first, third and 
fourth modes with the driving force at the second 
mode frequency. It might be mentioned that 
these curves go to infinity at the nodes of the 


driven mode not because the amplitudes of the 


undesired modes go to infinity, but because it is 
impossible to excite the desired mode at one of 
its nodes. The upper curves indicate that there is 
a wide range of shaker locations that will give a 
“pure” first mode. For example, if 
the first mode damping is 2 per cent of critical 
and the shaker is located at either end of the 
beam, the amplitude of the second mode is only 


very nearly 


0-0030 times the amplitude of the first niode. The 
amplitude ratios of higher modes are even lower. 
of course. For all of the even numbered modes 
this ratio can be reduced to zero if the shaker ts 
located at the center of the beam. 

rhe situation for exciting a pure second mode 
with a single shaker is not quite so pleasant 
For a second mode damping of 2 per cent and 
the shaker located at either end, the ratios of the 
amplitudes of the first, third and fourth modes 
to the second mode are 0-0230, 0-00705 and 
0-00210, respectively. To reduce this large first 
mode amplitude, a better location for the shaker 
would be at the first node (a/L ~ 0-225), but 
at this location the amplitude of the third mode 
would be higher. In order to alleviate this prob- 
lem of having the amplitudes of some modes 
increase as the 
location is changed, one should investigate the 
possibilities available if more than one shaker is 


others decrease when shaker 


used. Following the procedure used for one 
shaker above, it can easily be shown that if two 
forces F, and F,, at points a and + along the 
beam respectively, are oscillating in phase (i.e 
both reaching peaks in the same direction, up 
or down) at the same frequency, the mode 


participation ratio is given by 


Fd,,(b) 
1 


F.d,a) 


: (16) 
F.d,(a) 


As an example of using two shakers, consider 
the case where both forces are of the same mag- 
nitude and one of them is located at one end of 
the beam. In this case equation (16) takes the 
form 


(h) 


A (QO) Ab (h) 


The plus signs are used if the forces are in phase 
(i.e. either both acting upward or both down- 
ward) and the minus signs are used if they are 
out of phase. For a uniform free-free beam the 
deflections of all modes are +2 at either end of 
the beam.) Also, from a practical standpoint. 
the direction of F,, with respect to F,, is chosen to 
maximize the amplitude of the driven mode, 
i.e. so that the denominator of equation (17) is 


evaluated with 4,(0) ,(b). 


q 
‘ 
re 
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Fig. 4. Free-free mede participation curves for a uniform beam 


This merely means that the forces are directed 
so that they both do positive work on the de- 
sired mode. If this is done, the mode participa- 
tion factors for this example are 


2 + 6,,(b) sgn 4,(b) 


(18) 
2 db) | 


where sgn is the “sign of ice. it is 
1 if is positive and is —1 if 4,(b) is 


negative. It should be mentioned here that this 


procedure does not always give the smallest 
value of mode participation factor. If the con- 


vention sgn ¢,,(a) sen ¢,(a) is assumed, i.e. 
the signs of the values of all mode shapes under 
one of the loads arbitrarily are taken the same 
jas was done for equation (18)], it can easily be 
shown that the above procedure gives the mini- 
2 if sen 


mum value of 
sen the above 


sen 4,(). If sen 4,,(>) 
procedure gives the minimum value of this ratio 


M D » | 
M | 
| 
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Curves a and b are fo 
foing negative work on 


Fig. 5. Mode participation curves for a free-free uniform beam with two shakers, one fixed at x 


only if 4,(b) If this 
inequality is reversed, the minimum ratio is 
obtained by reversing signs in both numerator 
and denominator; for example, the plus signs in 
equation (18) should be replaced with minus signs. 

Setting aside this question of phase relations, 
the mode participation curves of equation (18) 
are presented in Fig. 5. The abscissae in these 
plots represent the position of one of the two 
shakers, going from one end of the beam to the 


4 


the movable shaker 


the “driven mode 


0. 

other, with one shaker always at x 0. Two 
essential differences between these curves and 
the curves of Fig. 4 are: (1) for the two-shaker 
example the mode participation ratios never 
become infinite as they do for one shaker, and 
(2) they are not symmetrical about the center of 
the beam as they were with only one shaker. 
These plots indicate that with one shaker at one 
end of the beam and an identical shaker on the 
other end, the amplitudes of all the even or all 
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the odd numbered modes, depending on whether 


shakers are in or out of phase re- 


are zero. For example, if the shakers 


the two 
spectively 
are driven out of phase at the second mode 
frequency. the first and third mode amplitudes are 
zero and the higher mode amplitudes are very 
small. Figure 5 also indicates two other regions 
in which the second shaker can be located to give 


an improvement of second mode “purity” over 


a single shaker. Comparison of this figure with 


Force Position 


Fig. 6. ‘Bending 
Kri/El 


" mode participation curves for a uniform beam constrained with springs K,/3/El 
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Fig. 4 shows that it ts hardly worthwhile to go 
to two shakers in order to improve first mode 
purity 

At those locations of the second shaker where 
the mode participation curves of equation (18) 
have sharp peaks (see Fig. 5), it can be shown that 

(h)| \d,,(a) d,(a) (>) so that the mode 
participation factors can be reduced by reversing 
the relative phase of the shakers [i.e. using 


minus signs on the RHS of equation (18)]. A 


a/f 
2:13 and 
1-436. 
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plot of the curves resulting from this procedure 
has been made and it was found that they have 
sharp minimums in the neighborhood of the 
spikes in Fig. 5. The dotted lines in upper curves 
are an example of such curves. (They were 
omitted from the lower curves to avoid con- 
fusion.) The fact that 
sharp minimums rules out the choice of this 
phasing in an actual test because it would tend 
to make shaker locations too critical. Further- 


these curves have such 


Force Position, 


0.4 


2905 


more, it would be a waste of shaker capability 
to make one shaker do positive and the other 
negative work on the resonated mode 


4.2 Mode Participation Curves for Other Beam 
Configurations 
Ground vibration tests must be run on con- 
strained beams, of course, so that one is really 
interested in obtaining constrained mode partici- 
pation curves. Figure 6 shows an example of 


a/! 


Fig. 7. “Rigid body’’ mode participation curves at “bending’’ mode driving frequencies; continuation of Fig. 6 


| 
| Third Mode Driving | t 
| 
ig 
i| 
| 
| 
3 4 \ 
/ 
/ 
4 
4 First Mode 
4 
of Second Mode = 
J 0 0.2 0.4 0.6 0.8 1.0 
7 Force Position, a/f 
“ Mode | 
| | 
| 
| 
| a \| | First Mode 
y \ \ \ / 
1 > + + 7 
/ \ | \ 
Y \ \ \ 
> 
\ / 
0 0.2 || 0.6 0.8 


296 H. E 


such curves for a uniform beam constrained at 
the right end. The ratios of restraining spring 
stiffnesses to beam stiffness are K,/*/ El 2-13 
and Kyi El 


to give a ratio of first free-free to second con- 


1-436. These springs were chosen 


strained “rigid-body” mode frequency of six, 
which makes them considerably harder than the 
springs actually used in missile testing. for which 
this ratio is about twelve. When these curves are 
compared to the free-free case, it must be re- 
membered that the third mode here corresponds 
most closely with the first free-free mode because 


LINDBERG 


of the addition of two “rigid-body” modes. 
Figure 7 is a continuation of Fig. 6, showing the 
“rigid-body” mode participation. Gravity forces 
have been neglected for all these modes 

The most interesting thing to notice about the 
curves of Fig. 6 is that the mode participation 
of the constrained “bending modes” for these 
soft constraining springs is so similar to the free- 
free modes that the free-free mode participation 
curves could be used in their place. For a non- 
beam 
convenience if constrained mode shapes are 


uniform this would be a considerable 


| 
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Fig. 8. Free-free mode participation of a constrained uniform beam; data taken from analog computer results with 
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difficult to obtain. ““Rigid-body” mode partici- 
pation is not present for the free-free beam, of 
course, but a rough estimate of the exact curves 
given in Fig. 7 could be made by using truly 
rigid-body modes in conjunction with free-free 
modes. The mode participation ratios for these 
modes are quite high compared to those for the 
bending modes, but it will be shown in the next 
section that the effective amplitude of the rigid- 
body modes during free vibrations can be re- 
duced by proper shaker shutoff procedures. 
Figure 8 shows the free-free mode participa- 
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uniform constrained beam. These 
curves do not go to zero at various points along 
the axis because the free-free modes are not the 
normal modes for the constrained condition. 
These curves were determined using the analog 
computer and include the coupling due 

damping in the supports. It is interesting 

notice that the 


tion of a 


even when beam motion 


expanded in terms of these free-free modes. 
rather than the constrained modes, the mode 
purity is comparable to that found using con- 
strained modes, for the soft constraining springs 


Force Position, a/? 


Fig. 9. Mode participation curves for a liquid-propellant missile in a free-free condition. 
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used here. This indicates that even for a beam or 
missile whose damping characteristics depend 
on mode shapes. the procedure of using (,, (the 
estimated constrained mode damping factor. 
after the effect of support damping has been 
subtracted: see Section 3) as an estimate of ¢ 
(the mode damping 
factor) is quite good 

In order to show that the general behavior of 


corresponding free-free 


these mode participation curves is the same for 
an actual missile as it is for a uniform beam, 
fully liquid- 
propellant missile in the free-free condition are 
The main difference between 


curves for a loaded two-stage 
shown in Fig. 9 
these curves and those of Fig. 4 is that they are 


not symmetrical 


4.3 Mode Participation After Shaker Shutoff 


When one first thinks about reducing the 
amplitudes of undesired modes one is inclined 
to compare the energy in the undesired modes to 
the But 


because the frequency of motion is not at the 


energy present in the desired mode 
frequency of the undesired modes, the energy in 
these modes changes throughout each cycle of 
motion (see below). The energy in the desired 
mode is constant because it is being resonated 
Thus a comparison of energies is rather nebu- 
lous because one must ask, “Energies at what 
time ? 
is concrete because each mode has a fixed ampli- 


A comparison of amplitudes, however. 


tude while the shaker is on, and therefore, curves 
of amplitude ratio have been plotted 

When the shakers are shut 
however, the different 
mode. including the undesired modes, has an 


off. 
Each 


shaker or 
situation Is very 
initial amount of and oscillates at its 
own frequency. Except for damping, the energy 
in each mode remains constant throughout each 
cycle as contrasted to fluctuating at the driving 
frequency as was the case while the shakers were 
on. These initial energies are proportional to 
the square of amplitudes as given by the mode 


energy 


participation ratios, but also depend on the 
phase at which the shakers are turned off. 
Consider, for example, that the driving force 
is F cos wt and that the amplitude of the mth 


mode is a,, at the driving frequency. During 
forced vibrations the motion of this mode is 


q a, COS wi (19) 


where the plus sign is to be taken if w,, w 


and the minus sign if @ w. The exact phase 


angle between the applied force and q,,, is 


(w 


and frequencies w removed 


¢ 1 
a tan 
| 


but for small 


from w w,) this phase angle 
is either After the shaker 


is turned off, this mode will have a new ampli- 


(as they are if » 
zero or 7 as indicated 


tude A 
at shutoff. If the shaker ts turned off at w/ A. 


determined by the energy in the mode 


this energy ts 


cos’ @ Ma? w* sin® (20) 


where K,,, is the generalized spring constant of 
the mth mode, and M is the mass to which 
the mode is normalized. Using A Mw*. the 


amplitude A,, can be found from 


(w?/w?) sin® A] 
cos 24)! 

(21) 

Equation (21) shows that if w — w,, the energy 
in the mth mode is constant while the driving 
For other frequencies this energy 
being a minimum at @ 0. 


force Is on 
depends on 
a. 27 if w 
w. To minimize the amplitudes A,, of 
modes lower than the mode, the 
shaker should be turned off at maximum force 
(9 : F). To minimize the 
amplitudes of modes higher than the resonated 
mode. the shaker should be turned off at zero 


w, and at @ 
if w 
resonated 


During free vibrations each mode decays at 
its own frequency. If all of the modes have about 
the same per cent damping, the higher modes will 
decay faster. With initial amplitudes large enough 
that a waiting period can be allowed before 
measurements are taken, the effective amplitudes 
of these higher modes will be reduced by this 
procedure. By the same token the decay oscilla- 
tions of modes lower than the resonated modes 


J 
a 
a 
= 
9 
i 
= 
= 
‘ 


will persist after the resonated mode has damped 
out. This consideration would lead one to shut 
off the shaker at maximum force in general, in 
order to reduce the amplitudes of these persistent 
lower modes. If the decay of the resonated mode 
is so fast that the higher modes are still present 
when the output signals fall below the instru- 
mentation range, the only alternative is to try 
to reduce the total energy in the undesired modes 
at shaker shutoff. In this case the phase at which 
the shaker should be turned off depends on the 

When 
situation, 


mode participation ratios selecting a 


Shaker location in this the mode 
participation curves should be interpreted in 
terms of energy at shutoff, the relative energies in 
each mode depending on the phase at shaker 
shutoff. On the other hand, if the coupling 
between modes is unimportant as compared to 
spurious signals in the instrumentation due to 
the undesired modes, shaker location should be 
selected to reduce this effect 
accelerometers are used, the mode participation 
curves should be interpreted in terms of peak 
acceleration in each mode rather than amplitude 


or energy. 


§. CONCLUSIONS AND 
RECOMMENDATIONS 


The main purpose of this study was to take a 
careful look at all of the aspects of “‘free-free”’ 
missile vibration tests that can be treated ana- 
lytically. There is no doubt that the equipment 
available for such tests will dictate to a large 
extent just how they shall be run. But in setting 
up any series of tests there are always a number 
of parameters that are left open for the experi- 
menter to choose. From the limited results of this 
study, several self-evident recommendations 
can be made for choosing these parameters. De- 
pending on the tests being run, a few or many of 
these recommendations can be used. 

(1) For a change in modal damping ratio of 
less than about 7 per cent, equation (3) or 
equation (10) will predict this change quite well, 
the actual change being about |! per cent greater 
than the predicted. These equations give widely 
different results, of course, because they repre- 


For example, if 
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kinds of damping. To 
predict the effect of support structure in “‘free- 
free’ vibration testing, equation (10) should be 


sent totally different 


used. This assumes that structural damping is 
independent of frequency; experiments should be 
run to check this assumption. If viscous dampers 
are intentionally attached to the missile. equation 
(3) should be used to compute damping 

(2) If no separate tests can be run to determine 
the structural damping parameters of the sup- 
ports, equation (10) can be used to give approxi- 
mate values of 5; and by from the rigid-body 
test results, if these frequencies are separated 
from other resonant frequencies. If sloshing is 
present, the sloshing frequencies will usually be 
so close to the rigid-body frequencies that this 
procedure cannot be used 
reliable method of 


(3) The most measuring 


support damping is to replace the missile with an 


ead and run tests which will 


I hese 


equivalent weight of 
resemble more nearly rigid-body motion 
tests should be run for a range of amplitudes so 
that by and by can be computed as a function 
of amplitude 
level and amplitude of support deflection, but 
again assumes that damping is independent of 


This procedure duplicates stress 


freq uency. 

(4) A torsional restraining spring affects the 
damping and mode shapes of higher modes more 
than a lateral spring of comparable stiffness 
(e.g. their magnitudes are such that they both 
increase the first bending mode frequency by the 
same amount). The effect of the lateral spring 
drops off roughly as the first power of the fre- 
quency faster than the effect of a torsional spring 
Io reduce the stiffness required of a torsional 
spring, for missile static stability, the weight 
carrying supports should be located above the 
missile center of gravity, if possible 

(5) A single shaker located at either end of the 
missile will give quite satisfactory mode purity 
for the first mode. If modal damping is high, it 
might prove beneficial to relocate the shaker for 
higher modes. If two shakers can be used, one 
should be located at each end of the missile and 
operated in or out of phase to reduce the 
amplitudes of even or odd bending modes 
respectively. In selecting a shaker location one 
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must decide whether one wants to reduce ampli- 
tude, acceleration, or energy levels of the un- 
desired modes. This is because a 
compromise must be reached concerning ampli- 


necessary 


tudes of various undesired modes, and this com- 


promise depends on what is to be minimized 


(6) In addition to shaker location, shaker time 
phase at shutoff is an important consideration 
for mode participation during free vibrations 
If the amplitude of modes of lower frequency 
than the resonated mode are to be reduced, the 
shaker should be turned off at maximum force 
(zero velocity). To reduce amplitudes of higher 
modes the shaker should be turned off at maxi- 
mum velocity (zero force). Unless this parameter 
is used in conjunction with determining shaker 
location, it will usually be more advantageous 
to reduce the amplitude of the lower modes. All 
modes decay at their own natural frequency so 


that if the damping in all modes is about the 
same, a short waiting period before reading the 
data will reduce the effect of higher modes 
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COMPARISON OF THE STRUCTURAL REPONSES OF A 
CAPTIVE MISSILE WITH A FREE-FREE MISSILE 


JOHN D. WOOD 


Space Technology Laboratories, Inc 


Abstract 
those of the free-free missile 


rigidities of which are designated “soft” 


“medium” 


Over-all longitudinal and transverse forced responses of a captive missile are compared with 
The captive missile is constrained by different types of flexible supports the 
or “standard”, and 


‘hard’. 


The analyses in this study are primarily concerned with the low-frequency forced responses of 


captive and free-free missiles because the high-frequency forced responses are essentially the same for 


various boundary conditions 


The degree of simulation of low-frequency response between the free-free missile and the captive 
missile depends upon the particular response such as displacement, acceleration, or stress 


1. INTRODUCTION 
This study will aid in determining whether or not 
the vibration environment and the forced vibra- 
tions of the free-free missile can be simulated by 
the captive missile 
To compare captive and free-free missile en- 
and forced one should 


vironments responses, 


consider the following conditions 


(a) Vibration environment 
(1) Acoustics 
(2) Engine thrust fluctuations 

(b) Longitudinal engine thrust transients 

(c) Combustion instability due to structural 
coupling 

(d) Open-loop control system response due to 


engine swivel 


that the vibrations of an 


caused by 


It is well known 


elastic structure, high-frequency 
forces, are independent of the boundary con- 
ditions. Therefore, high-frequency forces such 
as acoustic pressures or engine thrust fluctua- 
tions acting upon the missile will not cause 
appreciable variations in the forced responses 
between a captive and free-free missile. A com- 
parison is therefore made between the forced 
responses of a captive missile with the responses 
of the free-free missile at low frequencies which 
are spread over the first seven modes of the free- 
free missile 


There may be some low-frequency forces with- 


in the engine thrust fluctuations: hence a captive 
missile may not simulate the structural vibrations 
of the free-free missile. Details to this conclusion 
are found at the end of this study 

The effects of shock loading component parts 
and of stresses within the missile due to longi- 
tudinal engine start transients depend upon the 
forced responses in the structure. For the soft 
and standard captive missiles, the corresponding 
responses of the free-free missile are simulated 
over a very wide range of forcing frequencies, but 
this simulation is only moderate in the very low 
end of the frequency spectrum because of the 
rigid body responses of the captive missiles. Other 
comparisons have been made between the longi- 
tudinal displacements of captive and free-flight 
missiles by Lee, Miesse, and Lieberman. 

Interaction between structural vibrations and 
the combustion process of captive and free-flight 
Lee 
and Miesse“ and by Zucrow and Osborne.” 
This 
absolute displacements for the low forcing fre- 


liquid-propellant missiles is discussed by 


interaction warrants an examination of 
quencies. From the analyses it is evident that the 
displacement of a captive missile will not neces- 
sarily simulate the displacement of the free-free 
missile at these frequencies. 

For open-loop control system response due to 
engine relative displacement and 
bending of the missile is important at the low 


swivel the 


forcing frequencies. Simulation of these quanti- 
ties from a captive missile to a free-free missile 
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is very difficult even over narrow low-frequency 
handwidths 
The effects of 


soft mount are 


responses of a 


the so-called 
captive 


different 


forced 


investigated 


missile. constrained by 


supports of 


structural rigidities, are compared with 


Cratt 


| 


| 
4 


{c) 


woop 


In this figure. the (a) and (b) configurations em- 
ploy a flexible missile constrained in pitch and 


lateral directions. The forcing function 7 may 
represent the steady-state engine thrust vector 


This 


type of load is used in the analyses because the 


which gimbals sinusoidally at an angle 


Fig. |. Methods used for longitudinal and lateral constraints on a missile 


the forced responses of the free-free missile 
In obtaining some of these responses, the effects 
of missile and support damping are considered: 
some of the responses appear in the paper in the 
form of Bode plots 

The methods of constraining the missile longi- 


tudinally and laterally are shown in Fig. 1. 


low-frequency forced responses are of interest 
A uniform beam represents the missile in Fig 
1 (c) and (d):; missile and support damping are 
not considered in these cases 

The types of supports are designated as “hard”, 
and “soft”. These 


“medium” “standard”. 


are arbitrary labels chosen primarily to describe 


or 


: 

(N 
| 4 
| 

|} 

4} 

; 

| 

T = 
j 

| 

2 yee 

tut IS 

(a) 


the relative structural rigidities; however, they 
also describe the lowest natural frequencies of 
the mounts relative to the first free-free mode 
frequency of the missile. For example, the sup- 
port is soft if the lowest constrained natural 
frequency is approximately an order of magni- 
tude less than the first free-free mode frequency of 
the missile: therefore, the over-all rigidities of 
soft mounts are limited by a deflection and/or 
stability criterion.+ The support is hard, how- 
ever. if the lowest constrained natural frequency 
is the same order of magnitude as the first free- 
free mode frequency of the missile. It is interest- 
ing to note that the dynamic characteristics of 
the medium mount are standard for presently 
constructed launchers 

The results of the analyses are quantitatively 
applicable to a large solid-propellant missile: 
however, they are qualitatively applicable to 
present missile configurations. Properties of this 
missile were used as a basis for the numerical 
analyses; the dynamic characteristics of the solid- 
propellant missile were used in parts (a) and 
(b) of Fig. 1 
parts (c) and (d) was chosen to simulate the 


The uniform beam illustrated in 


lowest natural frequency of the free-free solid- 
propellant missile. 

To compare the over-all longitudinal and 
transverse forced responses of a captive missile 
with those of the free-free missile, one must 
decide what kind of response, such as displace- 
ment. acceleration or stress, is of interest and 
over which frequency range simulation would be 


desired 


2. ANALYSIS 
A. Lateral Response of a Missile Constrained by 
Pitch and Lateral Supports 


The lateral displacements of constrained and 
free-free missiles can be expressed, respectively, 
as a summation of the constrained and free-free 
normal bending modes. The constrained bending 


* The expression for a stability criterion in this problem 
is Ky Wik a), where W is the total weight of the 
missile and X is the distance to the center of gravity of the 
missile. The coordinates and the other terms in this 
expression are shown in Fig. |. 
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modes, ¢,, are obtained for the missile con- 
figurations shown in Fig. | (a) and (b) when the 
missile and support damping are neglected. The 
lateral displacement expressions for the con- 
strained and for the free-free missile are 


v(x, 4,(x)q,(1) 


and 


; 


Ax, t) = bid, + Fede 
respect iV ely ‘ 


The rigid body free-free modes are 4, and 
d,: the displacements are 


Td, 
$4; Mo 
and 
Td, e / 
$4 Mew? 5 
where 
E x 


Vv total mass of missile 

w circular forcing frequency 

/ mass moment of inertia of the missile 
about its center of gravity 


The terms g, and g, are the generalized co- 
ordinates of the nth mode for the free-free and 
constrained missile, respectively. The free-free 
normal bending modes for the missile are 4 
The Lagrange’s equations in the mth mode for the 
constrained and for the free-free missile are 
approximately 


> 


O,/M 
and 
q, + O,,/M, 


respectively. Lindberg) discusses the equivalent 
constrained mode per cent damping (,,, including 
the effect of support damping. 

If the support damping is considered and is 
represented by dashpots as shown in Fig. |], 
then from Reference 4, we may express the 
equivalent modal damping equation as 


¢2(a) _ [dd,(a)/dx} 
2w, M, 


(1) 


4 
13 
= 
oF 
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When complex damping is assumed, the counter- 
part of this equation is shown by Lindberg in the 
equation 

d-(a) 


lddé,(a) 
h 


(2) 


The rigidities of the supports and the lowest 
constrained mode frequencies for the missile 
represented in Fig 


Table | 


l(a) and (b) are given in 


Table |. 


JOHN D. 


WwooD 


the equivalent modal damping due to the support 
complex damping terms are as shown in Table 2. 

Table 2 indicates that the change in the equiva- 
lent modal damping for support complex damp- 
ing is negligible for modes higher than the third. 
These results probably represent the actual sup- 
port structure more realistically than the results 
shown for the support dashpots. Since the per 


cent damping in each free-free missile mode, 


¢,, is taken as | per cent, the equivalent modal 
damping, ¢,,. in the first three modes should be 
2 per cent; for the higher modes, ¢,, should be | 


Support Rigidities 


A A 

(in. Ib rad) 
Hard 
Medium 
Soft 

Fig. | (a) 
Soft 

Fig. 1 tb) 


10” 
10° 


10 


10° 


(Ib in.) 
10° 
10° 


10' 


A 
(Ib in.) 


Table 2. Changes i 


Mode 


(rad sec) 


Viscous 0-69 


(per cent) Complex 0-74? 0-0964 


202-4 


0-36 0-147 0-510 


0-0202 0-004 0-00783 0-0084 


By using a soft support for the missile as in 
Fig. | (a), a comparison can be made between 
the equivalent modal damping that results when 
either dashpots or complex damping are used to 
represent the support damping. If the second and 
third terms on the right hand side of equation 
(1) are | per cent each for the first two rigid- 
body modes, then the per cent changes in the 
equivalent modal damping due to these two terms 
for higher modes are as given in Table 2. More- 
over, when the terms /; and hy are each | per 
cent in equation (2), then the per cent changes in 


per cent. Figures 2-8 consider the equivalent 
modal damping as 2 per cent for all 
Resonance points are indicated, however, when 
¢,, is equal to | per cent. 

Since the equivalent modal damping for the 
problems is less than 8 per cent, the foregoing 
approximate equations of motion containing 
¢, may be used as Lindberg indicates. 

It is interesting to note that the damping 
concentrated in the support could be very large. 
but the equivalent modal damping may be very 
small. This is possible if the support is located 


modes. 


a 
= 
& 
A 
mC fs 19 
(c's) (c's) 
0-42 2-17 
10! 1-36 3-18 
for a Soft Mounted Missile as in Fig. ! (a) 
2-66 13-61 38-6 73:7 127-5 251 
as 
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FREQUENCY (CPS) 
Fig. 2. Absolute maximum lateral displacements for a missile constrained as shown in Fig. | (a) and where some point 
x, equals //6 


Free-free —-— Soft —- 
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Fig. 3. Absolute maximum lateral accelerations for a missile constrained as shown in Fig. | (a) and where some point 
x, equals //6 


near the nodes of the lower modes for the missile. The steady-state solutions to the equations of 


The generalized forces in the equations of motion 

for the constrained and free-free missiles are, TS. eilw ) 
0 


motion are 


respectively 
O,, = Tdd,(1) 


and 


, Tdd,(1) 
(2 


where 
5 by em. M, (w/@,)* 


[w @, 
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Fig. 4. Absolute maximum lateral displacements for a missile constrained as shown in Fig. | (a) where some point, 
x, equals the axial distance, a, from the missile tip to the base support 


FREE -FREE 


5 20 25 30 40 
FORCING FREQUENCY (CPS) 
Fig. 5. Absolute maximum lateral accelerations for a missile constrained as shown in Fig. | (a) where some point, 
x, equals the axial distance, a, from the missile tip to the base support 


where the phase angles are Td, 


2¢ w ) 
(w )- 
(w Ww, (27 [uw 2° 
2¢ (w/@,,) 
Td 
The expressions for lateral displacement, ac- exp 
celeration, and bending moment for some point, + (2Z,, fer/en, } 22” 
x, along the constrained missile are 


(w/@ 
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Fig. 6. Absolute maximum bending moments for a missile constrained as shown in Fig. | (a) where some point, x, equals 
the axial distance, a, from the missile tip to the base support 


Fig. 7. Absolute maximum lateral displacements for a missile constrained as shown in Fig. | (b) and where some point, 
x, equals //6 


The absolute maximum 


and 2, 3, 7, and 8. 

Td5 values of all three expressions, evaluated at 
B.M Ax, 1) 
Vv x a, are plotted in Figs. 4, 5, and 6. Similar 
expressions for responses are obtained for the 


in Figs. 


exp [ot—6,,)] El) 
C,, free-free missile and are also plotted 
For the missile configurations shown in Fig. 
respectively. In the bending moment expression, | (a) and (b), the natural frequencies for the 
EI(x) is the flexural rigidity of the missile at point missile are compared with the natural frequencies 


The absolute maximum values of the first 
//6, are plotted 


(x). of the free-free missile in Table 3. 
As shown in Table 3, there is a maximum 


two expressions evaluated at x 
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Fig. 8. Absolute maximum lateral accelerations for a missile constrained as shown in Fig. | (b) and where some point, 
x, equals //6 


Table 3. Comparison of Natural Frequencies Between a Captive and the 
Free-Free Missile as in Fig. | (a) and (b) 


Mode frequency (c's) 


Free-free 


Soft 
Fig. | (a) 


Soft 
Fig 


20-25 39-80 


0-30 39.90 


20-35 


40-00 


40-80 


difference of approximately 3 per cent between 
the modal frequencies of the free-free. soft. and 
medium cases for modes greater than the second 
free-free bending mode. There is. however. con- 
siderable difference between the modal frequen- 
cies of the free-free and hard cases 

A comparison of the shown in 


Fig. 2 will be made in Section 3 


responses 


B. Lateral Response of a Missile Constrained by 
Lateral Springs 


As stated previously, the missile constrained 
in Fig. | (c) is approximated by a uniform beam 


for convenience sake, since the lateral responses 
will be used in a qualitative comparison. The 
properties of the uniform beam, however, have 
been selected so that the first free-free bending 
mode frequency is equal to the first free-free 
bending mode frequency of a large solid- 
propellant missile. 

When many lateral supports constrain the 
beam, an elastic foundation results the modulus 
of which is K. The equation of free vibrations for 


this case is 
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where m is the mass of the beam per unit length. 
The frequency equation is 


w? K - w? 


In this equation w, is the mth bending mode 
frequency for the free-free beam. If the con- 
tribution from the rigid body, K/m, is small with 
respect for the first free-free bending 
mode frequency, w? will approximately be equal 
to w? for higher modes. Twelve different cases 


to 


of constraints with no damping are investigated 
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the forced responses of these cases check very 
well with the forced response of the free-free 
case when the driving frequency is greater than 
approximately 15 c/s. 


C. Longitudinal Response of a Missile Constrained 
by an Axial Spring 

To compare qualitatively the 

responses of a captive missile with the longi- 


longitudinal 


tudinal responses of the free-free missile, a very 


Table 4. Comparison of Natural Frequencies Between a Captive and the 
Free-Free Missile as in Fig. | (c) 


Free-free 


99-1 


Mode frequency (c/s) 


6-99 


8-09 


?-62 


0-83 


4 
+ 
+ 


fre- 
quencies (1) 
the number of supporting springs, /, spaced at 
intervals of @//, and (2) the different supporting 


to compare bending mode shapes and 


The variables in these cases are 


spring constants, A 

A summary of the mode frequencies for the 
various cases is given in Table 4. As shown, very 
good agreement is obtained between second and 
higher free-free mode shapes of the beam and the 
corresponding constrained mode shapes for 
cases, 3, 5, 6, 8, 9, 11, and 12.+ Consequently, 


+ For cases where the support is soft the first two mode 
frequencies (essentially rigid-body modes) are nearly 
equal. This result is in agreement with the results for a 
beam on an elastic foundation. In this problem the two 
rigid-body mode frequencies are equal 


simple model is adopted for the analyses. The 
model is shown in Fig. | (d) where the missile ts 
by a beam. The 
properties of this beam are obtained by equating 


the 


again represented uniform 


the lowest natural frequency of free-free 
beam with the same frequency of a free-free 
solid-propellant The axial disturbing 


force on the end of the beam is sinusoidal with 


missile 
circular forcing frequency w. The equation of 
motion for the longitudinal displacement, uv, Is 


cox” 


where 


With the boundary conditions on this equation, 


ase 
g EI! f, f, f, f, f, f 
0 5:77 15-9 31-2 51-7 771 
100 21-7 |_| 23-0 24:7 38-4 $6°3 80:2 
? 71 70 10 6-89 9-11 17-4 32-0 77-4 
3 2-18 6°20 16:1 31-3 51-7 77:1 
4 100 7-08 10-7 18-4 32-6 
5 7 10 2:30 6-44 16:2 31-4 §1-7 
6 | 0-73 iz 5-84 15-9 31-2 51-7 77-1 
7 100 §-63 17-7 3? 77-6 
8 3 2 10 1-38 1-98 6:30 16:1 31 51:7 77:2 
9 | 0-45 0-63 §-83 15-9 51-7 77-1 
10 100 2-14 5-62 9-53 17-7 32-0 §2-2 77-4 pa 
11 2 10 1-07 1-98 6:24 16°] 31-3 77:1 
12 0-36 0-63 5-82 15-9 31-2 51-7 77:1 
= 
> 
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1s indicatec big id) the solution for the 


longttudinal displacement is 


cos Ay (A/ sin A Keecos 3) 


and A 
vecurs when 
cot A I) 


Cit iphically the solution 10 this transcendent | 


shown the adiacent diaeram 


Fig. 9. Plot of absolute maximum values (when x 


0) of longitudinal displacements for a missile constrained as 
shown in Fig. | (d) 


AE 
where / 
/ 
cot 
Resonance 
! 2 
It the ratio. } large then 
10 
4 | 
| ; 
4 
" Aas 
‘ 
/ 
FORCING FREQUENCY (cps) a 
| 


but the first free-free longitudinal frequency for 
the missile is 
or 
w —= (AE/m) 


therefore. the second lowest frequency of the 
captive missile approximately equals the lowest 
frequency of the free-free missile 

From equation (3) is it obvious that the 
free-free 


longitudinal displacement for the 


missile is 
B cos Ax 


u(x. 1) (4) 
\/ sin A/ 


Using two values for the support spring constant, 
K, the absolute maximum values of equations 
(3) and (4) are plotted when x 0 (as shown in 
Fig. 9). Even for low frequencies there is very 
good agreement between the responses of the 
captive missile and the responses of the free- 
free missile. Of course, the softness of the sup- 
port structure ts determined by a deflection 


criterion 


1 per cent, 2 per cent 


CAPTIVE MISSILES VS. 


Table 5. Comparison of Lateral Displacements and Frequencies Between a Captive and the 
Free-Free Missile when x 


FREE-FREE MISSILES 


3. RESULTS 

Although the results obtained from comparing 
the over-all longitudinal and transverse responses 
of a captive missile with those of the free-free 
missile may pertain quantitatively to a large 
solid-propellant missile, they may also be ap- 
plied qualitatively to other missile configurations 

A summary of some of the results is presented 
in Table 
the resonant amplitudes and frequencies for the 


showing the differences between 


various cases shown in Fig. 2. When missile 
and support damping is considered in the 
analyses, the following values for the equivalent 
modal damping should be used: for the first 
three constrained modes, ¢, equal 2 per cent: 
for all other constrained modes, ¢,, equals | per 
cent. The explanation for this is given in Section 
2.A. In the response curves of Fig. 2 a node of 
the second free-free mode or a node of the fourth 
constrained mode is very close to the point 
where x //6. A noticeable decrease in re- 
sponse, therefore, occurs at this mode frequency 

The lateral responses al the support section 


of the missile where x a are shown in Figs 


1/6 as in Fig. | (a) 


I percent, a” 1, 2,3 and m n 


Constrained 
Free-free 


condition mode 


Support 
Pr mode used in 


comparison 


| 
2 
Soft 3 5 
4 6 
7 


Medium 


Hard 


Per cent difference Per cent difference 


in amplitude at n resonant 
resonance with frequency with 


free-free case free-free case 


4? 6-18 
28 1-03 
33 0-25 
4 0-93 
5 0-25 
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4. 5, 


made between displacements, accelerations, and 


and 6. At this section comparisons may be 
bending moments of the captive and the free- 


free missile. It is interesting to note that the 
responses in this case have a different form from 
the responses of the previous cases. The response 
unsymmetrical about the resonant 


curves are 


frequencies and become irregular. This is ex- 
pected because the bending modes of the missile 
at this section tend to have equal weight. Com- 
paring the responses at this section for the soft 
mounted missile with the free-free missile, the 
differences between displacements are still quite 
small; the differences in the bending moments, 
however, are large.* 

The responses of the missile at x 16 in 
and & 


1 (b) ts used, are very similar to the responses 


where the configuration of Fig 


Figs 


+ 


shown in Figs. 2 and 3. Noticeable differences 


in these two cases are found in the first four 
constrained modes. By supporting the missile at 
its base and near its tip, the first four modes are 
increased in frequency and the amplitudes are 
reduced. When the missile is supported as shown 
in Fig. | (c) and (d), the results of the responses 


are as summarized in Section 2. 


4. CONCLUSIONS 


To determine whether or not the vibration 
environment and the forced vibrations of a free- 
free missile can be simulated by the captive 
missile. several different methods of constraint 
are investigated. The following conclusions have 


been drawn 


(a) At frequencies less than the second free- 
free mode frequency very little advantage is 
gained by soft 
medium (standard) mount to simulate the modal 


using a mount instead of a 


frequencies of the free-free missile (see Tables 3 
and 5). Some advantage is gained, however, by 
using a soft mount in lieu of a standard mount 
for frequencies greater than the third free-free 


* For other points along the missile the converse of this 
Statement may be true 


WwoopD 


mode frequency when the absolute displacement 
be simulated the 
corresponding responses of the free-free missile 
2 and 3, and Table 5) 


and acceleration are to to 
(see Figs 

(b) For forcing frequencies less than the third 
free-free mode frequency, absolute displace- 
ments, accelerations and stresses in the captive 
missile are very different from the corresponding 
amplitudes of the free-free missile. However. 
very good simulation of these amplitudes occurs 
at certain definite frequencies 

(c) At low forcing frequencies, which are of 
interest in the open-loop control system response 
due to engine swivel, relative displacements and 
bending of the missile are very poorly simulated 


(see Figs 2. 


4. and 6). Fig. 6 shows that poor 
simulation of the bending moment exists even 
as high as the fifth free-free mode frequency 

(d) If certain vibration environments or forced 
responses are to be compared between a captive 
and free-free missile, it is important to recognize 
that the dynamic characteristics of a captive 
missile during a “hot firing” change with time 
Therefore, a soft mount may change to a medium 
mount or a medium mount may change to a 
hard mount. The effects of such changes are well 


indicated in the response curves 


In summary, therefore, it may be concluded 
that depending upon the property or the kind of 
forced vibration which is of interest, the boun- 
dary conditions of the missile are important at 
the lower frequencies. 
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DYNAMIC LOADS RESULTING FROM FUEL MOTION 
MISSILE TANKS* 


THOMAS B. EPPERSON*, ROBINSON BROWN: and H. NORMAN ABRAMSON: 


Southwest Research Institute 


Abstract—An experimental investigation was conducted with scale models to determine the fuel motion 


and impact pressures on the fuel tank bulkheads of a missile which result from a sudden change in 


acceleration from forward to aft 


From considerations of dimensional analysis, dynamically similar models were fabricated and 


tested to simulate a 6-ft diameter, 12-ft long prototype tank. A specially designed. gas operated, test 


apparatus drove the models through a stroke of about two feet at accelerations ranging from 10 to 50 2 


which corresponded to prototype decelerations of 0-12 to 0-60 g. High-speed motion pictures of trans- 


parent models with both spherical and conical heads, half and quarter full of opaque liquid, were taken 


corresponding to various accelerations and angles of inclination, and in addition, impact pressures 


on the heads were measured with flush-mounted pressure cells 
The measurements indicate that peak impact pressures are approximately proportional to accelera- 


tion, and are greater for inclined rather than vertical motion; the pressures are, however, relatively 


independent of angle of inclination to the vertical, above a fairly small angle. Pressures are considerably 
higher on conical than on spherical heads, and are appreciably reduced by tank ring stiffeners 


1. INTRODUCTION and approximations, using idealized conditions. 
which can sometimes be developed are un- 


When the missile power is cut off, the accelera- 


verified. In the investigation described here the 
approach to the problem has been through the 


tion changes suddenly from several ¢ directed 


forward to an acceleration directed aft as a result 
of air drag. Any residual liquid fuel present in 
the tank tends to surge forward and strike the 
tank head. The missile designer is thus confronted 
with the problem of providing adequate strength 
in the tank bulkheads to guarantee that the im- 
pact does not damage or burst the head and thus 


testing of dynamically similar models. The ob- 
jective has thus been to employ models to de- 


termine the pressures resulting from the impact 
of liquid on the head of the fuel tank in a 
suddenly decelerated missile. 

The decelerating force could vary considerably 
depending on the forward speed and trajectory 
of the missile. The impact pressures depend upon 
many factors including the velocity of the im- 
pacting fluid, the tank rigidity, the mode of 
motion of the impacting liquid, head shape, angle 
of inclination, and liquid density. Other variables 


cause malfunctioning or possible loss of the 
missile. Calculation of strength, although facili- 
tated by available structural theories for pressure 
vessel heads, requires knowledge of the intensity 
and distribution of the impact loading. Informa- 
tion of this type has been seriously lacking 

A rigorous theory of fuel impact which would 
justify low design safety factors is undeveloped 


which influence the impact characteristics either 
directly or indirectly include liquid viscosity 
(which obviously affects both the velocity of 
impact and the shape of the moving liquid), wall 


* The results described in this paper were obtained 
during the course of research carried out under Contract 
No. DA-23-072-ORD-1062 and sponsored by the Army density, and possibly even gas viscosity: most 


Ballistic Missile Agency 
' of these are in turn functions of temperature 


* Manager, Aeroelasticity Section. Now Senior J 
Structures Engineer, Convair Division of the General Effort here has been directly toward the use of 


Dynamics Corporation, Ft. Worth, Texas relatively simple models which would quickly 
* Manager, Mechanical Development Section, Depart- 
: yield relatively accurate, although conservative. 
ment of Applied Mechanics : : . 
$ Manager, Engineering Analysis Section. 


surface roughness, liquid surface tension, gas 


answers. It was believed that the results of such 
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a program would be immediately usable in 
design work and would also serve as a basis for a 
more accurate and detailed study should the 
results predict 


dangerously high 


pressures and stresses. In line with simplifying 


prototype 


the models, no attempt was made to simulate 
the tank rigidity (the model tanks were extremely 
rigid), and no attempt was made to simulate 
the tank surface roughness (although ring 
stiffeners were later installed for comparative 
tests). It is believed that both of these simplifica- 
tions would tend to produce higher model head 
pressures. The ring frames were omitted for still 
another reason: their presence would have so 
disturbed fluid motion as to obscure the motion 
pictures. Aside from these simplifications, the 
prototype was quite accurately simulated in the 
models. Some liquid 
temperature and grade of liquid, had to be made, 
but these assumptions are believed to be rea- 


sonably close to actual values 


assumptions, such as 


2. ANALYSIS AND TEST PROCEDURES 
Model Analysis 


To develop a model experiment which would 
about the 
prototype. a dimensional analysis was necessary 


provide meaningful information 
to establish a set of dimensionless groups whose 
functional relations would describe the pheno- 
menon in question for both model and proto- 
type. independent of linear scale. The physical 
quantities chosen as playing a significant part 
in the fuel impact process were: characteristic 


linear dimension, d, viscosity of gas, uq, vis- 


liquid, py. 
surface tension of liquid, o,, pressure, P, time, 


cosity of liquid, u;,. density of 
and acceleration, a 

The various geometrical parameters of the 
system are not defined separately because physi- 
cal similarity between model and prototype 
presumes geometrical similarity. Since only the 
fundamental dimensions of mass, length, and 
time are involved, and there are nine secondary 
quantities playing a part, six dimensionless 
groups are obtained for the functional relation 
describing the process, all mutually distinct, and 
containing all of the listed secondary quantities, 


THOMAS B. EPPERSON, ROBINSON BROWN and H. NORMAN ABRAMSON 


each used at least once. One set of such groups, 
found to be convenient in this study, is 
OLpl d pl 


Ja LG Ppa P 
\ (ad): 1 (1) 
Ly Ly \ d up pl adp; 


or, functionally, 


P : pl 
\ (ad*), 1 


ad hy wy \ d 
Le pr 
(2) 
Ly 


The first dimensionless group in the bracket 
of equation (2) shows that rigorous modeling is 
impossible if the same liquid is used in both 
model and prototype. since in that case the 
model and prototype must be of the same size. 
The five dimensionless groups on the right side 
of equation (2) together provide the relationships 
which must be satisfied for valid modeling. In 
terms of the ratio notation. R, which denotes the 
ratio of model property to prototype property, 


we have 


dr UER/OLRPLR (3) 

ay (upp (| (4) 
ty \ (dy ap) (5) 

LOR (6) 

par PLi (7) 


When the liquid is selected for the model. 
equation (3) makes the model diameter deter- 
minant and equation (4) then determines the 
acceleration needed for the model: equation (5) 
defines the model time scale, equation (6) specti- 
fies the model gas, and equation (7) defines the 
model gas pressure. 

The prototype specifications employed were: 
6-ft diameter tank, kerosene at 20 C as the liquid, 
helium at 20 C and 3 atm pressure as the gas, 
and 0-6 g as the maximum acceleration (or 
deceleration). Missile attitudes were expected 
up to 50° to the vertical. The similitude require- 
ments were found to be quite closely satisfied by 
a model with the following specifications: 5-65 
in. diameter tank, carbon tetrachloride at 20°C 
as the liquid, 8-butylene at 20°C and 1} atm 
as the gas, and 49-5 g as the maximum accelera- 
tion (or deceleration). The resulting model to 
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prototype time ratio was found to be 0-031 piston rod was connected to the model carriage 


and the pressure ratio 12-4. The frame was made of seamless steel tubing and 


served also as the accumulator for the high- 
Test Apparatus pressure nitrogen used to drive the models 


The gas-operated apparatus used to acceler- Model accelerations were controlled by control- 


ate the models is shown in Fig. 1. Basically, the ling the accumulator pressure with a regulator 


unit consisted of a frame-accumulator, upper between the accumulator and the nitrogen supply 


and lower (accelerating and decelerating) pis- Briefly, the system operated as follows: The 


tons, a piston rod, a long cylinder, and a model carriage was locked in place with a large sear 


carriage with guide rods. The lower end of the mechanism, accumulator pressure set, and the 


Bleed Tube 


Lubricator 


Plug Valve 


Check Valve 


Exhaust Port_ 


Check Valve 


a 


Tank 


Bleed Valve 


Safety Stop 


Fig. |. Test apparatus with large model tank installed. 
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valve connecting the accumulator to the upper 
portion of the cylinder opened. A check valve in 
the same line was held open by the upper end 
of the piston rod. Pressure below the lower piston 
was adjusted which forced this floating piston 
up against a stop just below the exhaust port. 
When the mechanism was triggered, pressure in 
the upper part of the cylinder (equal to accumu- 
lator pressure) acting on the driving piston forced 
the model downward at essentially a constant 
acceleration for a distance of approximately 2 ft. 
At this point, the upper end of the piston rod 
passed the check valve and allowed it to close, 
thus reducing the accelerating pressure supply. 
The driving piston then passed the exhaust port, 
relieving to atmosphere the pressure in the 
upper part of the cylinder and thereby ending the 
acceleration stroke. The upper or driving piston 
then picked up the floating piston and decelera- 
tion was started by virtue of the pressure in the 
lower part of the cylinder acting on this floating 
piston. Gas compressed in the lower part of the 
cylinder was channeled back into the accumulator 
through a check valve. but in later tests was 
vented to atmosphere through an adjustable 
relief valve 

The apparatus was designed to subject the 
models to accelerations up to 50 g with essentially 
a step function acceleration-time shape. The 
volume ratio of accumulator to upper cylinder 
was such that. ideally, less than two per cent 
drop in accelerating force occurred during the 
stroke. However. the constricting effect of the 
valves tended to cause a greater drop-off in 
acceleration. Comparatively close tolerances in 
moving parts and proper sealing minimizing gas 
leakage: carriage chatter was virtually non- 
existent 


Models 


Figure 2 is a drawing which shows the geo- 
metric characteristics of the test models. Each 
model tank was made up of three basic parts: A 
transparent hollow cylinder. a conical bottom 
plate and either a conical or spherical head. The 
head was attached to a separate top carriage plate 
(Fig. 1), while the bottom plate was an aluminum 
casting which served as both the tank bottom and 
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the bottom carriage plate. The cylindrical wall 
was clamped between the two plates, which were 
provided with grooves and “O” rings, by four 
tension rods, thus making the tank and carriage 
an integral rigid structure. 

A total of eight different models were made up 
of two basic cylinders and six heads as follows: 


(1) 5-S in. i.d., plastic wall, plastic conical head 
(2) 5:5 in. i.d., plastic wall, plastic spherical 


head 

(3) 5-5 in. i.d., plastic wall, aluminum conical 
head 

(4) 5-5 in. i.d., plastic wall, aluminum spherical 
head 


(5) 11 in. i.d., plastic wall, plastic conical head 

(6) 11 in. 
head 

(7) 5-5 in. i.d., plastic wall with ring frames, 
aluminum conical head 


plastic wall, plastic spherical 


(8) 5-5 in. i.d., plastic wall with ring frames, 
aluminum spherical head 


The models with plastic heads (1, 2, 5, and 6) 
were used for photographic studies, and the 
models with aluminum heads (3, 4, 7, and 8) 
were used for the pressure studies. The aluminum 
heads were adapted for flush-mounting pressure 
cells and all heads were provided with holes for 
filling the tank. Ring frames, which were in- 
stalled for models 7 and 8, were circular lucite 
rings § in } in. in cross section cemented to 
the inner wall of the cylinder 


Instrumentation 


Model instrumentation consisted of one 4000 
frame sec motion picture camera, one accelero- 
meter, five pressure cells, and amplifying and 
recording equipment. The photographic studies 
involved the use of only the high-speed camera 
and accelerometer, while the pressure studies 
involved the use of the accelerometer and all 
five pressure cells. 

The pressure cells were of the bonded strain 
gage-diaphragm type and were flush mounted 
from recesses in the back of the head. Static 
calibrations were obtained by means of a hy- 
draulic dead weight tester and checks were made 
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BOTTOM PLATE 


LARGE TANK 


Fig. 2. Model geometry 


Note. Dimensions in inches unless otherwise noted 


of the dynamic response of the recording equip- 
ment to insure the validity of the static cali- 


brations at finite frequencies. The locations of 


the pressure cells in the two heads are shown in 
Fig. 3. Space was available for four cells in the 
spherical head by for only three in the conical 


head. 


Records of the signals were made on photo- 
graphic recording paper commercial 
amplifiers and a recording oscillograph. Figure 
4 is a photograph of a typical oscillograph 
record made during the pressure tests. Traces 
corresponding to the various transducers are 
identified and the time scale is indicated. 


using 
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Fig. 3. Pressure cell locations 
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Fig. 4. Typical oscillograph record 


lest Procedures 

The small tank with carbon tetrachloride as 
the liquid and unpressurized air as the gas re- 
presented fairly accurately the scale model of 
the chosen prototype and was selected as the 
control condition. Variations from this condi- 
tion were made to study the effects of gas pres- 
sure (or density), liquid viscosity, and tank wall 
Although the 
model analysis specified 8-butylene at 14 atm as 


surface roughness (ring frames) 
the gas above the liquid, the density of atmos- 
pheric air approximates that specified, and 


therefore, in light of the other assumptions 


involved in the analysis, the additional refine- 
ment of simulating gas viscosity was not con- 
sidered warranted 

The carbon tetrachloride. with a light tint 
or red organic dye, was found to photograph 
satisfactorily with back lighting through a spun 
glass screen. The screen prevented glare and the 
absence of any front lighting eliminated re- 
flections. For the photographic work, the camera 
and oscillograph were provided with a common 
remote switch which allowed 


Starting one 


operator to start the instruments, delay for 
approximately 4 sec to allow the instruments to 
attain proper speed, and then fire the model 

A total of 70 photographic tests were con- 
ducted with the small (5-5 in. i.d.) tank with both 
conical and spherical heads, accelerations rang- 
ing from 5 to 50 g, angles of inclination from 0 
to 50 to the vertical, and half and quarter full 
of liquid. Most of the tests were conducted with 


carbon tetrachloride as the liquid and unpres- 
surized air as the gas above the liquid 
Tests with the small tanks were conducted at 


nominal accelerations of 10, 20, 30, 40 and 50 ¢ 
at each of three angles of inclination to the 
vertical (0°, 25.” and 50°), with each of two head 
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shapes (conical and spherical), and with each of 
two liquid quantities (half and quarter full). 
Additional tests were conducted at 5 g¢ for a few 
of the configurations in order to photograph the 
liquid motion at a slower rate. For comparative 


purposes, tests were conducted for four con- 
figurations using pressurized air (15 and 30 psi) 
above the liquid, two tests were conducted using 
high viscosity oil as the liquid in place of the 
carbon tetrachloride, and motion pictures were 
made during a few of the ring frame pressure tests. 

Large (11 in. i.d.) tank photographic tests were 
conducted at nominal accelerations of 10 and 
30 g for all configurations. The lighting arrange- 
ment and test procedures were the same used 
during the small tank tests 

Test procedures for the pressure tests were 
identical to those for the photographic tests 
except that pressure measurements were made 
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A total of 58 tests 
were conducted with the small tank with smooth 
wall. 


instead of motion pictures. 


In addition to the above pressure tests, 29 
pressure tests were conducted with ring frames 
simulated in the small tank. Tests were conducted 
at nominal accelerations of 10 and 30 @ for the 
head three angles of 
inclination, and with two full conditions. 


two configurations, at 


3. DISCUSSION 

Photographic Results 

Figures 5 and 6 contain a series of selected 
frames from the high-speed motion picture 
corresponding to one test configuration. The 
modes of motion depicted in these figures are 
typical of those observed throughout the tests 
and an effort is made here only to acquaint the 
reader with the general flow pattern. 


Fig. 5. Typical high-speed photographs of fluid motion. 


Head: Spherical 
Angle: 25 
Fraction Full: Half 


Acceleration: 50 g 
Liquid: Carbon tetrachloride 
Gas Pressure: atmospheric 


ole 
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Head: Conical 
Angle: 0 
Fraction Full: Half 


The high-speed motion pictures, for the most 


part, indicate quite clearly the pattern of motion 
of the liquid as it travels from the bottom to the 
top of the tank. A characteristic pattern ts 
formed corresponding to each configuration: 
this pattern being quite consistent and, except for 
the time scale, relatively independent of accelera- 
tion. Similarly, no marked differences are ap- 
parent between the quarter full and half full 
conditions 

When the tank is in the vertical position, the 
liquid appears to first break away from the sur- 
face at or near the wall, forming an annular ring 
which moves up the wall ahead of the main body 
of liquid, and is the first to strike the head 


Following the breaking away of the outer ring of 


liquid, the remaining liquid begins to break 
away progressively toward the center, but in 
discrete amounts rather than continuously, so 


Fig. 6. Typical high-speed photographs of fluid motion 


Gas Pressure: Atmospheric 
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Acceleration: 50 ¢ 
Liquid: Carbon tetrachloride 


that a hollow truncated cone is formed with the 
outer ring as the base. This pattern holds until 
the outer ring has nearly reached the head, at 
which time the liquid begins to break away over 
the entire surface in the form of small streamers 
As the streamers begin to take shape, wells 
form in the undisturbed liquid and progress 
rapidly toward the tank head 

With the exception of the initial outer ring and 
cone phenomenon, the liquid can be said to move 
upward ind impinge on the head in a series of 
small streamers or columns. The size and number 
of the streamers do not appear to change appre- 
ciably with acceleration; the pattern would 
normally be expected to be more sensitive to 
surface tension and viscosity. The initial ring and 
cone, however, tend to become less pronounced 
at higher accelerations. The path of rebound of 
the liquid from the head is largely obscured in 
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the motion pictures, although it appears that the 
majority of the liquid remains in contact with 
the head and that little rebound occurs. 

The motion picture of tests with vegetable oil 
show the same initial conical pattern, but more 
exaggerated. Also, a single column of liquid 
forms at the end of the truncated cone and moves 
toward the head, the diameter of the column 
being about half the tank diameter. With both 
head configurations, the main body of liquid 
strikes the head in the center portion and tends 
to rebound along the wall. This single column 
pattern is quite similar to that described else- 
where’) and is an indication that viscosity is an 
important parameter. Variations in gas pressure 
(or density) have no marked effect on the over- 
all liquid motion, although there is a noticeable 
tendency for high pressure to delay the break- 
away of the initial outer ring. 

There is little difference between the pattern of 
motion when the tank is inclined at 25° to the 
vertical and when the tank is inclined 50° to the 


vertical, but there is a distinctly different pattern 
corresponding to each head shape. For this 


reason, no distinction will be made in this 
discussion between the 25 and the 50 angle 
configurations. All of the motion pictures were 
made with the tank viewed approximately normal 
to the path of motion from the top side. Hence, 
the wall referred to as the far wall is the one 
farther from the camera, and the one referred to 
as the near wall is the one nearer the camera. 
When the tank with conical head is inclined, 
the liquid moves up the far wall, tends to divide 
and run around the outer edges of the head, and 
then converges as it rebounds toward the bottom 
of the tank. As the liquid in contact with the far 
wall starts to move up the far wall, the liquid in 
contact with the near wall starts to move down 
the near wall toward the bottom; thus, the net 
movement is down the near wall, around the 
bottom, and up the far wall. When the leading 
edge of the liquid converges after moving around 
the outer edges of the head, a distinct and con- 
sistent arrowhead pattern is formed (of the 
mixture of liquid droplets and gas) which holds 
essentially the same shape for the remainder of 
the acceleration stroke. The base of this arrow- 


head is located just below the tip of the head 
cone and is pointed toward the tank bottom with 
the movement of liquid within its boundaries 
being toward the bottom (rebound). This part 
of the liquid appears actually to impinge on the 
tank bottom during a large part of the accelera- 
tion stroke. The liquid behind the arrowhead 
(between it and the top of the tank) is relatively 
free of gas and continually feeds the arrowhead 
while being in turn fed from the liquid moving up 
the far wall. What appears in the picture as a 
flat arrowhead shape is surmised to be in reality 
a solid cone. 

The net movement of the liquid (down the near 
wall, around the bottom, and up the far wall) 
described above is quite possibly oversimplified 
As the leading edge of the liquid moves up the 
far wall, a dark curve appears a few inches be- 
hind the leading edge and curved slightly in the 
opposite direction. This curve could represent a 
breaking away of the liquid from the surface at 
some point toward the center of the tank. The 
two-dimensional nature of the pictures prevents 
a firm identification of this curve. 

With the spherical head in the tank, the initial 
pattern of motion is the same as that described 
above. The spherical head affords a much 
smoother surface for the liquid to move over, 
and as a consequence, there is less mixing of the 
liquid with the gas. The leading edge of liquid 
moves from the far wall, around the head and 
down the near wall, again impinging on the 
tank bottom. A sharp and symmetrical figure 
eight pattern is formed as the rebounding liquid 
appears to converge about halfway down the 
tank and then diverge toward the bottom. Again 
a large portion of the liquid remains in contact 
with the head, acting as a reservoir for the down- 
ward moving stream. The level of the liquid in 
contact with the head does not appear to increase 
during about the last half of the acceleration 
stroke. It is theorized that, were the acceleration 
continued indefinitely, several cycles of flow 
(from the bottom, up the far wall, around the 
head, and down the near wall) might occur be- 
fore all of the liquid would finally settle against 
the head. 

A few motion pictures were made of the small 
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tank with ring frames, but in every case, the 
picture became clouded quite soon after motion 
began. When the tank was inclined, dark shadows 
appeared at each ring frame, indicating the 
formation of eddies. These soon spread and 
completely obscured the pattern of motion. 


Experimental Pressure Results 

Partial results of the pressure studies are 
presented graphically in Figs. 7-9. Each figure 
contains the result for a particular head shape 
and a particular full condition for three angles 
of inclination. The curves are plots of the peak 
pressure at each pressure cell location as a 
function of average acceleration. 

It was pointed out previously that some drop- 
off in occurred between the be- 
ginning and the end of the acceleration stroke. 
This drop-off, which was essentially linear with 
tme, is attributed to a combination of the con- 
Stricting effect of the upper cylinder inlet valve, 
the impact force of the liquid on the head, and 
possibly even friction in the system. The shape 
of the pressure—time trace (Fig. 4) indicates that 


acceleration 


peak pressure is reached quite near the time of 
initial contact of the liquid with the head and 
that the pressure then decreases rapidly before 
finally tapering off to zero. It is reasoned, there- 
fore, that the acceleration-time history after the 
instant of peak pressure does not affect the peak 
pressure. The value of acceleration used for each 
point is the average of the initial acceleration and 
the acceleration at the time of peak pressure. In 
cases where the peak pressure did not occur at the 
same instant at all locations an average time was 
used to define the peak pressure acceleration 

Figures 7 and 8 are the results for the test 
with smooth walls and tanks a quarter full 
while Fig. 9 is the result for the tests with ring 
frames. The figure is completely self-explanatory 
in terms of head shape, angle of inclination, 
and full condition. 

The graphs of head pressure versus accelera- 
tion contained in Figs. 7-9 indicate consider- 


able variations of pressure with acceleration, 
angle of inclination, head shape, and wall sur- 
face condition. This was also true of the half-full 
condition. Some scatter of points is apparent, 
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Fig. 7. Head pressure vs. acceleration (conical head, } full). 
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especially for the vertical (0°) configuration, but 
generally speaking, the scatter is not excessive 
and repeatability was found to be good. It is 
reasoned that scatter would be expected in the 
vertical configuration in view of the manner in 
which the liquid breaks away in streamers: lack 
of scatter would be dependent upon the liquid 
breaking away in exactly the same pattern each 
time. Furthermore, when the pressures corre- 
sponding to the vertical configuration are 
compared to those at finite angles of inclination, 
they are seen to be relatively unimportant. 


much as fifteen times (Fig. 9); however, the 
over-all average is more on the order of five times, 
This difference is consistent throughout, for all 
head shapes and full conditions. This pheno- 
menon is attributed to the greater effect of sur- 
face tension in the vertical configuration; the 
liquid must break away from itself instead of 
flowing up the wall. Because of the small mag- 
nitudes of the vertical pressures, the following 
discussion refers mainly to the much larger 
pressures at finite angles of inclination. 

The results indicate that for a given configura- 
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Fig. 8. Head pressure vs. acceleration (spherical head, } full) 


Probably the most impressive phenomenon 
demonstrated by these results is the marked 
variation in head pressure with angle of inclina- 
in general, no great difference 
between the pressures at 25° and those at 50°, 
but the difference between those at zero de- 
grees and those at finite angles of inclination is 
quite large. Finite angle pressures are greater 
than the corresponding vertical pressures by as 


tion exists 


tion the variation of pressure with acceleration is 
essentially linear. There is a noticeable tendency 
for the pressure curves to deviate from linearity 
at the higher accelerations, but this is probably 
attributable to the increase in resistance to 
flow with velocity. It is believed that for all 
practical purposes, the relationship can be con- 
sidered as being linear. 

The variation of pressure with pressure cell 
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location is generally not great and in many 
instances appears to be less than the scatter of 
points. Far less spread is apparent for the 
spherical head than for the conical head which 
would be expected because of the relatively 
smooth flow existing over the spherical head. 
Speaking again in generalities, Cell 4 experiences 
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the distribution, a uniform pressure equivalent 
to the average measured along this diameter 
should constitute a conservative estimate. 
Pressures corresponding to the quater full 
condition are about 5 to 10 per cent higher than 
the corresponding half full pressures. This ap- 
pears reasonable in light of the higher velocities 
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CELL LOCATION 
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PRESSURE 


wEAD 


20 


the highest pressure on the conical head and 
Cells 2 and 3 the highest on the spherical head, 
with the smooth wall. With ring frames installed. 
Cell | experiences the highest pressure on both 
heads. 

The absence of a wide variation in pressure 
with cell location along a diameter would seem 
to indicate that the pressure is relatively evenly 
distributed over the head. The cells were located 
in the heads so as to more or less sample the 
pressures along a diameter while measuring what 
was believed to be maximum or near maximum 
pressures occurring on the heads. Although the 
results do not furnish conclusive data concerning 


AVERAGE ACCELERATION IN G'S 


Fig. 9. Head pressure vs. acceleration (conical head, } full)—with ring frames installed. 


30 so 


attained by the liquid in the quarter full con- 
dition. The one exception to this is in the case 
of the spherical head without ring frames where 
the results are practically identical for both full 
conditions. 

Pressures on the conical head were approxi- 
mately 60 per cent higher than the corresponding 
pressures on the spherical head. A study of the 
motion pictures would show the relatively smooth 
flow around the spherical head compared to the 
somewhat violent slamming on the conical head. 
There is an obvious tendency for the liquid to 
wedge in between the wall and the conical head. 
Figure 9, when compared with Figs. 7 and 8. 
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indicate that the presence of ring frames 
significantly decreases the head pressures. In 
most cases the ring frames produce about a 25 
per cent decrease in the pressure. Such an effect 
would be expected since any wall roughness or 
projections would tend to slow up the movement 
of the liquid. In addition, the ring frames tend 
to produce a wider variation in the distribution 
of pressure on the head. 

In general, the pressures for the 50° configura- 
tion are greater than those for the 25° con- 
figuration. This difference is not large, but is 
consistent enough to indicate such a trend. 

Summarizing, the highest pressures occur on 
Cell 4 in the conical head with the tank inclined 
50° and quarter full. In most cases, ring frames 
reduce the pressure by about 25 per cent for all 
angle, head, and full configurations. Maximum 
pressures on the spherical head are little more 
than half the maximum pressures on the conical 
head. Little difference exists between pressures 
at 25° and 50°, but tend to be higher at 50°. 

Some question arose concerning the slope of 
the liquid surface relative to the tank, at angles 
other than zero, at the time of applying the 
acceleration or deceleration. In the model the 
surface was necessarily horizontal (acted upon 
by gravity) just prior to firing, whereas, in the 
prototype, at angles other than zero, the surface 
is inclined at some angle to the horizontal 
depending upon the magnitude of the engine 
thrust and the angle of inclination of the proto- 
type. When the thrust is cut, the drag force at 
once begins to decelerate the tank. The liquid 
surface then moves forward in a pattern corre- 
sponding to that found in the model studies 
when the angle of inclination of the liquid with 
respect to the tank was equal to the angle of 
inclination of liquid surface to the tank in the 
prototype. 

Indications are that the net acceleration vector 
at the instant of cutoff is inclined to the tank 
axis at an angle that varies between 10° and 20°. 
The liquid surface is, of course, perpendicular 
to this vector. The test results show that little 
difference exists in pressures between 25° and 
50° angle of inclination. In order to check further 
on the effect of angle of inclination, two tests 
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were conducted with the conical head, quarter 
full, at an angle of inclination of 12:5. The 
resulting pressures fall only a few per cent below 
the corresponding pressures for the 25° and 50 
angles of inclination (except for Cell 4 which was 
about 50 per cent lower). Although the two 
check points do not furnish conclusive evidence. 
they do indicate that the head pressures are 
relatively independent of the angle between the 
liquid surface and a tank transverse plane as long 
as the angle is greater than some fairly small 
value, say 10° to 15°. On the basis of these 
considerations, no attempt is made here to 
provide a theoretical correction for the liquid 
surface angle. 

The relationships between model and proto- 
type parameters are determined from the model 
analysis to be as follows: 

model pressure (P,,,) 
prototype pressure (P,,) 


12-4 

xdel acceleration (a,,) 

model acceleration (a 82-5 
prototype acceleration (a,,) 


model time (7,,,) 
prototype time (7/,,) 


0-031 


For a straight line relationship between pressure 
and acceleration, the model pressure can be 
expressed as 


Ka,, (8) 


corresponding to each configuration. Substituting 
for P,,, and a,, in terms of P,, and a,, the relation- 
ship becomes 


P, = 6-66 Ka, 


p 


PP, = Ks 
prototype head pressure in psi 


(slope of a,, vs P,,, curve) x 6°66 


a, — prototype acceleration in g 


Experimental values of K, corresponding to 
the various configurations are tabulated on p. 326 
These values of K, are based on average measured 
head pressures and are for use in equation (9). 
along with the proper value of acceleration. for 
the purpose of estimating tank head impact 
pressures. 
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For a dynamic analysis, some knowledge of the 
time history of the pressure is necessary in addi- 
tion to knowing the peak pressure. The pressure 
time shapes shown in Fig. 4 are typical of those 
measured during the tests: the pressure in- 
variably peaked just after the instant of initial 
impact and then leveled off at some lower value. 
The time of pressure build-up was of the order 
of 10 msec, and the time of duration of the 


effect and results in the formation of a 
single center column of liquid. An in- 
crease in gas pressure tends to delay the 
formation of the outer ring. 

In the inclined positions with a spherical 
tank head, a relatively smooth circulatory 
motion is set up with the liquid moving 
up the far wall, around the head and down 
the near wall. 


Smooth wall 
Conical head Spherical head 
} full full full full 


6.00 5.60 3.66 3.§3 


Wall with ring frames 


Conical head Spherical head 


full full } full full 


4.10 4.00 3.22 3.10 


impact pressure was of the order of 50 msec 
These time intervals correspond to approximately 
():3 sec and 1-6 sec, respectively, in the prototype 
and are believed to be sufficiently large to con- 
stitute a quasi-static type of loading, rather than 
a dynamic loading. For this reason only the 
peak pressures are considered here 


4. CONCLUSIONS 


rhe results presented here lead to the general 
conclusions listed below. It should be remem- 
bered that these conclusions refer to a rigid tank 


subjected to a relatively constant (with time) 
acceleration 


(1) The pattern of motion of the liquid is 
relatively independent of the magnitude 
of the acceleration, but is quite sensitive to 
angle of inclination and head shape 
In the vertical configuration the liquid 
breaks away from the surface first as an 
outer ring followed by a _ progressive 
breaking away of droplets toward the 
center, forming a hollow truncated cone 
shape. This is in turn followed by a general 
formation of streamers or columns over 
the entire surface which move up and 
impinge on the head. A large increase in 
viscosity tends to exaggerate the ring-cone 


(4) In the inclined positions with a conical 


tank head, the liquid splits, flowing around 
the two sides of the cone, converging in an 
arrowhead shape and rebounding toward 
the tank bottom 


(5) There is little difference in the flow pattern 


between the 25° configuration and the 50 
configuration. 


(6) Head pressures corresponding to the 50 


angle of inclination are from five to fifteen 
times greater than the corresponding pres- 
sures with the tank oriented vertically 
Pressures corresponding to the 25° con- 
figuration are generally lower than those 
corresponding to the 50° configuration. 
For a given configuration, the variation in 
pressure over the head is not great and in 
many cases appears to be nearly constant. 
For a given configuration, the pressure 
at a point on the head is approximately 
proportional to acceleration and can be 
expressed in pounds per square inch by 
multiplying the acceleration in g by a 
constant, K,, which varies from 3-1 to 
60 depending upon the particular con- 
figuration 


(9) Pressures for the quarter full conditions are 


from 5 to 10 per cent higher than corre- 
sponding pressures for the half full con- 
ditions. An exception to this is the smooth 
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wall tank with spherical head in which case 
the pressures are practically identical for 
both full conditions. 

(10) Pressures on the conical head are ap- 
proximately 60 per cent higher than the 
corresponding pressures on the spherical 
head. 


(11) The addition of ring frames causes a 


significant decrease in head pressures, the 
decrease being on the order of 25 per cent. 
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CIRCULAR PITCHING AND YAWING MOTION OF NOSE 
CONE CONFIGURATIONS 


CHARLES H. MURPHY, Jr. 
Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


Abstract 


It has been observed that bodies of revolution like those used in nose cones manifest dynamic 


instability at certain Mach numbers. The motion then grows to amplitudes for which nonlinearities are 


important 
motion of constant amplitude 


These nonlinearities cause the configuration to perform a circular pitching and yawing 


In this paper a quasi-linear technique is applied to determine what nonlinearities can cause this type 
of motion. The investigation is limited to cubic nonlinearities in the angles and angular velocities. It is 
shown that three of the twelve possible coefficients are important and conditions for circular motion are 
derived in terms of these three. Integral relations based on a generalized Allen-Kelley cross flow analogy 


are derived for all twelve coefficients 


INTRODUCTION 
As a result of the requirements for re-entry 
the flight 
nonspinning bodies of revolution are of con- 
For this simple 
case of no spin the classical linear theory of 


configurations, characteristics of 


siderable interest to designers 


dynamic stability places two conditions on the 
aerodynamic derivatives: 
Cu, <0 


Ca 2Cp Cy.) > 0 (2) 


M, 


where A (/, m/*) (dimensionless transverse 


radius of gyration) 


The pitching and yawing motion for a dyna- 
mically stable missile is a damped elliptical 
motion like that shown in Fig. |! 

Inequality (1) states that the missile must have 
an adequate static stability margin. This can be 
achieved by proper location of the center of 
In most the second condition 
reduces to the need for negative (stabilizing) 
aerodynamic damping coefficients, Cy, + Cas 
One's physical intuition would expect that for 
simple bodies of revolution this would certainly 
be the case. 

It has, however, been known for some time 


gravity cases 


Fig. |. Non-rolling statically stable symmetric missile. 


a. General motion 


b. Planar motion 
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PITCHING AND YAWING 


that some bodies of revolution have negative 
values of Cy, + Cw; for high subsonic Mach 
numbers. This is true for certain shell“: ® and 
simple cone cylinders.“ Since the usual c.g. 
location for these configurations is located rear 
of the center of pressure, there must be spin for 
gyroscopic stability. There is no evidence for 
spin dependence of the damping coefficients and, 
hence, these experiments are of interest for the 
unspun missile. Finally, destabilizing damping 
moments have been observed for low fineness 
ratio statically stable projectiles“) which were 
not spun. 

If the linear stability analysis of a missile 
shows it to be unstable, the expectation is that 
its angles of attack and/or sideslip will grow 
until nonlinearities in the aerodynamic moments 
become important. Its behavior after this time 
is then determined by the precise form of the 
nonlinearities. One approach to the problem of 
treating nonlinearities has been a generalization 
of the Kryloff-Bogoliuboff equivalent lineariza- 
tion method.” This method has been success- 
fully applied to obtain a description of the 
motion of symmetric missiles which are either 
statically or gyroscopically stable.“ The usual 
nonlinearities which have been considered in the 


Fig. 2 


past have the common feature that the aero- 
dynamic moment coefficients are assumed to be 
certain functions of the magnitude of the total 
angle of attack, a? + §*. For these nonlinearities 
the equivalent linearization method predicts 
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that no steady state circular pitching and yawing 
motion can occur. Pitching and yawing motion 
of this type has, however, been observed in a 
number of ballistic range tests. (Fig. 2.) Thus 
more complicated nonlinearities are required. 

In this paper we will consider an aerodynamic 
force system which is nonlinear in angular 
velocities as well as angles. An inspection of the 
twelve possible cubic terms will then reveal that 
a certain combination of three of these plus a 
destabilizing linear moment can produce the 
desired motion. Finally formulas for these cubic 
coefficients for slender bodies are given in an 
appendix. 


EQUATIONS OF MOTION 

The standard missile fixed-coordinate system 
will be used.‘ To exploit the symmetry of the 
missiles under consideration we will introduce 
complex variables in the plane normal to the 
missile (the y z plane). Thus the z axis, the down- 
ward pointing axis, will be designated the 
imaginary axis and the y axis will be the real 
axis. With this understanding the aerodynamic 
force acting on the missile can be defined in the 
usual way. 


iZ 


where 

Y, Z are the y and = components of the aero- 
dynamic force 

p is air density 

V is velocity 

S is reference area 

Cn,. Cn 
efficients defined by equation (3) 

B is angle of sideslip 


are aerodynamic force co- 
ia (complex angle of attack) 


a is angle of attack 
a —(q + ir\l/V (complex angular velocity) 
/ is reference length 
q, r, are y and z components of the angular 
velocity and primes denote derivatives with 
respect to dimensionless arc length 


j 
\ 
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* no spin, and no 


gravity. the transverse force equation can be 


For small geometric angles, 


written mn the form 


oS! 
IC; 
iim 


where ™ ts mass 
Cc; Cy C p (ift coefficient) and 
Cp is the drag coefficient 


pSi 2m usually falls in the range 10°* — 10-4 
and. hence, ju is a good approximation for é 
The aerodynamic moment, like the force. is 
usually described by three aerodynamic co- 
efficients 
Vf iN 
| Vv i ¢ ] 


aerodynamic moment and Cy 


(>) 


where V are y and = components of the 
Ca 


aerodynamic moment coefficients defined by 


are 
equation (5). By use of the approximation for 
equations (3) and (5) simplify to 
iZ 
yw € (Cy Cy.) 


and Cys 
general treatment 


In the linear theory . Cay 


are constants. In our we 


a and 
Under the assumption of a 


will assume them to be functions of a, 8. 

€, and € 
power series expansion in these quantities and 
the assumption that this expansion has the same 
symmetry as the configuration, the expressions 
for the nonlinear force and moment reduce to a 


10 


simple form.‘ 


¥+iz 


La (é €) 
(€ €) 


i} 


[Ze (€ (E EY” 


(€ &) 


* The angles should be smal! enough so that the sine 
of the angle can be replaced by the angle, i.e. less than 
0-15 radians. Refs. 6 and 8 consider the algebraically more 
complicated case of large geometric angles 
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where 
( ) denotes complex conjugate and 


and d,,,,,, are real numbers 


A note of caution on the symmetry 
is possibly in order. The underlying reasoning 
symmetric boundary will 
create symmetric flow fields which in turn will 


argument 


is that conditions 
induce forces with corresponding symmetry 
This is not necessarily valid reasoning. A body of 
revolution at a large angle of attack will generate 
two trailing vortices. If there is no spin and no 
angle of sideslip, this argument would say that 
these vortices should be of equal strength and 
symmetrically located. Experiments have shown 
that this flow configuration is unstable and a 
small unsymmetric disturbance will cause one 
vortex to grow and the other to shrink until a 
stable unsymmetric flow condition is reached 
Equations (8-13), imply that a 
symmetric flow field is stable and can establish 


therefore. 


itself 

If equations (4) and (7) are inserted in the 
angular 
symmetric mass distribution assumed (/ I.), 
the differential the 
pitching and yawing motion of a symmetric 


equations for momentum, and a 


following equation for 


non-spinning missile can be derived :+ 


where H 
For the linear case the coefficients are con- 
and the linear 
combination of two complex exponentials. 


stants solution reduces to a 


* In the derivation of the equation as well as elsewhere 
in this paper, the small size of pS//2m is used to simplify 
expressions containing different powers of this parameter. 


= (E EV" (E EY" 

LA np EV" (E EV" 

iCy.u + Cy. &] Cu. + Cu 

4 
: 
4 

= 

a 

HE 4+ ME (14) 


K,e'¢ K,e'¢ (15) 
where K 
+ 
A, + id, H, (4M, + H?)) 
pS! 
M k,* [Cc lo 
0 000 2m 
Cp k, Cy 
For dynamic stability 
4M,+ H? (16) 
H,20 (17) 


THE QUASI-LINEAR SOLUTION 
The quasi-linear technique is based on the 
assumption that the the actual 
nonlinear equation may be approximated for 
several cycles of the motion by the solution to 
the linearized equation whose frequencies and 


solution to 


damping exponents are suitable averages of the 
nonlinear terms. This assumption implies that 
the nonlinearities do not affect the motion during 
a single cycle but cause slight changes in a 
number of cycles. “ 

In order to apply this method to equation (14), 


we will rewrite it in a different form. 


He’ +(M—M,)& (18) 


For a statically stable missile (M, — 0) the 
solution to equation (18) with its right side set 
equal to zero (H VV Mf, — 0) is an ellipse. 


K, exp [i(—4's + + 


K, exp + (19) 


where (4')? M, 


Under our assumptions the terms on the right 
of equation (18) will introduce an exponential 
damping and a change in the frequencies. This 
will be handled by allowing K, and w, to be 
functions of s and seeking their precise form by a 
process similar to the well-known method of 
variation of parameters. 
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Differentiating equation (19) 


— id’ (— K, exp [i(— 4's + 


K, exp [i(¢’s + 
(K; + K,) exp + 
+ ibs K,) exp [6's + (20) 


The sum of the last two terms is set equal to 
zero and €' is differentiated. 


+ K,) exp [i(— 6's + 4 
+ exp [d's + (21) 
(K, exp [i(— 4's + 4 
K, exp [i(d’s + 
+ exp [i(— o's + 
+ exp [id's + 


If equations (19-22) are substituted in equation 
(18) 


K, 
i(¢’) Moll = € | (23) 
K, 
K 
i(d’)-! [M — M,] [ (24) 
K, 
where ¢ = 24's + by — hy. 


In order to solve equations (23-24) the precise 
expressions for H and M must be 
These expressions involve certain combinations 
of € and &. By use of equations (19) and (20) 
these combinations can be reduced to functions 
of K,, K, and 4. 


inserted. 


K? + K? K, K, (e'? (25) 
M, + K2— K,K,(e'* + e~**)] (26) 
€ id’ [K? K; K,K, (e'* — e~'*)](27) 


« = id’ [K? — K? + K,K, (e’* — e-‘4)] (28) 
The left side of equations (23-24) are, therefore, 
functions of K,, K, and 4 and may be written in 
the form 


f; (Ky. Ke, ):(j = 1,2) (29) 


Equations (29) are exact but very difficult to 
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solve. The basis of this difficulty lies in the 
presence of the ¢4’s in these equations. ¢ has 
the geometric property of being the angle 
between the K, and K, vectors. As 4 varies from 
0 to 2= the angle between the missile’s axis and 
the flight path varies from a maximum to a 
minimum and back to a maximum. Thus our 
quasi-linear hypothesis says that K and 
cannot change much over this interval in 4. 
We. therefore, average the right sides of equa- 
tions (29) for this interval in dé 


K 
K 


f, (K,. Ky. 6) dé:(j 1.2) (30) 


Equations (30) do not seem to be much 
simpler than the original nonlinear equation (18) 
For most applications we are usually interested 
only in the amplitude of the motion, Le., the 
K.*s. If the real part of the right side of equation 
(30) is denoted by A, (K?. K3). 


(K*) 
= 1.2) Gl 


(The symmetry of the problem makes the use 
of the K*s more convenient than the K,’s 
themselves. ) 

If one of these equations is divided by the 
other, the independent variable can _ be 
eliminated 

dK: K2A,( Kj, K3) (32) 
dK? K?A,(K?, 

Equation (32) is a first order nonlinear 
equation in real variables. It is clearly much 
simpler than equation (18) which is a second 
order nonlinear equation in a complex variable. 
Solution curves in the K? — K? plane can be 
used to indicate the influence of the initial 
conditions on the type of motion and to deter- 
mine the presence of limit motion. For example 
steady state circular motion would be indicated 
by stable singular points on the positive part 
of the axes. The AK? — K? plane is, therefore, a 
form of phase space. 
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CIRCULAR LIMIT MOTIONS 
Since our objective in this paper is the 
specification of at least one set of nonlinearities 
which can produce circular limit motions, we 
need not retain all the terms in the expansions of 
the various coefficients. If only the quadratic 
terms in equations (10-13) are retained, the 
corresponding expansions for A, and A, reduce 
to the following simple forms when small 
quantities are neglected. 
A, (H,/2)(1 + AK? + BR?) (33) 
As (H,/2)(1 + BK? + AK?) (34) 
where* 
Hy [Ay 00 M nol 
B 2H, M oro 


Hs 00 Im k, dies 2099) 


pS! 


M oro 


(k, Coro 
The singular points of equation (32) for the 
above selection of the A,’s are S, : (0, 0), S, : (0, 
S, :(— 0), and S, :(— (A + 
(4 + B)-'). The condition of dynamic insta- 
bility means that 
H, <0 (35) 


and the origin is an unstable node."” The 
presence of singularities on the positive axis 
imposes the condition 


4-0 (36) 


In order to determine the character of the 
singularities on the axis, use must be made of 
certain tests given in Ref. (12). According to 
these tests: 


(1) If B/A is less than one, singularities S, and 
S, are saddle points and singularity S, is a 
stable node. 

(2) If B/A is greater than one, singularities 
S, and S, are stable nodes and singularity S, isa 
saddle point. 


* If the influence of a quadratic drag coefficient is felt 
to be important (Cp = @9 + e, € 6), 3e, should be 
added to and to Moyo. 
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k-A/B 


= @<«-A/B.«-| 


K? planes for different 


A series of possible K? 
values of — B/A, the slope of the A, = 0 line, 
are plotted in Figs. 3 and 4. Fig. 4(b)isa K? — K? 
plane which predicts steady state circular motion 
of amplitude ,— A~'. The exact nonlinear 
equation (18) was integrated by an analog 
computer to provide the curve shown in Fig. 2. 
The cubic parameters used are those of Fig. 4 (b) 


O<-A/B<! 


~|«-A/B«O 


and the motion qualitatively similar to observa- 
tions. In terms of the aerodynamic coefficients 
the conditions for the existence of steady state 
circular motion for a missile acted on by a cubic 
aerodynamic force and a cubic aerodynamic 
moment are: 

— Co 


k, + Cur < 0 


<9) (37) 
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(39) 


k,-* (Core 0(A 


k, *(3cmo 
One interesting result of these conditions is 
that if the coefficient of & € in the expansion of 
the normal force coefficient is positive and the 
moments are linear or practically linear (Coo. 
dyoo small) a dynamically unstable missile will 
perform circular pitching and yawing motion. A 
second result is the fact that for a linear aero- 
dynamic force the presence of the rather strange 
term Coo &€& in the moment expansion is 
required for circular motion. The physical 
nature of this term as well as the eleven other 
cubic terms is made a little clearer in the appendix 
where values of these terms are computed for a 
slender body 


+ A100 


Ayo9 < 9 


g2 ¢ 


SUMMARY 

(1) Quasi-linear solutions have been obtained 
for the motion of a nonspinning symmetric 
missile acted on by forces and moments which 
are nonlinear functions of both € — 8 + ia and 
its derivative. 

(2) For cubic force and moment expansion 
conditions for circular limit motions have been 
derived 

(3) Formulas for these cubic coefficients for a 
slender body have been derived. 


APPENDIX 


AN AERODYNAMIC INTERPRETATION 
OF THE NEW TERMS FOR A 
SLENDER BODY 
In 1949. H. J. Allen”*. ™ suggested a cross 
flow mechanism for estimating the nonlinear 
parts of the aerodynamic force and moment 
acting on a slender body. He considered the cross 
flow at a cross-section to be similar to the steady 
two-dimensional flow past a circular cylinder. 
Thus the experimental value of the cylindrical 
drag coefficient can be used to compute a normal 
force and moment contribution of that cross- 


section. 
Nonlinear normal force 


V2Cp,(2rdx) (Al) 


0 
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Nonlinear moment 


{4p V2 Cp, (x — (A 
0 


1-2 (laminar flow) 
0-35 (turbulent flow) 
V. is cross flow velocity 


where Cp, 


For a body at a constant angle of attack, 
V, Va, equations (Al-A2) show that the 
nonlinear term is quadratic in the angle of 
attack. H. R. Kelley in a later paper pointed 
out that cross flow has not had sufficient time 
to build up and the use of the steady state 
drag value was inappropriate. He suggested 
making use of actual experimental measurements 
of the non-steady drag value. These data could 
be approximated by the line 


Co, (V. tr), O< (V, tr) <4 (A3) 
where Cp, is the non-steady drag coefficient 
r is time 
In the cross flow model the cross flow builds 


up as it is carried along the body 
t= (A4) 
By replacing Cp, in equations (Al-A2) by 
Cp, and making use of equations (A3-A4), 
Kelley's terms can be derived.* 
Nonlinear normal force 


0 


,,) 2rdx) (A5) 


Nonlinear moment 


l 


| bp V?Cp, | 


0 


Vx 


(A6) 


(2r dx) 


For slender bodies with laminar 
Refs. 14 and 15 that both theories 
give reasonably good agreement with experiment 
although the Kelley theory fitted the experi- 
mental data better. The major improvement in 


flow 


show 


* Kelley actually approximates Cp, by a fifth power 
polynomial and so can obtain terms of higher order than 
those considered here. 
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the experimental fit arising from the Kelley 
work was, however, due to a better approxima- 
tion of the linear terms. The Kelley nonlinear 
terms do have desirable mathematical proper- 
ties because of their analytic behavior at the 
origin (a = 0). The physical model of a cross 
flow starting process is also somewhat more 
satisfying than the steady flow model. 

In order to extend this cross flow analogy to 
include the influence of angular velocity, it is 
necessary to assume that the angular velocity 
causes a small perturbation of the basic cross 
flow, i.e. (L/I)| &'| 

The cross drag has the direction of the unit 
two-dimensional vector 
+ [(x — x,,)/N 
€ (A8) 
Equations (A5-A6) can now be put in complex 
form in terms of « 
L 


| 
.(¥+iZ) | Cp, «xdx (A9) 


iN) 


nonlinear 


If we insert equations (A7~A8) in equations 
(A9-A10) we can obtain the expressions for the 
twelve possible cubic terms. 


(M 


yx dx (A10) 


Y+iZ + EE 
+21, € + + Cv 
21, €€+ + Inf’ EVE} (All) 
(Cardo — hé € 
21, € + + Cardo 
L 
X—Xee 
where /, Co, ( dx. 
0 


For circular limit motion only three of these 
coefficients are of importance. 
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= (Al3) 
I, (Al4) 
(A15) 


If these values are placed in Relations (38-39), 
those relations reduce to 


ki2h+Ip>0 (A16) 


By definition /, and J, are positive and, hence. 
the cubic coefficients of a slender body satisfy 
the conditions for circular limit motion. 

The other condition for a stable circular limit 
motion is that the linear coefficients predict 
dynamic instability. Relation (37). 

[Cr Cp — ky * (Cur, + < 0 
Unfortunately the classical slender body theory 
predicts positive and negative Cy Cy 
If this relation is not satisfied, A is negative and 
the amplitude plane 
singularities other than the origin. Thus we see 
that although the method of this appendix allows 
us to interpret and calculate all the cubic terms 
for slender bodies the motion of these slender 
bodies probably 
circular limit motion 
since the observed limit cycles were for bodies 


corresponding has no 


will show no evidence of 


This is not unexpected 


with fineness ratios less than three 


REFERENCES 


1. R. H. Fowrer, E. G. Gattop, C. N. H. Lock and 

H. W. RIcHMoOND, Philos. Trans. (A) 221, 295 (1920) 

E. D. Boyer, Aerodynamic Properties of a 105 mm 

Model of the 8° T347F1 Shell, BRL Memorandum 

Report 1213 (July 1959) 

3. L. E. Scumiptr, The Dynamic 
Cones and Cone Cylinders, 
Report 759 (Jan. 1954) 

4. L. C. MacALutster, Some Instability Problems with 
Re-entry Shapes (Confidential Paper), Pre-prints of 
Papers presented at the 9th Tripartite AXP Research 
Conference, April 1959, CARDE, Canada. (Also 
being published as BRL Memorandum Report 1224). 

5. N. Krytorr and N. B. BoGo.rusorr, Introduction 
to Nonlinear Mechanics. Translated by S. Lefschetz, 
Princeton University Press (1947), 

6. C. H. Murpuy, The Prediction of the Motion of 
Missiles Acted on by Nonlinear Forces and Moments, 
BRL Report 995 (Oct. 1956). (Also published in 
abridged form in J. Aero. Sci. 24, 473 (1957). 


Properties of Pure 
BRL Memorandum 


Th 
ioe 


8. 


9 


10. 


CHARLES H. MURPHY, Jr. 


American Standard Letter Symbols for Aeronautical 
Sciences ASA, Vol. 10.7—1954, American Society 
of Mechanical Engineers (Oct. 1954) 

C. H. Murpny, The Measurement of Non-Linear 
Forces and Moments by Means of Free Flight Tests, 
BRL Report 974 (Feb. 1956) 

C. G. Mapte and J. L. Synce, Quart, Appl. Math 
6, 345 (1949): J. Aero. Sci. 26, 600 (1959). 

C. H. Murpny, Limit Cycles for Non-Spinning 
Missiles, BRL Report 


Statically Stable Symmetric 
1071 (Mar. 1959) 


E. L. Dunn, A Low Speed Experimental Study of 


J. SvroKer, 


Yaw Forces on Bodies of Revolution at Large Angles 
of Pitch and Zero Angle of Sideslip, NOTS TM-1588, 
(Mar. 1954). 

Nonlinear Vibrations, 


Interscience 
Publishers, Inc., New York (1950) 


. H. J. Aven, Estimation of the Forces and Moments 


on Inclined Bodies of Revolution of High Fineness 
Ratio, NACA RM A9126 (Nov. 1949). 
H. J. ALLEN and E. W. Perxins, A Study of the 
Effects of Flow Over Slender Inclined Bodies of 
Revolution, NACA Report 1048 (1951) 


. H.R. Kewrey, J. Aero. Sci. 21, 549 (1954) 


| 336 
= 1? 
é 
= 14 
7 
10 
7 


Abstract 


INTERFEROMETRIC STUDY OF THE HYPERSONIC BLUNT 
BODY PROBLEM 


R. SEDNEY and G. D. KAHL 


Ballistic Research Laboratories, Aberdeen Proving Ground, Maryland 


An experimental investigation of the flow fields around spheres in free flight was made 


using the optical interferometer. Data were taken for Mach numbers approximately 5 in argon, nitrogen, 
and air. A discussion of the accuracy of the resulting density measurements is given. For the tempera- 
tures existing behind the shock in nitrogen, vibrational excitation should occur but is not found. This 
is explained, using a simple but fairly accurate model of the flow, by the long relaxation path length 
compared to the scale of the experiment. If relaxation occurs at all it will be confined to a thin layer con- 
tiguous to the body. Evidence of molecular vibrations is found for the air test but slightly more than 
would be expected assuming that the oxygen is excited and the nitrogen frozen. A method of obtaining 
all flow variables, given the density, is explained; it uses only the principles of conservation of mass 
and energy. Some representative results are shown and compared with three recently developed numerical 


1. INTRODUCTION 

Much effort has recently been expended on 
analytical and numerical investigations of super- 
sonic and hypersonic flows over blunt bodies. 
These efforts have already been summarized “: ®) 
and need not be discussed here. The questions of 
how well and to what extent these investigations 
agree with experimental results have not been 
thoroughly discussed. In the main the only 
experimental data available have been wind 
tunnel measurements of pressure on the body and 
shock wave shapes. If one is interested, for ex- 
ample, only in aerodynamic loads then pre- 
diction of body pressures suffices. However, for 
more general considerations, an adequately 
detailed test of the theories or computations is 
desirable. In fact a knowledge of streamlines and 
sonic line have some practical importance. 

It is the purpose of this work to provide a more 
detailed experimental investigation of axisym- 
metric blunt body flow fields than has been 
hitherto available. To achieve this, the optical 
interferometer is employed as the primary 


experimental tool. 

Over a wide range of flow conditions, this 
instrument can be used to determine density 
throughout the flow field. Although the tech- 
niques have been known for a number of years, 


methods for computing the flow over blunt bodies. 
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its application to axisymmetric flows has not 
achieved wide popularity, probably because it 
is a difficult instrument to use, especially when 
high precision is demanded. Moreover, the 
analysis of axisymmetric interferograms is 
lengthy, and ts practical only with the assistance 
of high-speed computors. Nevertheless, with a 
refined instrument employed under good con- 
ditions significant data can be obtained. 

Density is often of lesser interest than other 
flow quantities: therefore, a reasonably con- 
venient scheme for determining all other flow 
variables from the experimental data has been 
developed. In the present scheme conservation 
of mass and constant entropy along streamlines 
between shocks are assumed. 

However, density is a flow variable particularly 
sensitive to the first real gas effects encountered 
in diatomic gas flows, viz., vibrational excitation. 
With the interferometer, the density field of a 
vibrationally excited relaxing gas can be found 
directly. The other flow variables cannot be 
obtained by the aforementioned scheme, since 
it assumes thermal equilibrium; its extension to 
relaxing gases is under development. 

Presented here are detailed results from free 
flight experiments on spheres at approximately 
Mach number 5-0, using both argon and nitrogen 


Se 
| 
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im @ pressure-temperature controlled range 
Tests at both high and low stagnation tempera- 
showed essentially perfect gas be- 
These results are compared 
to recent numerical methods for computing such 


tures, 7 
havior in nitrogen 


flows. The absence of vibrational excitation in the 
test at the high stagnation temperature, 7 

1780 K, ts explained by a simple, yet accurate 
analysis showing that, for the scale of this 
experiment, this type of real gas effect is con- 
fined to a thin layer near the body. A test in air 
was made also; and deviation from perfect gas 
behavior is noted. Finally, some limitations and 
extensions of this type of investigation are 


discussed 


2. EXPERIMENTAL CONDITIONS 
Interferograms were taken of & in. diameter 
spheres launched from a gun into a controlled 


Fig. 2.1. interferogram at M 


pressure-temperature range,“ equipped with 
a Mach-Zehnder interferometer of 10 in. di- 
ameter field. The fringes were aligned parallel to 
the axis of flight. Care was taken that the focal 
plane was on the flight axis (to within 0-050 in.) 
to minimize refraction errors in the interfero- 
gram. The tests were made at approximately | 
atmospheric pressure, and the models were 
decelerating about 3 ft/sec per foot of travel 
Since the light source has a duration of approxi- 
8 microseconds, the model motion was “stopped” 
by a rotating mirror camera. The velocity was 
found from five timed shadowgraph stations 
about the 
meter on a baseline of 38 ft length, timed 
by 10 Me Hewlitt-Packard counter chrono- 
graphs. The light source was adjusted to admit 


located symmetrically interfero- 


to the interferometer a wavelength band of 50 A 
total. centered on a wavelength of 4358 A 


5-017 in nitrogen. 
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Table | 


Fluid 
296-6 
295-1 
108-5 
297-0 


Argon 


N, 
Air 


(K) 


(atm) 
0-3342 
0-2507 
0-0331 
0-2523 


0-2142 
0-1585 
0-1565 
0-1562 


Interferograms were obtained in argon, nitro- 
gen, and dry air at room temperature, and also in 
nitrogen at 108K; an example in N, at room 
temperature is shown in Fig. 2.1. Table | shows 
the conditions pertaining to each of the inter- 
ferograms, as well as the measured ratio of 
shock stand-off distance to body radius. Numer- 
ous attempts were required before obtaining a 
satisfactory interferogram. The A and N, came 
from commercial cylinders and the chamber was 
flushed and evacuated between each test to 
eliminate contaminants from the gunpowder 
propellant. The dry air (dew point 80°F) 
used in the test came from the wind tunnel 
supply. 


3. DENSITY REDUCTION 

Reduction of the interferograms generally 
followed the standard procedure,“ where the 
integral equation relating density to fringe shift 
on traces perpendicular to the flow axis is 
approximated by sums over previously deter- 
mined zones. To account for the abrupt density 
jump at the shock, the “deshocking” procedure 


was used.“ 


To identify corresponding fringes 
across the shock, trial plots were made of fringe 
shift, 6, vs y [1 — (r,/r,*], where r,, is the shock 
radius and r, the radius to a disturbed fringe 
inside the shock. If the density is fairly constant 
over a small region just inside the shock, such 
plots should yield straight lines passing through 
(0, 0) when the correct fringe shift is used; this 
method is useful in insuring correct identification 
of the disturbed fringes behind the shock 
Measurements made from enlarged 
duplicates of the interferograms in a Universal 
Telereader-Telecordex combination film reader. 
After alignment, the contours of the shock and 
body were first measured. Readings of the dis- 


were 


turbed fringes were taken along traces of constant 
z perpendicular to the flow axis; the data taken 
along each trace also contained shock and body 
measurements which were included in the shock 
body data. 

The shock and body locations were found by a 
combination of least squares and graphical fits 
From the axis to a radial distance of about } 
body radius, shock measurements were used in 
fitting the axial shock coordinate, z,,. 
polynomial in r? 


to a cubic 
In addition, a spline curve 
graphical fit was made to all shock measure- 
ments; the least squares and graphical fits were 
were matched where position and slope of the 
two agreed. The contours of the spherical bodies 
were found both by graphical and least square 
circle fits; both methods were found satisfactory 
The flow located from measurements 
of the shock wave by an iterated averaging 
process. 

The fringe shift, 5, found the trace 
measurements was plotted against radial dis- 
tance r; the data on opposite sides of the axis 
for constant z were found to be mirror images. 
within the reading error. Therefore both sides 
were treated as one, and an interpolating curve 


axis is 


from 


drawn for each trace. From this curve, values 
of 6 vs r were taken for input data to compute 
the density. From the resulting p/p ~ data along 
each trace, interpolating cross plots at constant 
r were made. From both plots, the location of 
particular density values were fixed in the r, z 
plane. The 
density) were faired through these points. These 
isopycnal charts provide the density input data 
needed for the flow field determination 

Two features of the density reduction in the 
nose region deserve further mention. At the 
shock, the density values found by this method 


isopycnals (contours of constant 
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are rather poor, for at least two reasons: 
(1) Because of the abrupt density jump at the 
shock, the reduction technique gives an “under- 
shoot” or “overshoot” in density near the shock 
unless the deshocking procedure is used; if the 
deshocking constant is not perfectly chosen, then 
the “over/under shooting” phenomenon is still 
present, although much reduced. (2) A similar 
error in density occurs as a consequence of an 
error in the trace shock radius. Fortunately, for 
reasonable deshocking 
constant or radius, both of these effects damp out 
quickly inside the shock, and usually contribute 
less than | per cent error to the rest of the field. 
Moreover, the density immediately behind the 
shock can be found from the shock relations, so 
it is ordinarily possible to ignore the “over 
under shoots” by matching the density values 
found in the rest of the field to the predicted 
values immediately behind the shock 

The second region of uncertainty is on the 
flow axis, where the reduction technique be- 
comes quite sensitive as r approaches zero.“ 


size errors in. either 


Fig. 3.1. lsopycnals (p/p) 
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The experimental values of density along a trace 
sometimes exhibit a small sharp cusp close to the 
axis. This effect can also be ignored by extra- 
polating the p vs r data to the axis with zero 
slope. Unfortunately, there is no known value 
of p for comparison on the axis as there is on the 
shock: therefore this region is considered to be 
least accurate for density, with errors up to 
2 per cent thought possible in our present data 

Results of the density reduction for the tests 
in argon and nitrogen may be seen in the iso- 
pycnal charts shown in Figs. 3.1 and 3.2 
Examples of the data points for the isopycnals 
are exhibited for the stagnation region and 
further up in the field. The stagnation 
region shows the greater scatter in data for 
locating the isopycnals: this is due in part to 
the smaller density gradients Much 


flow 


there. 


Fig. 3.2. lsopycnals (p/p). 
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better agreement between adjacent traces is 
observed in regions of larger density gradient, 
such as the 2.6 isopycnal. 

The density chart for nitrogen shown in Fig. 
3.1 represents the data from the test at room tem- 
perature 295-1°K, T, 1781 °K). 
Taking account of the small difference in Mach 
number, essentially the same results were found 
from the low temperature nitrogen test (T+ 
108-5 K, 7, = 694°K); the latter test had some- 
what fewer data points, due to a wider fringe 
spacing. Since nothing new found, no 
separate flow analysis was made for this case: 
however, Fig. 3.1 and the analysis associated 
with it would be representative of the results for 
the lower stagnation temperature. 


was 


4. DETERMINATION OF FLOW 
VARIABLES 

For some purposes knowing only the density 
throughout the flow field is useful. For example 
one could use the results to assess the blunt 
body, constant density solutions. In general, 
however, it is desirable to have the other flow 
variables for comparison with theoretical or 
numerical flow field studies. Using a recently 
developed method" the streamlines, Mach 
number. pressure, and velocity throughout the 
flow field have been determined from the experi- 
mental density data and shock wave measure- 
ments. Thus a detailed comparison can be made 
with the various blunt body flow field studies. 
Also a study of the results presented here should 
give further insight into the blunt body problem. 

To determine the flow variables, if it is as- 
sumed that the flow is in thermodynamic 
equilibrium and that viscous effects are negligible. 
it is only necessary to make use of the conserva- 
tion of mass, the constancy of entropy along 
streamlines, and the slope of the shock wave. 
A detailed description of the method has been 
published ;‘” it will only be outlined here. This 
method uses the same principles as the method 
of Wood and Gooderum? but is set up more 
generally and involves much less human labor. 
It is coded for the EDVAC for the case of 
constant y (not necessarily the same y as for the 
free stream); an extension to encompass real 
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gas properties is possible but has not been made 
as yet. For the two cases considered here y is 
taken as constant throughout: this needs further 
discussion for the N, case, see Section 7. 

Conservation of mass is introduced as follows: 
from the definition of stream function 
yb, rpu, where u and v are z and r velocity 
components, the basic equation 


r pv. 


+ — (rpg? (4.1) 
is obtained. Expressing g as a function of p and 
the stagnation density, p,, the right-hand side 
of (4.1) is a function of position, density, and 
stream function. The latter functional relation is 
obtained from the fact that, between shocks. 
p, iS constant along a streamline and its change 
across a shock is computed from the Rankine 
Hugoniot relations. The stream function is 
continuous across a shock and its free stream 
value is pxq-~r*/2. Thus the stream function is 
determined by numerically solving the first order 
partial differential equation 


fix. r. 


using finite difference methods. The remaining 
flow variables are then determined using isen- 
tropic flow relations. 

The solution can be obtained using either the 
body or the shock as the initial curve. In the 
finite difference scheme the computation pro- 
ceeds along constant r(z) lines when the body 
(shock) is the initial curve. One feature of the 
method is that, in order to start the computa- 
tion at a given point, the slope of the body 
(shock) must not be zero (infinite) at that point. 
Actually the computation is always done both 
ways, from the body and from the shock. When 
the regions of determinacy overlap, the error 
in the procedure can be reduced by fairing in 
from one set of results to the other. This is done 
on a rational basis using the error analysis for 
the scheme. 

The streamlines for the flow in N, are shown 
in Fig. 7.2. Over most of the region the errors in 
density and shock wave slope and those intro- 
duced by the numerical process result in an error 
in the position of the streamline of less than | 
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per cent. Near the maximum r/R» of the body 
the 0-05 and 0-02 streamline positions can be in 
error by | per cent. In a small region where 
0-05 2/Rp 0-1 and 0-3 r/Rr 0-4 the 
position of the streamlines can be in error by 
2 per cent; this greater inaccuracy is caused by 
some feature of the numerical method which is 
not yet understood. 


8 

Fig. 4.1a. Constant Mach lines. 
Nitrogen M, 5-017 


Fig. 4.2a. Constant Mach lines 
Argon M, 5-329 


In Figs. 4.1a and 4.1b the lines of constant 

Mach number and pressure respectively are shown 

for the flow in N,: in Figs. 4.2a and 4.2b 

the same quantities are shown for flow in A. 

The percentage error in determination of local 

Mach number, M, is approximately propor- 

tional to (y M*. The uncertainty is given 

Fig. 4.1b. Isobars (P/P.,.). by the width of the “lines” for the lower values 
Nitrogen M., = 5-017 of M. For M near unity or greater the error is 
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Fig. 4.2b. Isobars (P/P.,) 
Argon M, 5-329 


less than 2 per cent and a line is drawn. It 
can be noted that, as expected from the discus- 
sion in Reference 2, the sonic line in N, makes an 
obtuse angle with the body; in A it makes an 
acute angle. The percentage error in determina- 
tion of the pressure is uniform over the field and 
iS approximately times the percentage error 
in density. 


5. SOME COMPARISONS 
In this section results from these experiments 
will be compared with some of the numerical 
developed re- 


methods which have _ been 


cently: *.' for treating supersonic flow over 
blunt bodies. The relation between the experi- 
mental results and some of the analytical attacks 
on the hypersonic blunt body problem will also 
be discussed. 
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Two of the numerical methods": are very 
similar in approach in that they start with an 
assumed analytic shock shape and proceed to 
find the flow field and the body. They differ in 
their treatment of the intrinsic instability of this 
initial value problem. The direct problem, that 
is, Starting from a given body, has also been 
investigated." This method is an iterative one 
which starts from an assumed pressure distribu- 
tion on the body and an assumed shock wave: 
also, it is used only in the transonic part of the 
flow. A relaxation method is then employed in 
the subsonic part, and the method of character- 
istics in the supersonic part. 

The first quantity compared is pressure on the 
body. From the measured density the pressure on 
the body can be found directly, since the body 
surface is assumed to be a stream surface of 
constant entropy. The pressure coefficient, C,. 
found in this way is shown in Fig. 5.1: the modi- 
fied Newtonian prediction is also shown. The 
experimental values lie slightly below the cos? 7 
curve over a fairly large range of » for both argon 
and nitrogen: the C,,/C max data for the different 
values of y are essentially coincident except in a 
small region near the stagnation point. Values 
of C,/Cymax for 3 7/5 and 5/3, M, 6-0 
were obtained from tabulations *) of results by 
the method of Reference |: they are included in 
Fig. 5.1. The agreement with the experimental 
data is excellent except for the two largest values 
of ». The sharp drop in the computed values 
may be associated with the end instability of the 
method. 

A comparison between the experimental 
sonic line in N, and some computed ones from 
Reference 8 is shown in Fig. 5.2. This figure was 
constructed so that the stagnation points and 
body radii of curvature on the axis for the experi- 
mental and computed data were matched. The 
numerical cases chosen were for M , 4 and 6. 
) 7/5 where the resulting body is closely 
spherical; these should bracket the experimental 
conditions. The tabulated body points are not 
shown separately on the figure, since they 
coincide with the spherical body to within the 
error of plotting. 

The computed shock waves do bracket the 
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7 (Radians) 
Fig. 5.1. 


Ay 5/3 \ Ref. 8, 


7/5 


M, 6:0 


Nitrogen, M, 5-017 
Argon, M, 5-329 


— cos2 


experimental shock, and their relative displace- 
ments from it are in the expected directions. 
The computed sonic line for M « 6 parallels 
the present data (except near the body) and is 
displaced downward, as expected for the higher 
Mach number. However, the angle of inter- 
section between the computed sonic line and the 
body is less obtuse than the experimental one. 
This deviation cannot be attributed to the higher 
Mach number of the computed results, since 
they show that this angle becomes even less 
obtuse for decreasing Mach number. Moreover, 
the computed sonic line for M « 4 is below 


the experimental one near the body. A linear 
interpolation between the two computed cases 
to find a sonic point on the body corresponding 
to 


5-017 locates this point where the 


experimental Mach number is 0-95, ie. a 5 per 
cent difference. These discrepancies near the body 
sonic point might also be associated with the end 
instability of the numerical method. As men- 
tioned before, the experimental error in de- 
termining the Mach number in this region is no 
greater than 2 per cent. 

In Fig. 5.3 the experimental sonic region is 
compared with computations from Reference 9 
which yielded the most nearly spherical body at 
M x 5-8, y 7/5. Figure 5.3 was also con- 
structed by matching the stagnation points and 
the body radii of curvature on the axis for the 
experimental and computed data. Approaching 
the sonic region the computed body deviates 
markedly from a sphere, so that a detailed com- 
parison cannot be made. It is seen that the shock 
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Fig. 5.2. Comparison of experimental and computed sonic lines 
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Fig. 5.3. Comparison of experimental and computed sonic lines. 
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wave is displaced upstream and the sonic line 
above the experimental results. It is curious that 
the computed shock detachment distance on the 
axis (not shown) coincides with that obtained 
experimentally 


Computations for the transonic region using 


the method of Reference 10 were made specifically 
The 


for the conditions of the experiments.+ 


a 


results for the test in Argon (M , 5-329, 
53) are shown in Fig. 5.4. Time did not 
permit more than five iterative steps in the 


numerical process; according to the principles 
of the method, more iterations should improve 
the convergence of the results. The lack of con- 
vergence is indicated by the deviation of the 
shock from the experimental one. Nevertheless, 
the agreement between the isopycnals is quite 
good (2 per cent discrepancy), as is that for the 


* We are indebted to Messrs. A. M. Smith, V. A 
Langelo, and P. Cline of the General Electric Company, 


M.S.V.D., for obtaining these calculations for this 


paper 


!sopycnols 


Fig. 5.4. Comparison of Mach lines and isopycnals in transonic region 
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local Mach contours 1|-1 and 1-2. However the 
computed Mach contours 0-8, 0-9, and 1-0, 
while agreeing well with the experimental values 
on the body, differ considerably in the flow field, 
especially near the portion of the computed 
shock which deviates most from the experi- 
mental one 

Computations by this same method for the 


Constant 
Mach Lines 


¥=5/3, Me=5.329 
Ref 10 


—— Present Dota 


conditions of the N, test, employing four itera- 
tive steps, were made but are not shown here. The 
comparative result was similar to that already 
shown for the argon test, although the agree- 
ment was somewhat better. In particular the 
line paralleled the experimental 
differing by | per cent on the body, increasing to 
5 per cent at the shock. 

In addition to the three numerical methods 
considered for the above comparisons there are 
other methods ® which have not been mentioned 
because of space limitations 


sonic one, 


An even greater 
literature exists concerning approximate ana- 
lytical methods of treating “hypersonic” flow 
over blunt bodies. There is a semantic question, 
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which will not be discussed, as to what consti- 
tutes hypersonic flow. Nonetheless it is fairly 
clear that, for the conditions of the tests de- 
scribed here, the assumptions and approxima- 
tions utilized in these analytical methods ob- 
viate any extensive comparisons. It will be left to 
the reader to compare the experimental results 
with these theories. 

However, since density is the measured quan- 
tity in these experiments, it seems appropriate to 
mention their relation to a constant density 
solution for the sphere.) In this solution a 
spherical shock is assumed and the resulting 
body is a sphere: the non-dimensional detach- 
ment distance, 4/R», is only a function of p/p x. 
where p is the constant density behind the shock. 

For comparison purposes, in the experi- 
mental results p is taken as the density behind the 
normal shock. For the density ratios appro- 
priate to the N, and A tests this analytic solution 
gives J/Rp 0-14 and 0-19 respectively. (The 
latter value was taken from Reference 8.) Com- 
paring these with the experimental values of 
0-158 and 0-214 one obtains a difference of 11 
per cent for the N, test and 10 per cent for the A 
test. showing no essential difference between the 
two. Using the density behind the normal shock 
as a basis, Figs. 3.1 and 3.2 show that the density 
varies by 10 per cent up to » = 27 in N, and up 
to 30 in A. Thus, in the two cases, the density is 
constant to the same degree of approximation. 


6. DRAG 
The head drag coefficient. Cpy. can be found 
by numerical integration of the [C,()/C,max] 
data in Fig. 5.1; thus 


Cpn Cymax | sin 2ndy 

From the present data, these values are: Coy 
(argon) 0-868, and Cpyy (nitrogen) 0-921. 
Since the skin friction and base drag contribu- 
tions to the total drag coefficient are quite small, 
it would be expected that the total drag 
coefficient, Cp, for the argon and the nitrogen 
would be in the same ratio as the head drag 
coefficients. The total drag coefficients were 
found independently, from deceleration measure- 
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ments, to be: Cp = 0-857 — 0-005 for argon and 
Cp — 0-911 0-005, for nitrogen at both stag- 
nation temperatures (694 K and 1780 K). Thus. 
no significant temperature effect on the drag 
coefficients of nitrogen was found under the 
conditions of this test. The ratio of head drag 
coefficients of argon to nitrogen is 0-943, and 
the ratio of total drag coefficients is 0-940. Hence 
the prediction of drag from the interferometer 
data agrees well with the independent decelera- 
tion measurements. The skin friction coefficients, 
computed by a method described below, were 
found to be 0-007 for argon and 0-006 for nitro- 
gen; the difference between the total drag and 
the combined head and skin friction drags yields 
values for the base drag coefficients of —0-018 
for argon and —0-016 for nitrogen. Using these. 
the ratio of average base pressure to free stream 
pressure is computed to be 1-38 for argon and 
1-28 for nitrogen; although these values cannot 
be very accurate (since they were obtained by 
differencing two comparatively large numbers). 
they are nevertheless fairly reasonable 

The Reynolds numbers based on diameter are 
0-59 10° for argon and 0-41 10° for nitro- 
gen. From shadowgraphs no turbulence was 
detected in the front hemisphere boundary layer: 
and from wind tunnel tests transition would not 
be expected at the above Reynolds numbers 
The properties of the boundary layer were 
computed by an integral method of Cohen 
and Reshotko"® which Prandtl 
number of unity. The experimental pressure 
distribution was used. We are indebted to Mr 
Fred DeJarnette for these calculations. 


assumes a 


7. VIBRATIONAL EXCITATION 

As emphasized above, all of the calculations of 
flow quantities from the density data assume that 
the gas is perfect, i.e., both calorically and ther- 
mally perfect. In the case of argon this assump- 
tion needs no further discussion. However, for 
nitrogen the temperature in the stagnation 
region is approximately 1700°K. If in equili- 
brium, the vibrational energy of the diatomic 
molecule would be 13 per cent of the translation- 
al and rotational energy: and the expected 
density would be 10 per cent higher than for a 
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perfect gas. However, within the experimental 


error, the perfect gas stagnation density was 
found in the present experiment. The reason for 
this result is that the gas ts not in equilibrium: 
the relaxation time for vibration is long enough 
so that significant excitation takes place only ina 
thin layer near the body. Thus the gas is essen- 
tially frozen over most of the region. The spac- 
ing of the fringes establishes a grid size (a 
least count in space) of data points: changes 
taking place in a distance smaller than this grid 
size near the body cannot be observed. since 
the fringes are cut off by the body. For the same 
reasons the viscous boundary layer cannot be 
“seen” in the interferogram 

The above statement concerning the vibra- 
tional excitation layer can be justified quanti- 
tatively. The effect is largest on the axial (stag- 
nation) streamline since the average temperature 
and pressure are largest for this streamline 
Fortunately, this is the simplest streamline to 
investigate: a few plausible assumptions allow 
a prediction of density to be made 

For both A and N, it was found that the 
velocity along the axis could be closely approxi- 
mated by a linear function of distance when 
isentropic, perfect gas flow relations were used 
It will be assumed that for the relaxing gas the 
velocity will still be linear, i.e.. relaxation does 
not affect the velocity greatly. The following 
treatment could be regarded as a first step in an 
iteration process but only this first step will be 
made here. Thus 


where the subscript a will refer to conditions 
immediately behind the normal shock. The rate 
equation for the relaxation process is“) 


— gqdEyw/dz [EvatT) Evi) r 


where Eyw(7) is the vibrational energy in equi- 
librium at the temperature 7, Ey is the actual 
vibrational energy, and + is the relaxation time. 
It is further assumed that the relaxation time is 
constant and that dEy»(7)/dr can be neglected 
compared to de di where 


€ Ev inl T) Evin. 


Both of these are plausible in view of the rela- 
tively small changes in pressure and temperature 
With these 
assumptions the rate equation can be written 


over the detachment distance 


qde dx 


and integrating this gives 


(x 4)" (7.1) 
B = 
Next the momentum and energy equations 
dq dz dp/d- 
Evin + C, T + (@*/2) — constant, 


where C, its the constant pressure heat capacity 


for translation and rotation (viz. 7R/2), are 
combined with the equation of state 
pRT 
and the rate equation to give 
d log (p/p ~)/dz 1/R)q dq dz 
6/C, qr\T (7.2) 


With the assumption of a linear velocity distribu- 
tion and (7.1) the only obstacle to integrating 
(7.2) is the presence of the variable temperature 
T. Thus the next approximation will be to re- 
place 7 by an average temperature T since the 
temperature does not change appreciably. For 
the boundary condition, it is known that im- 
mediately behind the shock the gas properties 
are given by the perfect gas shock relations.” 
Thus the integration of (7.2) gives 


log (p/p,) — — 


(x 4)*] 
(7.3) 

To calculate «, 

mediately 


use is made of the fact that im- 
behind the shock the vibrational 
energy Ey is that appropriate to the free stream 
conditions because of the lag in adjustment of 
this mode. Thus 


Evinl T,) 
inf T) 


inf T 
RO T 1). 
the latter expression coming from the assump- 
tion of a quantized harmonic oscillator, and 
4, (= 3340°K for N,) being the characteristic 
temperature for vibration. For the conditions 
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of this experiment, the second term in the ex- isentropic, perfect gas flow is justified for the 
pression for «, is negligible compared with the — scale of this experiment. 
first. To go further with the analysis of the possible 


As a check on the validity of (7.3), setting effects of relaxation would require following the 
r *. B — Oshould give the perfect gas density. flow on other streamlines. This will not be done 
In particular, for the conditions of the N, test, at present. However, in Fig. 7.2 the streamlines 
(7.3) with 8 — 0 gives the perfect gas Stagnation determined by the method of Section 4 are 
density to within | per cent. For the continuum shown; the velocity was also obtained, and inte- 
model of the gas which is used here it takes an grating this along the streamlines gives the time 
infinitely long time to reach the stagnation 
point. Therefore for any finite + the equilibrium 
Stagnation density could be calculated from 


4 4 L i 
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€ 
Fig. 7.1. Density ratio on the axis. Stagnation point 
atx = 0 2 
N2M, 5-017 
Perfect gas (8 — 0) if os 
Relaxing N2 (8 — 0-115) 
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(7.3). This value turns out to be within | per 
cent of an independently calculated stagnation 
density assuming equilibrium flow throughout. Rs 


These checks give one some confidence in Fig. 7.2. Streamlines in nitrogen. The triangles 
represent 10 microsecond elapsed time from the 
shock wave along the indicated streamline 


using (7-3) for a relaxing gas. 
For the N, test, with the pressure behind the 

Streamlines 
shock 7:5 atmospheres and the temperature Nitrogen 
1720°K, + 28 microseconds is estimated. Mx = 5017 
(Actually there is a fair amount of uncertainty 
in this estimate.) This gives 8 — 0-115. In Fig. 7.1 for a fluid particle to travel a given distance. On 
are shown the calculated density for relaxing three streamlines points are marked for 10 
N,, B 0-115, the calculated density for a microseconds travel time, i.e. approximately one- 
perfect gas, 8 — 0, and the experimental points. third the relaxation time that was used for the 
This shows that the major deviation from perfect axial streamline analysis. Especially for the 0-1 
gas behavior takes place in a tiny layer near streamline. since the pressure and temperature 
the stagnation point. The grid size of the experi- drop considerably, the assumption of constant 
ment is too coarse to detect this predicted layer. 7+ would be poor and +r would increase. Thus a 
Thus it is concluded that the assumption of locus through the points of constant time would 
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appreciably overestimate a “vibrational excita- 
tion layer”. This gives further weight to the 
assumption of isentropic, perfect gas flow except 
in a small, inaccessible layer. 

It is interesting to consider the test in air, for 
which only density data is available at present. 
For the axial streamline a calculation similar to 
that for N, was made assuming that O, relaxes 
but N, is frozen. This is in conformity with what 
was found for the case of pure N,. This was also 
found by Blackman‘ for the flow behind a 
shock wave in a shock tube experiment. In 
addition Blackman concluded that for mixtures 
of O, and N, the O,-N, collisions are 40 per cent 
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Fig. 7.3. Density ratio on the axis. Stagnation point 
at x 
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2:77) 


as effective as the O,-O, collisions in exciting the 
O, vibrations. This is included in the calcula- 
tions by increasing the partial pressure of O, 
over that for a 20 per cent O,-80 per cent N, 
mixture. Making use of Blackman’s data for 
pure O, and the effective partial pressure of O, 
for air. + 2-4 microseconds, and 8 = 2-77 is 
obtained. 

The results of the calculation are shown in Fig. 
7.3 together with the perfect gas case for 8 — 0 
and the experimental points. The density ratio 
at the stagnation point is 5-43 for a perfect gas 
whereas the experimental result is 5-76, ice. 
6 per cent higher. For relaxing O,-frozen N,, 
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the calculated density is slightly lower than the 
experimental points: 3 per cent at the stagnation 
point. One reason for this discrepancy might be 
that the N, is not completely frozen: however, 
since the difference is close to the size of the 
experimental error, no firm conclusions can be 
made 


8. DISCUSSION 

The present experiments with spheres are the 
simplest ones that could be performed on free 
flight models. Because of the spherical symmetry, 
no problem of yawing motion or non-axi- 
symmetric flow was encountered in the regions 
examined (the wake flow was not considered) 
Considerably more effort is required for a suit- 
able interferogram of a general axisymmetric 
missile. 

The advantage of free flight conditions for 
interferometry becomes apparent when the 
present interferograms are compared with ones 
obtained in wind tunnel tests; the undisturbed 
fringes are straight, and free from the waviness 
sometimes encountered in tunnel flows. 

Larger models than the ones used here would 
be helpful in providing more data points for the 
same fringe spacing, and the size of the inter- 
ferometer field is adequate for models several 
times larger. However, larger models require 
considerably more energetic launchers to achieve 
the present velocities, and none were available 
when these tests were made. The shock stand- 
off distance was actually smaller than 4 in. in 
these tests: a larger model would increase this 
distance and help give a better determination of 
the density. 

In recompense, however, since only a small 
region of the interferometer plates was used, 
no corrections for plate imperfections were 
needed. Investigations for the fringes indicated 
that the portion of the fringe field employed was 
uniform to within iy of an undisturbed fringe 
spacing: this is somewhat smaller than the error 
in a single measurement of a disturbed fringe 
location, found to be about ,\, fringe spacing. 

No corrections were made for shock wave 
refraction on the fringe shifts. These effects 
should be largest in the region just behind the 
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shock; nevertheless, computations based on 
geometrical optics (Snells law) predict that for 
these tests refractive effects on the fringe shifts 
would be negligibly small, and the error in shock 
location comparable to the random error of 
shock measurement. Hence, no special effort was 
made to correct for refraction. Such simplifica- 
tion would not, of course, be acceptable for 
significantly higher upstream density. The density 
for these tests was purposely chosen to insure that 
refraction would not seriously distort the fringes 
between the body and the shock. With stronger 
refraction, light rays at large incident angles on 
the curved shock can be deviated enough to miss 
the natural stops (e.g. the rotating mirror face) 
of the optical system, with consequent loss of 
fringes. This is vexing when a higher upstream 
density is desirable, for example, when a shorter 
vibrational relaxation distance is wanted. But, 
as noted previously, the present technique is 
incapable of determining the density precisely in 
a thin layer behind the strong shock. If experi- 
mental data are necessary here, as in flows with 
short relaxation times, a more critical analysis 
of the interferometric technique is required. 
Far more effort than was expended here would 
be required to conduct similar experiments at 
higher temperatures. For example, at tempera- 
tures high enough for significant dissociation of 
diatomic molecules, the relation between density 
and refractive index would be more complex. 
In the standard axisymmetric density reduc- 
tion.“ this relation is assumed linear, making 
use of the specific refractivity found in Volume 
VIL of the International Critical Tables. As 
shown by Alpher and White, this assumption 
is no longer justified when dissociation or ioniza- 
tion occurs. However, it still seems to be valid 


when only vibration excitation is encountered as, 
for example, in the experiments of Blackman. “" 

It is hoped to continue this work to consider 
cases where the flow is not in equilibrium over a 
considerable This would seem most 
fruitful in view of the paucity of experimental 
and theoretical treatments of these types of flow. 


extent. 
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1. INTRODUCTION 

One of the most serious problems confronting 
the designer of high-speed vehicles is the large 
temperature rise associated with supersonic 
flight. As these heating problems may consider- 
ably influence design of vehicles, the heating 
rates for all possible modes of a vehicle’s opera- 
tion must be established closely. Thus, experi- 
mental measurement of heat transfer coefficients 
is needed 

Investigators have thus far used techniques for 
measuring heat transfer coefficients which make 
use of conducting rods, recording total heat in- 
put at the surface and thermocouples mounted in 
thin skins measuring transient response to a 
temperature step change. 

The application of the conducting rod tech- 
nique for measuring heat transfer coefficients is 
illustrated in Fig. 1. The metal rod is insulated 


MEAT SINK 
ATION 


Fig. |. Determination of heat transfer coefficient by 
means of a conducting rod. 


along its length with one surface exposed to the 
heat input and the other to a heat sink. Thermo- 
couples mounted in the rod near the heat input 
surface record variation of temperature along the 
rod. Heat transfer coefficients are given by 


h=K (‘ 
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which is a statement of heat balance at the ex- 
posed surface. The quantity K is the thermal 
conductivity of the metal rod, d7,,/dx is the 
temperature slope at the exposed surface, 7, 
the wall temperature, and 7, the effective gas 
temperature. This method necessitates the evalua- 
tion of the temperature slope at the exposed 
surface which requires a multiplicity of tem- 


perature measurements and a careful analysis of 


data near the rod end 

The transient step method for determining heat 
transfer coefficients by measuring the wall tem- 
perature response to a step change in temperature 
is illustrated in Fig. 2. The step change in tem- 
perature is induced on the model by lowering 
the model temperature by means of a coolant 
which is pumped between the model and a set 
of shoes which fits over the model. The shoes 
are suddenly retracted and the model is exposed 
to the free stream. The heat transfer coefficient 
is determined from the rate of change of skin 
temperature. The equation 


dT, 
per dé! — T, 


states the relation between the convective heat 
transfer and the rate of storage of heat in the 
metal skin and is used to determine the heat 
transfer coefficient 4. The quantities pct are 
properties of the metal skin, (d7,,/d@) the slope 
of wall temperature against time, 7; the effective 
gas temperature, and 7, the wall temperature. 
The technique requires an accurate determination 
of the rate of change of wall temperature. 

An important requirement of any technique for 
measurement of heat transfer quantities is 
simplicity, both in the instrumentation and 


7 
: 
: 
As 
he 
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methods of application. Multiplicity of thermo- 
couples for obtaining heat transfer quantities 
adds complexity, both to the calorimeter itself 
and the data reduction procedure. The tempera- 
ture step technique has proved to be successful 
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2. SINUSOIDAL OSCILLATION 
TECHNIQUE 
The principle of the sinusoidal oscillation 
technique is illustrated in Fig. 3. With this tech- 
nique the gas temperature is oscillated with a 


is) 
Tg -Tw 


Fig. 2. Measurement of heat transfer coeffici 


in reducing the complexity of heat transfer 
measurements, but it requires large temperature 
step inputs, which are difficult to impose. It 
would be desirable, therefore, to have a method 
which is simple to use and in which measurements 
are made under nearly isothermal conditions. A 
new method is developed in this paper which 
makes use of the response of skin temperature 
to sinusoidal free-stream temperature oscilla- 
tions. With this technique, small free-stream 
temperature oscillations can be used, thereby 
providing nearly isothermal conditions. 

A similar technique is described elsewhere.’ 
The theory was derived independently, but this 
paper presents the first theoretical results. 
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ent by means of a step input in temperature. 
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Fig. 3. Measurement of heat transfer coefficient by 
means of sinusoidal temperature oscillations. 
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constant amplitude of about 15°. As the gas 
temperature rises, heat flows into the model skin 
and the wall temperature rises. When the gas 
temperature drops below the wall temperature 
heat flows out. Thus, as the temperature of the 
fluid flowing over the metal skin is oscillated, the 
wall temperature will also oscillate. Assuming 
one-dimensional flow in a thin metal skin and 


= 
= 


AMPLITUDE 
RATIO 


FORCING FREQUENCY 


w and the time constant + defined by Equation 
(4). 

The characteristic wall temperature response to 
a sinusoidal forcing temperature is shown in 
Fig. 4. The upper curve is the amplitude ratio, 
which is defined as the ratio of the wall tempera- 
ture amplitude to wall temperature amplitude at 
a very low frequency. The lower curve is the 
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Fig. 4. Theoretical wall temperature response 


neglecting radiative and conduction heat trans- 
fer, since the temperature amplitude is small. 
the heat balance is described by 


d7 


dé T (3) 


pcl h (4) 


where + is the time constant and is defined by 
equation (4). The quantities pct are known pro- 
perties of the metal skin and / is the heat trans- 
fer coefficient. In response to a sinusoidal oscilla- 
tion In gas temperature of angular frequency w, 
the steady-state wall temperature response is 
given by 


AT, 


— [sin 
Ol T*) 


tan '(wr)!] (5) 
Therefore, as the gas temperature is oscillated. 
the wall temperature will lag the gas temperature 
by an angle tan‘ (wr). The amount of phase lag 
will thus depend on the known forcing frequency 


phase shift, that is, the amount the wall tempera- 
ture will lag the gas temperature. Equation (4) 
shows that the heat transfer coefficient / can 
The 
time constant + can be obtained from the mea- 
sured phase shift angle, that is, tan-' (wr) [from 
Equation (5)] and the known forcing frequency 
w. When the quantity wr becomes equal to one, 
the phase shift angle is 45 


be obtained if the time constant + is known 


Thus, the time con- 
stant 7 is the reciprocal of the forcing frequency, 
in radians per second, at which the phase shift 
is 45 . The time constant can also be determined 
from the amplitude ratio curve by drawing an 
asymptotic line at a slope of 45 
of this line with a temperature amplitude ratio 
of | also occurs at a frequency whose reciprocal 
is the time constant 

In order to demonstrate the use of this tech- 
nique, an experimental investigation was con- 
ducted in the 10 10 ft supersonic wind tunnel 
at the NASA Lewis Research Center. A sche- 
matic diagram of the installation is shown in 
Fig. 5. A direct fired gas heater introduces sinu- 
soidal temperature the 


The intersection 


oscillations into free 
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Stream by sinusoidally oscillating the valve 
which meters the gas to the burner cans. The 
free-stream temperature was oscillated +7} 
about mean temperatures of 240° and 300°F at 
Mach 2-0 and 3-0, respectively. 

Heat transfer measurements were made on a 
10° stainless steel cone 0-032 in. thick which 
was 30 in. long. An analysis was made to deter- 
mine the error in the measured time constant 
caused by heat conduction through the skin. 
The maximum error was determined to be 1-5 


GAS BURNERS 


FLOW C> 


GAS ACTUATOR 
VALVE 


Fig. 5. Schematic diagram of temperature control system for the 10 


PHASE SHIFT, 
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per cent of the measured time constant and was 
thus neglected. Six thermocouples were mounted 
in the skin at different axial stations along the 
cone. The gas temperature was measured on a 
high response thermocouple located outside the 
boundary layer. Both gas temperature and wall 
temperature were recorded on an oscillograph. 
A reproduction of a typical oscillograph trace 
showing gas temperature and wall temperatures 
is shown in Fig. 6. For this trace, the gas tem- 
perature was oscillated at a frequency of 0-03 c/s 
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OSCILLOGRAPH 
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Fig. 6. Temperature time history measured on the 10° cone, f 
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and a temperature amplitude of +-74°. Wall 
temperature amplitudes were about —1}°. The 
phase shift shown ts about 45 

Phase lag and amplitude ratios at a point 14 
in. from the cone apex are shown in Fig. 7 for a 
range of forcing frequencies from 0-01 to 0-1 c's 


curves calculated from Equation (5) and de- 
termined from the measured time constants for 
laminar and turbulent flow and agree well with 
data. Because of the low wall temperature 
amplitudes obtained at higher forcing frequen- 
cies, the amplitude ratio data did not agree well 


Fig. 7. Phase lag and amplitude ratio for laminar and turbulent flow 
Mo 2-0, Laminar flow 
Mo 3-0, Turbulent flow 
@ Temperature amplitude, 30 
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Fig. 8. Distribution of heat transfer coefficient on the 10 cone at zero angle of attack 
Laminar B.L., Mo — 2-0 
Turbulent B.L., Mo = 3-0 


Data are shown for laminar flow and turbulent 
flow on the cone for Mach 2-0 and 3-0, respec- 
tively. Turbulent flow was induced by adding 
roughing to the apex of the cone. Time constants 
were determined from the phase shift data and 
were 1-62 sec for turbulent flow and 5-28 sec for 
laminar flow. The dashed lines are theoretical 


The solid symbols were taken at an amplitude 
of double that for the open symbols (15 ). 
Agreement between open and solid symbols 
establishes that the determination of time con- 
stant is independent of forcing amplitude. Thus, 
an amplitude can be used, provided that it is 
large enough to permit phase shift measurements. 
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It should be noted that forcing frequencies used 
were low. High values of heat transfer coeffi- 
cients can be measured at forcing frequencies 
no higher than | c/s. 

Heat transfer coefficients are presented in the 
form of Stanton number in Fig. 8 for several 
locations along the cone for laminar and turbu- 
lent boundary layers. Comparison with theore- 
tical curves, *) show good agreement. The 
Shaded area shows approximately measured 
values obtained from the step technique at about 
the same conditions. “ 


3. CONCLUDING REMARKS 

Experimental data have demonstrated that 
local heat transfer coefficients can be determined 
with good accuracy, using the sinusoidal oscilla- 
tion technique. The data were obtained with small 
temperature oscillations (3 F) about equilibrium 
wall temperatures. Phase lag and amplitude 
ratio measurements were obtained after the 
transient effects had vanished. Thus steady-state 
heat transfer coefficients were obtained under 
essentially isothermal conditions. 

The application of the sinusoidal oscillation 
technique is particularly useful. It permits 
measurement of heat transfer coefficients without 
the necessity of evaluating a temperature slope, 
which ts inaccurate. This technique avoids the 
use of either cumbersome shoes or starting and 
stopping tunnel facilities to induce step changes 
in temperature on the heat transfer model 
Heater systems in large testing facilities, which 
are not suitable for introducing step changes in 
temperature, may be ideally adaptable to the 
sinusoidal oscillation, as this investigation has 
shown. Thus heat transfer studies may be made 
on larger and more complicated models, or in 


TECHNIQUE FOR MEASURING HEAT TRANSFER COEFFICIENTS 357 


those problem areas where large changes in 
flow conditions cannot be tolerated. 


APPENDIX: SYMBOLS 


specific heat of skin, B.t.u./(Ib) OR) 

¢, Specific heat at constant pressure, B.t.u./(Ib) 

f forcing frequency, c/s 

h local heat transfer coefficient, B.t.u./(sec) 
(ft?) 

K thermal conductivity, B.t.u./(hr) (ft) (/R) 

L characteristic lengths, ft 

M Mach number 

T temperature, R 

T average temperature, 

AT temperature amplitude, R 

t skin thickness, ft 

U velocity, ft/sec 

x distance, ft 

# time, sec 

p density, Ib/ft*® 

7 time constant, sec 

d phase lag angle, degrees 

w forcing frequency, rad/sec 


Subscripts: 
G gas conditions 
w wall conditions 
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Abstract—A study of diffusive charge separation effects on the shock structure in a totally ionized 
hydrogen plasma has been made using alternatively a simplified form of the Navier-Stokes equations 
and a simple kinetic theory model. The proton and electron densities and the electric field have an 
oscillatory fine structure, of the order of the Mach number, ._/#/, times the Debye length, Ap, and over- 
shoot their final Rankine—Hugoniot values. These oscillations decay exponentially with a relaxation 
distance proportional to the mean free path. The peak ratio of the electric field energy to the plasma 


1. INTRODUCTION 

With the ever-increasing use of hypersonic 
rockets and satellites, the problem of shock 
propagation in an ionized gas assumes major 
importance. This paper discusses the shock 
structure in a completely ionized hydrogen 
plasma, with particular reference to diffusion 
and consequent charge separation and macro- 
scopic electric field production inside the shock 

In a very early paper Cowling" had dis- 
cussed the influence of diffusion on the propaga- 
tion of shock waves through a gas-mixture. The 
differences of pressure (and temperature) in a 
shock wave give rise to diffusion. The direction 
of the diffusion is such that the heavier particles 
move towards the higher pressure (and tempera- 
ture) regions. The effects are small when the 
masses of the components of the mixture are not 
appreciably different. But when there is a large 
mass ratio (as between protons and electrons), 
diffusion effects are quite comparable with those 
of viscosity and thermal conduction in deter- 
mining the shock structure. Cowling makes the 
following remarks in his paper, that are relevant 


to our case: “There is observational evidence of 


the existence of velocities comparable with the 
velocity of sound in stellar atmospheres; in the 


resulting shock waves the mutual diffusion of 


ions and electrons would be important.” 
Cowling considered a gas-mixture of hydrogen 

and oxygen molecules. In a plasma, the separa- 

tion of the ions from the electrons will polarize 


thermal energy is appreciable, and increases rapidly with . # 
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medium and create an electrostatic field 
which will work against the charge separation 
Denisse and Rocard estimated that the elec- 
tric polarization would be a very effective means 
of limiting the diffusion effects in the solar at- 
mosphere. They however conceded that the 
polarization could be important in an atmos- 
phere more concentrated than the solar. 
Experiments at Los Alamos indicated the 
existence of a positive electric potential in strong 
gaseous shock fronts, the strength of the poten- 
tial increasing rapidly with the shock strength. 
Bond, by a theoretical analysis based on toniza- 
tion relaxation, obtained results in qualitative 


the 


agreement with these experiments. The ioniza- 
tion starts from atom-atom collisions and subse- 
quently builds up rapidly behind the shock by 
electron—atom collisions. This creates an elec- 
tron density gradient in the gas, that makes the 
electrons diffuse out to the front. The ions, on 
on account of their greater mass do not share 
in this diffusion. The consequent charge separa- 
tion and electric field soon prevents the electron 
diffusion 

Bond found the charge density due to the 
diffusion of electrons toward the shock front to 
be relatively small and to occur in a distance 
roughly of the order of the Debye length. 
Hence, a positive potential difference and a large 
electric field was established in the shock front 
Bond used his analysis to estimate the time 
required to reach ionization equilibrium behind 
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a strong shock wave in argon. Petschek 
reconsidered the problem, taking account of the 
fact that in ionization by electron—atom colli- 
sions, the electrons have inelastic collisions that 
cool them to a lower temperature than the atoms. 
He performed diffusion potential measurements 
and obtained the electron density gradient from 
the electric field. This was found to be in agree- 
ment with the values obtained from measure- 
ments of the intensity of the continuum radiation 
from the gas. 

Tidman® and Jukes“ have analyzed the 
shock structure in a plasma. The electric field 
due to charge separation, however, appears 
indirectly in their works, as in Bond’s analysis, 
and is estimated only after the shock structure 
has been determined. In the present paper, the 
effect of the macroscopic electric field is taken 
into account exactly by a self-consistent field 
analysis. Both the hydrodynamic theory (Sec- 
tion 2) and a simple kinetic theory model 
(Section 3) have been used and lead to similar 
results. An especially noteworthy feature is that 
the charge separation effects lead to a qualitative 
change in the shock structure: the density transi- 
tion is no longer monotonic as in a shock in a 
neutral medium, but has an oscillatory fine 
structure (of the order of the Mach number times 
the Debye length) and overshoots the final 
Rankine-Hugoniot condition density. The dis- 
tance in which the oscillations decay to l/e, 
which can be taken as the shock width, is pro- 
portional to the mean free path. Further, the 
peak electric fields found are large and increase 
rapidly with the strength of the shock. 

The transport equation, which Tidman uses 
to determine the variable densities in his Mott- 
Smith calculation, does not contain the electric 
field, and thus Tidman does not find the oscil- 
latory shock structure reported here. Krook“? 
in a recent paper gives a systematic extension of 
the Mott-Smith method, and finds that in a low- 
order approximation of this method the electric 
field inside the shock vanishes exactly. However, 
in higher orders of Krook’s method, the electric 
field no longer vanishes, and Krook finds oscil- 
latory electric fields which are similar to those 
reported in the present paper both in magnitude 
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and in the characteristic length for the oscilla- 
tions.+ In a very recent paper ‘*) on the structure 
of hydromagnetic shock waves, Davis, Liist and 
Schliiter find similar oscillations, though in a 
different context. 


2. HYDRODYNAMIC THEORY 
1. The Model and the Equations 


(a) Simplified Two-Fluid Model of the Shock 

The model of a shock in a totally ionized 
medium considered here is an extension of a 
model considered by Cowling? if the only dis- 
sipative mechanism broadening the shock ts the 
relative diffusion between two different species. 
Following Cowling, we assume that the tem- 
peratures of the two species are equal at each 
point in the shock profile, and that the mean free 
path, A, for collisions which damp diffusion is 
constant through the shock.? Our extension of 
Cowling’s model consists in allowing the two 
components to carry charges e and —e, where 
e is the magnitude of the protonic charge. We 
will carry through the discussion for a fully 
ionized proton-electron plasma, and will neg- 
lect the ratio of the electron mass, m, to the 
proton mass, ,, in comparison to |, throughout. 
The extension of this work to a system in which 
the components carry charges Z,e and — Z,e and 
both masses are comparable, is straightforward 
We will assume that the proton and electron gases 
obey the ideal gas law and that both gases have 
the specific heat ratio 5/3. 


(hb) Definitions and Kinematical Relations 

In this sub-section the variables 
which we will use in the paper, and derive useful 
kinematical relations between them. For easy 
comparison with Cowling, we use his hydro- 
dynamic variables; however to make this work 
self-contained we repeat the definitions of these 


we define 


variables. 
We consider a steady, plane shock in the frame 


+ We thank Professor Krook for communicating his 
results prior to publication 

* The assumption that A is constant does not affect the 
qualitative results obtained for weak shocks. 
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of reference in which the coordinate axis moves 
with the shock front velocity. We let the positive 
direction of x point toward the dense region 
behind the shock. The superscripts (1) and (2) 
refer to the limits as x ~ and x x (in 
“front” of and “behind” the shock) respectively 
The subscripts p and e refer to the protons and 
electrons respectively. 

We take w,. u, to be the flow velocities, and 
m,u,)/m, to be the 
The number densities of the 
and the total number 


ul m,) U, 
mean flow velocity 
components are 
density ism —n, + n,. The fractional concentra- 
tion of protons ts / 
the fluid is p The 
specific volume r is p~'. The mass flux per unit 
unit time is M pu. The hydro- 
static pressure is p. The electric field strength ts 
E. Finally the net charge density 1s g (n, 

and the current carried by the shock is 


m,n mn, 


area per 


ne. 
J nu, ye 


From the definitions of p and /. 


and 


=. (2b) 
m,ft 


Using the definitions of 
(2a. b), we find 


VM. J and equations 


Mr. (3a) 
and 
m,J 
(3b) 
(c) Boundary Conditions 
We require that our shock model be steady 
(time independent), one dimensional (all variable 
quantities depend on x only), and uniform at 
distances from the transition region 
(gradients of hydrodynamic variables and of the 
electric charge density and field vanish in front 
of and behind the shock). These conditions, for 
the hydrodynamic variables, are quite familiar. 
We add the remark that, if no approximations are 
made, these conditions imply that the charge 


large 


n,/n. The mass density of 


density and electric field vanish at both ends, 
and that the total current (which is conserved) 
vanishes throughout the shock.” 
when the Joule heat can be neglected, the shock 
can carry a current, and then the electric field 
cannot vanish at either end, but—together with 
the pressure and density—obeys a set of ex- 
tended Rankine—Hugoniot relations. 


However. 


(d) Shock Structure Equations 

We will make free use of the formulas in sub- 
section I(b) and of standard formulas for the 
transfer properties of a two-fluid system.‘ 
With the continuity equations for each species 
taken into account, the shock structure equations 


for our model are 
d 
dx | 


Mpvf ) 


f dp 
‘| pdx 


df e(| 
dx 


dE 4re(2/ 
dx m,vf 


(30'/5p')M is the Mach number of the 
shock. Equations (4)-(7) are the equations for 
momentum transfer, energy transfer, relative 
diffusion of the two species, and Poisson's 
equation respectively. 


(e) Dimensionless Shock Structure Equations 

For further analysis of the shock structure 
equations it is convenient to write them in 
dimensionless form. The remainder of this paper 
is concerned only with shocks which carry no 
current; we write down the dimensionless shock 
structure equations for this case only. 

The dimensionless equations are: 


a +- 7), 


¢* + 10nhd = 2b = 4r, 


19) 
| 0 (4) 
dx \ 2 
rey 
(1) 
3 m, \M 
| 
| 2a/ \10m,).4 
(6) 
( 7 ) 
(4) 
(5’) 
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dx 
ha dz 


3 m 1 Ae 
V- 
(6 
20 m, F; Ap wh? (6) 


A(1 2h) 3 / m, \ | 
l h 2 10m, F 

d dh 

— h) dz 


7 
dz 60 Ap hd 
where the reduced variables are 
p(x) ax) E*(x) 
m2) Mer) vey 82 
Wz) = fix), z 


The relevant lengths in the problem are A, the 
mean free path for proton-electron collisions. 
and Ap, the Debye shielding length. The ratio 
of these lengths, A/Ap, characterizes the static 
properties of the plasma in front of the shock.+ 


* The characterization of the quiescent plasma by the 
dimensionless ratio A/Ap can be replaced by a 
characterization of the quiescent plasma in terms of the 
temperature, T, and electron density, mt, by using the 
formulas (given by Chapman and ( owling): 


= 
Nn 2e? log + UAT 
kT) 
Ap 
Ron Ne? 
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The Mach number, .#, gives the shock strength 
and is related to the inverse compression ratio. 
by 

— 3/(4r — 1) (8) 


2. Study of the Shock Structure Equations in a 
Phase Plane 
(a) Continuous Solutions 

The shock structure equations (4d)-(7d) are 
equivalent to a pair of first order, non-linear 
equations in the reduced specific volume, 4, and 
electric field, «: 


dd 2 10m 
: 7(2 2h 
10, | 42 
de 


1 A 
d- 60 hd 


2b] = g, (4, €), (9) 


= «). (10) 


where 
2h — 
h =. (11) 
lOd(a — + €*) 
This sub-section summarizes the phase plane 
analysis” of equations (9) and (10). The phase 
plane“) in 4, € is shown in Fig. 1, in which are 


Fig. |. Phase plane in the specific volume, 4, and electric field, «. 
isocline of slope 0 (locus where g2(4, «) 0) 


----- isocline of slope ~ (iccus where gi(d, «) 0) 


- critical line of slope 0 (locus where gi(¢, <) = 0) 


F: (1,0) corresponds to the front of the shock and is reached at Z L 


B: (7,0) corresponds to the back of the shock and is reached at Z 
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illustrated those isoclines of zero and infinite 
slope of de/d¢ that are 
important for the physical results. There are 


two singular points of importance, the points F 


and B. which correspond to the front and back 
of the shock respectively. The point F is always a 
saddle point: for A/Ap finite, the point B is 
either a focus or a node for the shocks of low 
Mach number which we will consider in this 
section. The critical value at which B changes 
from focus to node is 


A 
| 


24 + 27) (12) 


where foci occur for A/Ap (A/Ap)w-r and 
nodes for A/Ap (A/Ap)y_r. It can be shown 


é 
4 


analogous to the oscillations of the current as a 
function of time in a discharging R-C circuit. 
In the latter case, oscillations also occur when 
there is little dissipation (large C/R), and damped 
solutions occur when there is a large amount of 
dissipation (small C/R).+ Note that for this 
shock wave in a plasma, the density always 
overshoots the final Rankine—Hugoniot con- 
dition density in back of the shock. The non- 
monotonic density transition in this shock 
differs from the monotonic one which occurs in a 
shock in a single component, neutral gas. 


(bh) Discontinuous Solutions 

The present model of a shock broadened only 
by diffusion (or, equivalently, broadened only by 
a finite conductivity) does not allow a continu- 
ous shock transition for all Mach numbers 


Fig. 2. Focal and nodal solutions in the phase plane (ec, 4). 
focal solution 
nodal solution 
The direction along the solution curves is given by the direction in which the distance parameter Z increases 


that there are solution curves ¢ d=) and 
€ e(z) which join the points F and B, and 
along which the distance parameter z varies from 
minus to plus infinity. These solutions give the 
values of the specific volume and electric field 
inside the shock transition. Typical focal and 
nodal solutions are shown in the phase plane 
in Fig. 2, and in space in Fig. (a), (b). The 
node-focus condition is plotted in Fig. 4. 

The oscillatory (focal) solutions occur when 
there is little dissipation (large A/Ap): while the 
damped (nodal) solutions occur when there is a 
large amount of dissipation (small A/Ap). These 
oscillations in electric field as a function of 
distance through the shock wave are roughly 


This feature is shared by Cowling’s model of a 
neutral, diffusion-broadened shock." Mathe- 
matically, the discontinuity in the shock transi- 
tion is associated with the critical line in the 
phase plane (see Fig. 1). The families of solution 
trajectories on opposite sides of the critical 


+ For the case of no dissipation (A/\p — ~), the 
singular point at the back, B, becomes a center, and the 
trajectories in the phase plane are closed curves around B 
(See Fig. 2.) This situation is discussed in Reference 10 
under the heading o-- ~, (o « A/Ap). In particular, the 
solution starting from the front (which previously 
corresponded to the shock transition) returns to the 
front, and thus, now corresponds to a finite amplitude 
solitary wave, rather than a shock wave. The solution 
« e¢) for this case can be found in closed form. 
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be 
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Be 
F a 
= 
4 
a 
; 


SHOCK STRUCTURE IN PLASMA JETS 363 


line either both point towards the critical line, 
or both point away from it; thus a solution which 
reaches the critical line cannot cross this line, 
and must suffer a discontinuity.) The physical 


only the thermal conductivity is included as a 
broadening mechanism. “*) In this classical case, 
inclusion of the dissipation due to viscosity 
allows a solution which is everywhere continu- 


Fig. 3. Oscillatory (focal) and damped (nodal) solutions in space. 
(a) Oscillatory solution (focus at back) 
(b) Damped solution (node at back) 


reason for the occurrence of discontinuous solu- 
tions is the neglect of some of the dissipative 
mechanisms. Solutions which have a discon- 
tinuity also occur, above some Mach number, 
in the classical theory of neutral shocks when 


ous for all Mach numbers. We expect that in- 
clusion of viscous dissipation in the present 
model will have the same effect. In this section, 
we only discuss the continuous (weak) shock 
transitions; we defer the stronger shocks to a 
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later work in which viscosity will be included 
The Mach number, .#%, above which discon- 
tinuous solutions occur, as a function of A/Ap. 
has been found numerically using a 650 IBM 
machine. The result is shown in Fig. 5, which 
indicates that for values of A/Ap > 50, suchas are 
found in a hydrogen plasma under most con- 
ditions. the solutions are continuous up to 
Mach number 1-169. and have a discontinuity 
at some point inside the shock for greater Mach 
numbers 


FOCUS 


an accuracy of 10-° or 10~*). The integration of 
(9. 10) was started at G with the value z 0 
arbitrarily assigned to G. The Runge-Kutta 
method was used for the integration. The inte- 
gration was carried out so that the computed 
values of 6 and « are accurate to at least | per 
cent 


(h) Numerical Results 


A series of eighteen continuous solutions of 
the equations were found numerically. Six 


SADDLE 


1.966 2.0 2.5 


Fig. 4. Node-focus condition 


3. Integration of the Shock Structure Equations 


(a) Method of Integration 

The simultaneous equations, (9, 10), have been 
integrated numerically using a 650 IBM machine 
An outline of the method of solution follows 
The solution is uniquely determined at the front, 
i.e. at the point F:(1, 0). However, it is not 
possible to start the integration of the equations 
(9, 10) from F, since at F the parameter = zt 
However, the equation 


can be integrated in the phase plane starting 
from F to determine a single point G away from 
F. This point G was found very accurately (to 


values of A/Ap varying by four powers of 10 
were used.+ and at each value of A/Ap the inte- 
gration was performed for three Mach numbers. 
The results are shown in Tables |, 2, and 3. 
Table | shows whether the solutions are foci or 
nodes, and gives the ratio of the maximum 
electric field energy density to the pressure at 
that point in the shock, and the maximum 


* The smaller values of A/Ap» do not occur in a fully 
ionized hydrogen plasma. These values were considered 
here for two reasons: first, to understand the interplay of 
\and A» in determining the shock structure, and secondly, 
because the smaller values of A/Ap may be reached in 
mixtures of plasma and buffer gases. Values of A/Ap 
larger than those considered here do not change the 
shock structure qualitatively. 
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CONTINUOUS 


T 


CONTINUOUS 


DISCONTINUOUS 


1.0 1,169 


1, 966 2.0 


Fig. 5. Conditions for continuous vs. discontinuous solutions. 


fractional proton concentration. Table 2 gives 
the ratios of the half widths 4, and 4, of the 
single oscillations in « and 4 to the mean free 
path and Debye length for the focal solutions, 
and gives the 4, ratios and the ratios of the 
hydrodynamic shock thickness 4, (in place of 
those of 4.) for the nodal solutions. These 
widths are illustrated in Fig. 6. Table 3 gives 
the maximum magnitude of the electric field 


strength in volts/em, and the maximum net 
charge density for typical conditions of the 
quiescent plasma 


(c) General Features of the Shock Structure 

The results of the numerical integrations indi- 
cate some general features for the shock struc- 
ture. The ratio E*max/8MP for fixed A/Ap. varies 
rapidly with Starting from zero for 


365 
| 
Ay 
100.0 | 
| 
| 
| 
| 
| 
| 
10.0 
| 
| 
| 
1.0 
| 
0.1 
| 
| 
i 
| 
| 
0.01 — 
2 1.5 
3 


HARI K. SEN, OSCAR W. GREENBERG and YVAIN M. TREVE 


ted graphically 


Fig. 6. Widths of electrical and hydrodynamic variations 


(a) focal solution 


(b) nodal solution 


Ratio of Maximum Electric Field Energy Density to Pressure and Maximum Fractional 
Proton Concentration 


Node 
or 
focus 


1-169 


1074 


1-169 
1-122 


1074 


1-169 


1-074 


0-00426 
0-00174 
0-000259 


0-00418 
0-00171 
0000231 


000425 
0-00173 
0-000228 


0-560 
0-520 
0-507 


0-560 
0-520 
0-507 


0-459 
0-520 
0-507 


(1-169 
1-122 


1-074 


0-8982 


(1-169 
1-122 


1-074 


0-O8982 


1-753 
1-291 
| 1-074 


0-008982 


000414 
0-00167 
0-000233 


000353 
0-00146 
0000222 


0-0113 
0-00198 
0-00009 2 


0-549 
0-519 
0-507 


0-525 
0-513 
0-505 


0 423 
0-479 
0-498 


h is the fractional proton concentration, at greatest deviation from neutrality 


E*max 8eP reaches the value 0-004 even for 
weak shocks of .# 1-169. For typical plasma 
conditions, these electric fields are very large, 
even for these weak shocks. As indicated in 
Table 3, the electric field reaches 41,700 volts cm 
for a Mach 1-169 shock.* This rapid increase 


* We have obtained discontinuous solutions of the 
shock equations which indicate that E*,.,,/8=p con- 
tinues to increase rapidly with Mach number for shocks 


stronger than those considered here, and that this ratio 
can be of the order of 0-4 for strong shocks. We give this 
indication of the trend of the results for high .#/, even 
though the present model is not reliable there 

The limiting wavelength, 4 of the oscillations near the 
back of the shock (as x ©) is 


m 


10m 


1A [3-25 m 

—\) 

+275 


36(. — 17 


366 
£ 
7 
2 Fmin z 
ao 
Z- 
mi 
ta) 
A 
Table |. 
or h mar h 
ay 
2 


SHOCK STRUCTURE 


IN PLASMA JETS 367 


Table 2. Ratio of Half Widths of the Electric Field and the Specific Volume to the Mean Free Path 
and Debye Length 


0-0500 
0-0620 
0-0834 


0-246 
0-308 
0-417 


0-490 
0-618 
0-796 


4-90 
5°87 
7:20 


0-8982 


50-2 
62:0 
68-2 


0-08982 


441-0 
§93-0 
910-0 


0-008982 


0-0190 
0-0363 
0-:0530 


0-0835 
0-176 
0-303 


0-195 
0-363 
0-531 


2-09 
3-55 
5-68 


29-4 
39-7 
56-8 


73-1 
713-0 
502-0 


Table 3. Maximum Electric Field Strength and Net Charge Density for a Typical Plasma 


1-50 
3-00 
Typical plasma conditions 


(volts/cm) 


1-169 
1-122 


1-074 


10'* cm 
10° K 


6-20 
6-90 


cm 
10°-* cm 


10° dynes-cm~* 
gm-cm 


89-82 


(10"* cm 


41,700 
25,300 
11,500 


0-537 
0-155 
0-0446 


N. is given at greatest deviation from neutrality 


with./@ is in accord with the fact that some of the 
kinetic energy of the flow in the supersonic 
region converted, charge separation 
inside the shock front, into electric field energy. 
The value of E*max/87P, for fixed is roughly 
independent of A/Ap for A/Ap 1, and 
decreases more and more rapidly as A/Ap 
decreases below |. This feature is in accord with 
the idea that the full amount of charge separa- 


is via 


tion (and electric field production) permitted by 
the Debye shielding mechanism is attained when 
A Ap, and that A Ap inhibits the charge 
separation. The relevant length for a single 
electric field oscillation is of the order of Ap for 
our case of small Mach number. For the focal 
solutions, the relevant length, 5, for the decay 
of the electric field and hydrodynamic oscilla- 
tions is proportional to A but independent of Ap 


A; 4; As 4, o4 
Ap ip \p Ap \ - 
‘1-169 4-70 1-78 
89-82 < 1-122 5-57 3:26 
1-074 7-49 4-77 
4-41 7:50 
17-96 < 1-122 5-54 3-16 
1-074 7-49 5-45 
1-169 4-60 1-82 
8-982 1-122 5-55 3-26 
1-074 7-15 4-77 
(1169 4-49 1-95 
< 1-122 §-27 3-19 
1.074 6°47 
aad 
1-169 4-49 2-75 
< 1-122 5-57 3-56 
1-074 6-13 
q 1-753 (3-96 0-657 
1-291 §-32 1-91 a 
1-074 8-17 451 
J 
P = 1:24 
p= 2-51 
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We expect that for strong shocks 4 will be of the 
order of A: however we have been unable to 
demonstrate this fact here because of the occur- 
rence of discontinuous solutions. For the weak 
(continuous) shocks, the shock width is much 
larger than A. Using the equations of first 
approximation to (9, 10) near the back, we have 
calculated the width 


5 (m,/10m,)(27 — 1). 


where 4 is the distance in which the electric field 
decays to | /e of its greatest absolute value.* For 
the nodal case. however. the numerical solutions 


indicate that the shock width is of the order of 


the Debye length. not the mean free path. The 
oscillatory structure of the shocks in the plasma 
(for A/Ap large), the decay of the oscillations 
with the mean free path, and the existence of the 
solitary wave for no collisions are analogous to 
the results found recently in hydromagnetic 
shocks in a plasma. ‘” 


3. SIMPLE KINETIC THEORY MODEL 
1. Shock Model 


There may be some question in our use of an 
hydrodynamic model to describe effects which 
occur in a distance which is a small fraction of a 
mean free path. We shall therefore give in this 
Section a kinetic theory treatment of a simple 
model. As in Section 2, we work in the frame of 
reference moving with the shock front velocity. 
the “shock coordinate” system. In this system, 
we require the shock to have a time independent 
profile. We assume that the shock is plane, and 
call the distance through the shock x. We re- 
quire the shock to be uniform at x a 
We orient the x-axis so that the flow is in the 
positive direction. Then the unshocked plasma 
flows in with a supersonic velocity, and leaves as 
shocked plasma with a subsonic velocity. We 
assume that the shock carries no current, from 
which it follows that the electric field, E, must 
vanish at both ends of the shock. Then the 


* Note that 6-- ~,.f# 
vanishing of 4 for .#/* 
rence of discontinuous solutions for ./#/* 


> 1 as would be expected. The 
27/7 is asymptom of the occur- 
27/7. 


density n™, flow velocity and tempera- 
ture 7) of the electrons and protons are the 
same at each end (A 1, 2) of the shock, and 
the standard Rankine-Hugoniot conditions 
apply relating the hydrodynamic variables of the 
uniform plasma in “front” of (A 1) and in 
“back” of (A = 2) the shock, i.e. at x DQ, 
These conditions are 


ny 
In Ok TY 


m,n 


ny) 


(m, 


(m, 


m, + 


m, 


(71, 


(m, 1OAT 


where m,, m, are the proton and electron masses, 
and k is Boltzmann’s constant. 

We describe the plasma by the electron and 
proton distribution fix. v) and 
f(x, v). We take as basic equations the kinetic 


functions. 
equations, 
of 
(%) 
cr 
with the Fokker—Planck collision terms 


where 


h(x. v) 


pee d 


m 


g(x. 


27e! g kT \3 
e 


a 


and Poisson's equation 
dE 
dx 


We make an ansatz for the distribution functions, 
and use velocity moments of the kinetic equations 
together with Poisson’s equation to obtain a set 
of algebraic and ordinary differential equations 
to determine the unknown functions in our 
ansatz. 


— n,) (6) 
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Here we describe a model+ in which the proton 
distribution function is a Mott-Smith distribu- 
tion, 


Ax, 


m 
v 
M, 


9 


2kT 


(7) 


exp | 
where e,, is a unit vector in the x direction, and 
the electron distribution function is a Maxwell 
distribution, © 


f(x. nx) 


m, 
Ax) 


(8) 


| 
exp 


2kT (x) 

As the shock structure equations, we choose 
the conservation equations for the proton and 
electron number fluxes, total momentum flux, 
total energy flux, and for transfer of the square 
of the component of the proton velocity in the 
direction of flow. 

For convenience we write these equations in 
dimensionless form using .#*A, where .@ is the 
Mach number and A the proton mean free path 
(associated with the quiescent 
plasma, as the unit of length, and m,u“)” as the 


viscosity) in 


unit of energy. The dimensionless variables are 
then 


y= x/M*r, 8 = kT/mu, 


w F = (u@/hM)f, 


g = uju™, 


in an obvious notation. The boundary conditions 


aty are 


— 0, 


€ 0, 4, am (47 


where 


+ We have also studied a model in which both distribu- 
tion functions are Mott-Smith distributions, except that 
the electron distribution has space dependent tempera- 
tures which are constrained so that they are equivalent 
to a single new variable. All the results of this model are 
qualitatively similar to those of the model presented in 
this paper. 
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is the compression ratio of the shock. At 
y + #, the boundary conditions are 


N,” 0. N,,? N, Ir. q. 


q®?) 
€ 0. 4, r)/10. 


In these variables the shock structure equa- 
tions are 

N, + = 1, (9) 

N.q, (10) 


il J 2 2 
A) N 


N, 


N,, 


N, (2) 7? 


2Ke 


Jew 


d N 
dy 


LK(N,“ (14) 
where we have used the abbreviation K 
The ratio m,/m, has been neglected 
in comparison with |. In the collision moment, J. 
we retain only the terms due to proton—proton 
collisions. = 


With this approximation, this term is 


J N,ON,®, 


d(z) 


*We are extending this calculation to include the 
electron—proton collisions. We do not expect them to 
change qualitatively the conclusions reported here, 
especially for large values of the ratio A/A p. 


+ 58, 4r. (12) 
-M=J, (13) 
Wer 
and 
where 
— ¢-(F) 
me 
= = 9" = |, F 
and 
+ 8r 2 24 
{3 erfz dx, 
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2. Pair of Differential Equations in (¢, « and ) 
We reduce the shock structure equations 
(9)-(14) to a pair of Ist order non-linear equa- 


tions. 
dé K 
= € 
1004 


(1 — (16) 


In the @, « phase plane there are singularities at 
(?") 0) corresponding to the front of the shock 
() x), and at (?, 0) corresponding to the 
back of the shock () x). The singularity at 
the front is always a saddle, and the solutions 
leaving it start with negative slope. The singu- 
larity at the back ts either a stable focus or a 
node: it is a focus if 


kK? 514 + ry (17) 


and a node if the inequality is reversed. For large 
\ Ap this singularity is always a focus. 

In space, these focal solutions consist of a 
train of oscillations which decay towards the 
back of the shock. For each oscillation, we 
define a wavelength. A, and an inverse loga- 
rithmic decrement, 4. These quantities depend 
on the amplitude of the oscillations, but ap- 
proach constant values 4 ~. A. which we call 
the “limiting” shock width and wavelength, for 
the small amplitude oscillations at the back 
of the shock. Near the back. the electric field has 
the form 

and the other variables have a similar form. The 
4’s and A’s defined for different variables do 
not differ greatly inside the shock and they all 
approach the same limiting values 4, A~ at 
the back. The limiting shock width is 

4, 71 — > 0, since <0, (18) 
and the limiting wavelength, for the large values 
of A Ap found in a plasma, is 


Ay = — — (19) 


In units with dimensions restored, these quanti- 
ties are 


[71 
A — r)/3(1 MAp, (21) 


Md, (20) 


The limiting values of 4, A« for weak and 
strong shocks are 


~ [21/20.4 ~ 1, (22) 
4s 
Ay ~ 


~ 5-85 10°? (23) 


1, (24) 


A ~ 22(35/3)' MAp, M > = (25) 


In addition to the damped oscillator solutions, 
there is, in the limit A/Ap —- ~. where collisions 
are neglected, a solitary wave solution similar 
to the one described in Section 2.2(a), footnote 


3. Numerical Results 

We have integrated equations (15) and (16) 
using an IBM 650 computer. Using the ratio of 
equation (15) to equation (16), we found, very 
accurately, a single point in the phase plane 
away from the singularity at the front. The value 
! 0 was arbitrarily assigned to this point and 
the integration was continued using equations 
(15) and (16) to find @v) and e(y). The 4th order 
Runge-Kutta integration method was used. We 
present some numerical results from the inte- 
grations in Tables 4 and 5. 

Note that the peak ratio of electric field energy 
density to plasma thermal energy density in- 
creases very rapidly with increasing Mach 
number, as does the relative charge separation 
These quantities also increase slowly with in- 
creasing A/Ap, and do not vary significantly for 
A/Ap > 1. Note also that very large electric 
fields are generated (over small distances 
~ Xp) inside the shock. 


4. Remarks 


In the present calculation the density of the 
supersonic proton stream, N,,“, becomes nega- 
tive in the regions where the total proton density 
(which is always positive) overshoots the 
Rankine—Hugoniot condition at the back. Such 
a negative partial density is necessary to obtain 
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Table 4. Maximum Electric Field Energy, Charge Separation, and Density Overshoot versus Ratio 
of Mean Free Path to Debye Length, and Mach Number 
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‘ 0-1506 
200 0:03444 
° 0-001650 


0:1493 
100 4 0-03418 
0-001644 


0:1476 
50 q 0-03388 
0-001630 


( AT, T mar 


N greatest 


)deviation max 
“from 1/2 


0-6149 2-082 
0-5440 1-463 
0-5063 1-131 


0-6132 2-062 
0-5433 1-456 
0-5062 1-129 


0-6098 2-026 
0-5420 1-443 
0-5060 1-127 


Table 5. Maximum Electric Field, Charge Separation, and Proton and Electron Temperatures versus 
Mach Number for Typical Plasma Conditions 

= 105 P = 83 » 10 dyne-cm~? A= 

= 3 x 10°°K p = 1-7 10-* gm-cm-* Ap = 8&5 


A/Ap 


E max n, max 
(volts:cm~') (cm~*) 


10° 1-6 10% 
10° 41 
10* 3-5 


(Tmax 
(°K) (K) CK) 


5:40 « 10° 5:50 10° 10° 
4-48 10° 4-49 10° 6:1 10° 


a density overshoot using the simple Mott- 
Smith distribution, because, using equation (9), 
the proton density is 


V — T)N,™/7] < 1/7, N,™ > O. 


p 


We describe below a modification of the Mott- 
Smith distribution which we expect will elimin- 
ate the negative partial density. 

To determine the stability of the distributions 
obtained in this paper, we are presently calculat- 
ing the fractional time rates of change of N,, 
Vv, N,@, and N using the time dependent 
proton kinetic equation for the transfer of 

In this paragraph we describe a modification 
(namely to allow variable flow velocities in the 
two Mott-Smith streams) of the Mott-Smith 
distribution appropriate to the charge separation 
problem. In the Mott-Smith distribution, which 


was originally proposed for a shock in a neutral 
gas, the flow velocities of the supersonic and 
subsonic streams are fixed.) The idea behind 
these fixed flow velocities is that an individual 
molecule’s velocity changes only when a colli- 
sion occurs, that in a collision the velocity 
changes so drastically that, effectively, the mole- 
cule jumps from the front to the back stream, and 
that this drastic velocity change occurs within 
the range of intermolecular forces, which is 
much smaller than any other relevant length in 
most neutral shock problems. Thus a bi-modal 
distribution with fixed flow velocities in each 
stream is appropriate for a neutral gas. In 
contrast to a neutral gas, in a shock in a plasma 
there are macroscopic electric fields which act 
continuously to change the velocities of a// the 
particles in the plasma. We propose to take this 
into account by permitting the average flow 
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velocities of each Mott-Smith stream to vary 
continuously according to the requirement that. 
for each stream separately, the sum of the average 
kinetic and potential energies be constant, 


dm, [u, OOP + — constant, 


where ¢4(x) is the electric potential. The intro- 
duction of variable flow velocities allows over- 
shoots in density to be described without the 
density of the front stream becoming negative. 
We plan to extend the work of this paper to 
include variable proton flow velocities. The 
solutions for the present model become ill- 
behaved above some Mach number between 1-8 
and 2-0: for the model described in the footnote 
to Section 3.1, the critical Mach number above 
which the become ill-behaved is 
between 2-25 and 2-30. It is not clear whether the 
breakdown of these models above some Mach 
number is due to the simple forms we have chosen 
for f, and f,. to the neglect of proton-electron 
collisions, or to the use of a Fokker—Planck 
collision term which assumes that the space 
variation of the distribution functions within a 
Debye length is small." There are large density 


solutions 


changes within a Debye length in our solutions: 
thus the above assumption about the Fokker 
Planck collision term must be removed to treat 


the shock problem properly. It is not clear 
whether such a modified collision term will lead 
to qualitative changes in the shock structure for 
large Mach numbers 

We compare our limiting shock width 4 with 
the shock width / obtained by Tidman™ using 
a model very similar to ours, but neglecting 
charge separation. There seems to be no simple 
relation between 4 and / for arbitrary .# 
However, for the limiting case.#7 ~ 1, 


4 ~ [21/20.4 
~ [0-139/(.4 


1)}A, 
1)}A. 


Thus both calculations lead to the same limiting 
form for the shock width. 


4. CONCLUSIONS 


The simplified two-fluid model of a steady, 
plane shock in a plasma which we have used in 


this paper to study charge separation inside the 
shock leads to several features which differ from 
the shock structure in a neutral gas, or in a 
plasma with neglect of charge separation. These 
features are: first, the generation of large 
electric fields and appreciable charge separation 
inside even relatively weak shocks, the field 
and space charge increasing with the shock 
strength: secondly, the presence of an oscillatory 
fine structure with characteristic length ~ ./ Ap 
for all the shock variables: and thirdly, densities 
inside the shock greater than the final Rankine 

Hugoniot condition density. The oscillations 
decay with a relaxation distance proportional 
to the mean free path, which may be taken to 
define the shock width. The results are in qualli- 
tative agreement with a more elaborate modified 
Mott-Smith calculation done by Krook,) and 
are similar to those obtained by Davis, Liist and 
Schliiter for the hydromagnetic shock. 

There can be some question in our use of an 
hydrodynamic model in Section 2 to describe 
effects which occur in a distance (the Debye 
length) which is a small fraction of a mean free 
path. It is therefore of great interest to note that 
the simple kinetic theory model of Section 3 
confirms the general features of the results 
obtained by Navier-Stokes equations in Section 
2. It is surprising that the results obtained on 
both theories turn out to be so similar. Ordin- 
arily, one would expect that the coarser hydro- 
dynamic treatment would smooth out the fine 
structure of the oscillations obtained on the 
kinetic theory 

Since there is already a good deal of litera- 
ture '*. ™. 1) discussing the validity of hydro- 
dynamic models in shock wave theory, we will 
make here only two comments about the hydro- 
dynamic model. First, hydrodynamic models 
have a microscopic basis: they can be derived 
from kinetic theory via the Boltzmann equation 
by the Chapman-Enskog method. This method 
uses skewed, single mode, Maxwell functions to 
approximate the distribution function. Such an 
approximation is valid only if the fluid never 
departs very far from thermal equilibrium, or. 
what is roughly the same thing, if in a mean 
free path, the collision terms of the Boltzmann 
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equation produce only a small fractional change 
in the distribution function. In the present case, 
the distribution function changes significantly in 
a distance Ap < A. However, this rapid change 
in the distribution function is a reversible effect 
due to the streaming terms of the Boltzmann 
equation, and is not due to the collision terms. 
The effect of the collision terms upon the oscil- 
latory solutions is represented by the shock thick- 
ness, which is proportional to the mean free 
path. Thus, the hydrodynamic model, in spite 
of its apparent breakdown, may still give quali- 
tatively valid results. Secondly, it is a matter of 
experience that both the hydrodynamic and the 
Mott-Smith (an extreme kinetic theory model in 
that it uses a highly non-equilibrium, bimodal 
distribution function inside the shock) methods 
give shock widths in fair agreement for weak 
shocks, and are in qualitative agreement (to 
within a factor of two) even in the limit of infinite 
Mach number shocks. Since for many problems 
hydrodynamic treatments simpler than 
kinetic theory ones, it is very satisfactory that 
the hydrodynamic and kinetic theory treatments 
in this paper agree in giving qualitatively similar 
results. The absence, however, in both theories, of 
bounded, continuous solutions for high Mach 


are 


numbers, requires further investigation. 

The possibility of obtaining steep (within a 
Debye length) space charge density gradients 
and strong electric fields in the shock front makes 
the conditions very favorable for generation of 
electromagnetic radiation by the shock wave in 
a plasma.® An investigation of this possibility 
will be of great importance for astrophysics 
(origin of solar and galactic radio noise) and 
upper atmospheric physics (electromagnetic 


radiation from supersonic missiles and satellites) 
An extension to obtain time-dependent solutions 
and/or to include superposed magnetic fields will 
be required of the present work, which is re- 
stricted to the steady state and zero current. 
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THE EFFECTS OF ELECTRODE CONTAMINATION ON THE 
PROPERTIES OF AIR-ARC PLASMAS 


HAROLD Y. WACHMAN, MILTON J. LINEVSKY and JOHN H. McGINN 


Aerosciences Laboratory, Missiles and Space Vehicle Department, General Electric Company 


Abstract—The plasma test environments originating from arcs are usually contaminated with material 
from the arc electrodes. Carbon electrodes contribute appreciable quantities of vapor which alter the 
chemical composition and thermodynamic properties of the jet and cooled copper electrodes contribute 
trace quantities of vapor which, as expected, alter the character of the electrical discharge 

In this work, the chemical composition and thermodynamic properties of air are compared to those 
of air—carbon gaseous mixtures containing !-30 per cent carbon by weight. The comparison of the 


different environments is made over the temperature range 4000 


and 100 atm 


10,000 K and pressures between 0-1 


The effects of trace amounts of copper on the electrical conductivity and power dissipated in the air 


column are calculated 


INTRODUCTION 

An experimental method developed in this 
laboratory for predicting the effects of high- 
speed flight on the surfaces of a vehicle makes 
use of the high intensity air arc. The arc pro- 
duces a high temperature, high velocity air 
plasma which is used in the simulation of re- 
entry. To relate the measurements obtained in 
these experiments to the conditions obtained 
im actual flight. the chemical composition and 
the simulating 
For air 


thermodynamic properties of 


environment must be known alone. 
these properties have been calculated by several 
investigators. The air plasma produced in an 
arc discharge, however, is usually contaminated 
with electrode material. Carbon electrodes for 
example may add enough vapor to the flow to 
appreciably alter the chemical composition and 
thermodynamic properties of the air plasma. On 
hand from copper 
electrodes, for example, will change the electrical 
conductivity thereby current 


required to achieve a given enthalpy level in the 


the other metal vapor 


changing the 


plasma. 

In general, the electric arc may be characterized 
as a self-sustained discharge with a very low 
cathode fall of potential and a high current 
density.” Whether the electrodes are of a 
refractory material such as carbon, or a low 
melting point metal such as copper, they are at 


the boiling temperature in the neighborhood of 
the arc’ and vapor is 
always present in some region of the arc dis- 
charge. The effects of carbon and copper vapor 
on the properties of the air-plasma jet and the 
influence of these contaminants on the usefulness 


therefore electrode 


of the jet as a thermo-chemical test facility are 
discussed below 


1. The Effects of Carbon Contamination 

When using a carbon electrode air arc to 
simulate re-entry conditions, account must be 
taken of the fact that air-carbon mixtures have 
properties which may differ widely from those of 
air alone. The properties of air—-carbon mixtures 
have been calculated recently in this labora- 
® These data used to obtain the 
calculations presented here 

The effectiveness of the air plasma jet in 
simulating the chemical effects of re-entry is 
markedly dependent on the quantity of free 
oxygen in the jet.“ Good approximate simula- 
tion can be attained only if the concentration of 


tory were 


free oxygen in the jet is the same as that in air 
When carbon is added to air the quantity of 
free oxygen is diminished primarily through the 
formation monoxide. Figures 1-4 
show plots of the relative atomic oxygen con- 
centrations and carbon monoxide 
concentrations against percentage carbon in the 


of carbon 
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Fig. 2. Ratios of the mole fractions of atomic oxygen 
and carbon monoxide in different air—carbon mixtures, 
to the corresponding mole fractions in air at 6000 K. 
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Fig. |. Ratios of the mole fractions of atomic oxygen 
and carbon monoxide in different air—carbon mixtures, 
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Fig. 3. Ratios of the mole fractions of atomic oxygen 
and carbon monoxide in different air—carbon mixtures, 
to the corresponding mole fractions in air at 8000 K 
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Fig. 4. Ratios of the mole fractions of atomic oxygen 
and carbon monoxide in different air—carbon mixtures 
to the corresponding mole fractions in air at 10,000 K 


mixture, at the temperatures 4000°, 6000°, 8000 
and 10,000°K and pressures 0-1, 10, 50 and 
100 atm. The relative atomic oxygen concentra- 
tion is a ratio of the mole fraction of atomic 
oxygen in a given air—carbon mixture to the 
mole fraction of atomic oxygen in air (see 
Table 1), hence it may be considered as a 
ratio of partial pressures at a given total 


pressure. 
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Table |. Mole Fractions of Atomic Oxygen in Air‘>) 


Pressure (atm) 
Tt K) 0-1 10 50 100 


4,000 03240 02597 0-1388 0-0727 0-0533 
6,000 0-27%6 03106 0.3099 0-2789 02550 
8.000 0-2122 0-2227 0-2601 0-2827 0-2846 
10,000 0-2108 0-2113 02162 02306 02403 


Table 2. Mole Fractions of CO in Air'® 


Pressure (atm) 
Tt K) 10 


4.000 2-96 
6.000 2-58 


OO 5 9.47 
10.000 4-9? 


The relative carbon monoxide concentration ts must be carefully noted that the data shown here 
obtained similarly using the values of the are for an homogeneous gaseous system in 
equilibrium mole fraction of carbon monoxide thermodynamic equilibrium 
in air (Table 2) as the reference values assuming 
carbon monoxide is the only oxide of carbon 
prevalent at these temperatures 

The change of the relative concentration of 
oxygen with percentage carbon is most pro- 
nounced at 4000 K—the most rapid drop 
occurring beyond about 15 per cent carbon. In 
the same region, the relative carbon monoxide 
concentration begins to show no further rise 
with increasing quantities of carbon. It can be 
readily shown that in an air—-carbon mixture 
consisting of about 13-6 per cent carbon, carbon 
and oxygen are in stoichiometric proportions 
according to the reaction C+ O-= CO. At 
4000 K. and at all the pressures shown, this 
reaction goes nearly to completion. At 6000 K 
the rapid drop of the relative atomic oxygen 
concentration with increasing quantities of 
carbon occurs at the higher pressures where 
compound formation is favored: at the lower 
pressures, especially at 0-1 atm the change in 
relative atomic oxygen concentration is con- ..| 
siderably diminished. The latter effect is most © 20 $ 
marked at 10,000°K, where even at 100 atms 
there are appreciable quantities of free oxygen Fig. 5. The changes in the enthalpy function of air- 


carbon mixtures with carbon contamination at 
and free carbon in all the mixtures shown. It several temperatures and pressures. 
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In general these plots indicate that at the 
(4000 °K), all the 
available carbon is consumed so long as there ts 
free oxygen present and that the change in the 
quantity of oxygen is nearly independent of 
pressure. At the intermediate 


26) 


lower temperatures almost 


temperatures 


24, 
22) 


20> 


6- 

(4000°K) 

MF 
4000°K- 

y 


f4000°K) 


S/R 


1.4 


377 


thermodynamic properties of air are indicated 
in Figs. 5 and 6. Figure 5 shows plots of the 
enthalpy function H/RT, against per cent carbor 
in the At 4000° and 6000 K 
appreciable compound formation may yet occur 
the enthalpy plots show a minimum at about 


mixture where 


T 
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Fig. 6. A schematic comparison of a Mollier plot of air with those of two different air—carbon mixtures. 


(6000° to 8000 K), a marked pressure dependence 
is evident with the higher pressures, as expected, 
favoring compound formation. At the highest 
temperature considered, the dependence of the 
relative atomic oxygen concentration on pressure 
is again diminished. 

The effects of carbon contamination on the 


15 per cent carbon. (There are no data in 
reference (5) between 10 per cent and 20 per cent 
carbon.) These minima may be explained as 
follows: the most likely reaction with carbon, 
the formation of CO, is exothermic (i.e. the 
mixture loses energy). Hence, at first we note a 
decrease of enthalpy with carbon addition. 
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since less energy is required for the mixture 
than for the zero per cent carbon condition to 
attain the same temperature. When oxygen is 
no longer available for CO formation, additional 
carbon remains essentially in the uncombined 
state (C, C, and C,). Since the reference state of 
zero enthalpy for carbon is the solid, the 
presence of carbon vapor increases the enthalpy 
of the mixture by an amount equal to the heat 
of vaporization of carbon. Hence, at the higher 
temperatures, most notably at 10,000 K, com- 
pound formation is negligible and much of the 
carbon added remains in the uncombined state 
resulting in an increase in the enthalpy of the 
mixture with carbon addition. The overall effect 
of contamination on the thermodynamic 
properties of air is indicated by Fig. 6, in which a 
Mollier plot for air is compared schematically 
with similar plots for the 10 per cent and 30 
per cent carbon cases. As expected from the 
enthalpy considerations discussed above, the 
4000 K isotherm lies below that of air for 
the 10 per cent case, and above that of air 
for the 30 per cent case, while the 10,000 K 
isotherms for both these contamination levels 
lie above that of air 

The data given here represent only the initial 
requirements for making the carbon-electrode 
air-arc a better tool for simulating flight environ- 
ment. A program is now under way to obtain the 
chemical composition and thermodynamic pro- 
perties of oxygen-enriched carbon-contaminated 
air mixtures in which the quantity of oxygen in 
each mixture 1s equal to that of air. In addition. 
it is hoped that calculation of the properties of 
such gaseous mixtures at a solid carbon interface 
will also be obtainable 


2. The Effects of Copper Contamination 

Arc heating devices involve the conversion of 
electrical to thermal energy. At a given current 
density the rate of energy transfer to the plasma 
is imversely proportional to the electrical 
conductivity. If the are plasma consists of a 
mixture of gases, the conductivity is most 
strongly dependent on the constituent having the 
lowest ionization potential. For example, it is 
well known that the addition of a small per- 
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centage of potassium vapor to air will greatly 
enhance the conductivity. Similarly, in an air 
arc operating with copper electrodes, the 
conductivity will be affected if metallic vapor is 
generated at the electrode surfaces and diffuses 
into the body of the plasma. Assuming the 
current density remains constant, the effect will 
be to lower the temperature of the gas. In other 
words the metallic vapor (having a lower 
ionization potential) will supply the same number 
of free electrons per unit volume as were present 
at a higher temperature in pure air. The result 
will be to lower both the gas enthalpy and the 
overall efficiency of the arc plasma generator. 

In this section a quantitative estimate of the 
change in conductivity at a fixed temperature is 
obtained from the calculation of the electron 
density, n,, as a function of copper vapor 
contamination level. These calculations include a 
temperature range of 4500 to 7000K and 
contamination levels from 0-1 to 5 per cent by 
weight for a static pressure of 10 atm. Based on 
the values of m,, numerical estimates of the 
conductivity are obtained and compared with 
pure air. 

It was assumed throughout the calculation 
that the mixture consists of the impurity gas 
copper and an hypothetical air molecule A, and 
that the only specie present at equilibrium are 
those given by the equations: 


Thus, at any given value of the total pressure 
of the mixture, the partial pressure of the 
electrons equals the sum of the partial pressures 
of the ions. 

To find the equilibrium partial pressure of 
electrons consider a mixture of m grams of A and 
am grams of Cu. When the mixture is at 
equilibrium let x be the fraction of the original 
number of moles of A which is ionized, and 
let y be the corresponding fraction of Cu. In 
general let M, be the molecular weight of the 
ith component at the temperature 7. Hence, 
the partial pressure of electrons in the mixture 


a 
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in terms of the mole fractions of A and Cu and 
the total pressure Pr may be written as 


(m/M + (am/Mcu)y 


(m/M x) + (am/Meu)l + y) Pr (9) 


The equilibrium constants for reactions (1) and 
(2). K, and Key respectively, may be expressed as 


Kx Pp, (4) 


Ky u : P, (5) 
y 


A solution of equations (3), (4) and (5) for P, in 
terms of Ky. Keu. Ma, Meu and a gives a 
cubic of the form 


Pp? + 


h (7) 


aM, M ou 
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for each temperature at a total air pressure of 
10 atm. were read from this plot. With these X, 
values an ionization equilibrium constant K , 
was calculated at each temperature for the 
hypothetical air molecule A undergoing the 
reaction given by equation (1). For the purpose 
of these calculations, it was assumed that 
X, € land X,4 ~ I. 
The values of K4 are listed in Table 3. 


(a M4Koeu M 
— 2K 4Keu (8 
: . . Fig. 7. A plot of the mole fraction of electrons in air 
d PrKaKeou (9) vs. the density ratio obtained from datain Reference (7) 


Table 3. Calculated Equilibrium Constants for Air and Copper lonization 


TOK) 10° Kew: 10° 

4500 0-397 0-0108 

1 5000 3-61 0-102 

5500 0-648 

6000 123-7 3-13 

6500 453-7 12-10 

7000 1274-0 38-30 

(Py 10 atm) 

i Equation (6) has one positive root which gives The use of equations (1) and (2) to describe 
. the desired value of P,. The electron density m, the processes under consideration here is valid 
; was calculated from P, using the expression so long as the value of M4 is approximately the 
4 same for the mixture as it is for air. Since the 


n, (P./kT) 1-013 10° (10) 


Values of K4 were estimated as follows, using 
the values of Y, (the mole fractions of electrons 
in air) given by Logan and Treanor." At each 
temperature two values of XY, were chosen within 
density ratio (p/p,) range of interest. These were 
plotted (Fig. 7) using the appropriate ¢X,/C( p/ po) 
values given in reference (7). The values of X, 


ratio P,/P4 is small and remains small with 
the addition of small quantities of copper. one 
may reasonably expect little change in the 
major components represented by A upon 
contamination. 

The equilibrium constant Key of the impurity 
gas Cu was calculated using the equation for 
log Kp given by Saha.‘*) Key values for Cu are 
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listed in Table 3. Values of P, for the mixture 
computed from equation (6) for Pr 10 atm. 
and for various values of a over a temperature 
range of 4500 to 7000 K are given in Fig. 8 along 
with the asymptotic values corresponding to air, 
1.e. fora = 0. 

From kinetic theory the electrical conductivity 
a may be written 


e*n,/(8m_,kT/ (11) 


where e is the charge and m, is the mass of the 
electron: n, is the number density and Q/ is the 
electron collision cross section of the ith specie. 


—— 


Fig. 8. The effect of copper contamination on the 

partial pressure of electrons in air at several temp- 

eratures (a per cent Cu by wt. in mixture) 
(Pr 10 atm) 


For an air—copper mixture it is convenient to 

express the summation in the following terms 

n,Q! 
Os 


n4Q4 
(12) 


Neu 


for Pr 10 atm 


Since Q+ and QC are of the same order of 
magnitude the second term may be neglected 
for the values of a considered here. The 
magnitude of Q4 is somewhat uncertain, various 
authors‘*: giving values from 8-4 10°-'* to 


HAROLD Y. WACHMAN, M. J. LINEVSKY and J. H. McGINN 


20 10°" cm? the 
considered here. Throughout the following 
discussion a median value 1-5 = 10°" cm? will 
be used. A fairly reliable estimate of the electron- 
ion cross section may be obtained from the 
Gvosdover“' relationship i.e. 


temperature range 


| (13) 


= 


e n' 


The electron concentrations as a function of 
temperature and contamination are ob- 
tained from equation (10) by substituting the 
values of P, obtained from Fig. 8. The resulting 
conductivities are plotted in Fig. 9 as a function 
of temperature and contamination level. 


level 


re) 


O -(mho/cem) 


Fig. 9. The changes in the electrical conductivity (0) 
of several air-copper mixtures (a — per cent Cu by 
wt. in mixture) with temperature. (Pr 10 atm). 


The absolute magnitude of the calculated 
values of o may be in error by a factor of two 
due to the uncertainty in Q4; however, the 
relative values for the various contamination 
levels should be good within 10 per cent. 

A given enthalpy level in the arc plasma 
corresponds to a certain power density P* 
which may be expressed in terms of the current 
density j and the conductivity o by the ratio /*/c. 

Thus, if o changes to o', the current density 
must be changed by an amount (c'/c)! if P* is to 
remain the same. For example, the presence of 
1 per cent Cu at 5000°K causes o to increase 


= 
e! 
= 
an 
| 
| 
« if 
~ 
| 10 ff + 
/ 
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from 0-08 mho/cm to 0-268 mho/em, hence 
must be increased by a factor of 1-83 to maintain 
P*. If the are electrode system is initially 
operating at the maximum permissible current 
the subsequent introduction of a contaminant 
will necessarily lower the enthalpy of the plasma. 
In effect, contamination leads to a poorer 
coupling between the electrical power source and 
the plasma. 


CONCLUSION 

The chemical, thermodynamic and electrical 
properties of the plasmas generated by the 
electric arc are affected markedly by contamina- 
tion from the electrodes. True re-entry simulation 
can be achieved only through proper modifica- 
tion of the plasma. To effect this, the properties 
of the plasma over the entire range of operation 
must be determined. This work is now in 
progress. 

In addition it must be noted that recent ad- 
vances in the art have made it possible to 
construct carbon arcs with contamination 
levels well below 15 per cent. Water cooled 
metallic electrode arcs which introduce less than 
| per cent contamination also have been con- 
structed by the Aerosciences Laboratory. So far, 
however, this has been done at the expense of 
high efficiency and enthalpy. To date the highest 
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reported gas temperatures and enthalpies have 
been obtained only with carbon electrodes. 
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DR. W. H. T. LOH* 
Chance Vought Aircraft, Inc., Dallas, Texas 


Abstract 


This paper presents the approximate analytical solutions on velocity, altitude, range, de- 


celeration, maximum deceleration, time rate and maximum time rate of average and local stagnation 
region heat transferred into vehicle, total heat transferred into vehicle and time of flight for boost 
glide or orbital re-entry into planetary atmosphere for various kinds of re-entry trajectories. These 
trajectories include (1) Great circle flight at small angles of inclination, (2) Great circle flight at large 
angles of inclination, (3) Minor circle flight at small! angles of inclination, (4) Minor circle flight at 
large angles of inclination, (5) Constant equilibrium temperature flight, (6) Constant deceleration flight, 
(7) Constant aerodynamic load factor flight, (8) Constant rate of descent flight, (9) Constant angle of 
inclination flight, and (10) Constant rate of heat input flight 


GENERAL STATEMENT OF WORK 

The equations of motion for boost glide or 
orbital re-entry into planetary atmosphere are 
reduced to an ordinary differential equation 
which may be used for great circle or minor 
circle flight at small or large angles of inclination. 
The equation includes various terms, certain of 
which represent the gravity force. the lift drag 
ratio, the minor circle angle and the angle of 
If these particular terms are dis- 
regarded or simplified to those used by others 
Allen and Eggers, the differential 
equation and its solutions are also simplified and 
thus yield precisely the same results as those 
obtained by Allen, Eggers, and others 

A number of 


inclination 


such as 


These 
include: (1) Great circle flight at small angles of 
inclination (the case of Allen and Eggers), (2) 


solutions are obtained 


Great circle flight at large angles of inclination, 
(3) Minor circle flight at small angles of inclina- 
tion. (4) Minor circle flight at large angles of 
inclination, (5) Constant equilibrium temperature 
flight. (6) Constant aerodynamic load factor 
flight. (7) flight, (8) 


Constant deceleration 


Constant descent flight. (9) Constant angle of 


inclination flight and (10) Constant heat-input 
flight. In most cases, the solution on instantaneous 


* Staff Engineer to Assistant Chief Engineer, Technical 
Chance Vought Aircraft, Incorporated, Dallas, Texas 
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and final velocity, density, altitude, distance 
along flight path, range, deceleration, maximum 
deceleration, time rate and maximum time rate 
of average and local stagnation region heat 
transferred into vehicle, total heat transferred 
into vehicle and time of flight are given in a 
similar manner as those given by Allen and 
Eggers for great circle flight at small angles of 
inclination 


NOMENCLATURE 
reference area for lift 
expressions, sq ft 
dimensional constant in heat transfer 


and drag 


equations 
drag coefficient 
equivalent skin friction coefficient 


Cy 


if 


skin friction coefficient 

lift coefficient 

specific heat at constant pressure 

drag, Ib 

acceleration due to force of gravity, 
ft/sec* 

convective heat transfer coefficient, 
ft-lb/ft® sec “R 

convective heat transferred per unit 
area, ft-lb/ft® 


an 
ar 
a 
19 
A 
Cp 
Cy 
ER 
ine 
D 
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68 x to 15 x 10-8 
Earth Prearth 


thermal conductivity 

mass of the vehicle, slugs 

distance of glider measured from 
center of minor circle, ft. When alti- 
tude of the glider is small in compari- 
son with Earth radius, r may be 
taken approximately as rp. 

radius shown in Figs. | and 2, ft 

radius of curvature of flight path, 
shown in Fig. 2, ft 

convective heat transferred, ft-lb 

range, ft 

glider distance from center of Earth, ft 

radius of earth, ft 

distance along flight path, ft 

surface area, ft® 

time, sec 

temperature, R 

velocity, ft/sec 

Prandtl number 

air density, slugs/ft® 

coefficient of viscosity, Ib-sec/ft® 

angle of inclination or angle of flight 
path to local Earth horizontal 

surface emissivity 

angle defined in Figs. | and 2 

Stefan—Boltzmann constant = 3-7 
10-*° ft-Ib/ft® sec 

nose or leading edge radius of body 
or wing, ft 

ratio of specific heats 

angle defined in Figs. 1 and 2, 
degrees 

constant in density — altitude rela- 
tion p 
Here p, — reference density 
0-034 slugs/ft® 


y = altitude 


= 


constant 2 


D/2\ m 


COS Ag 
(L/D)MCp A/m)R, sin? Ag 
~ 0 


constant 


constant = cos 4, — tan"! 
(vy {(p,/bP 1 }) (p? — b*)] 
constant = cos 4, + a(1 — b)p, = | 


constant = sin® A, 
constant (1 = 1 


constant 
constant 


constant 


constant = 8 cos 


n 
constant 

a Po 
constant Vie 
[py + Cy po cos 4, 


constant Cy po V2 


constant 
nm sin 


constant LC A py Capo cos 
constant Cy po V3 

constant C, po COs 
constant 

constant 


constant 
constant 


constant 


8 


constant 
Cy sin® Ag 
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D 
| 
CpA 
C; 
B a 
C; cos 8, py 
sin* Ay | n | 
A R 
R sin? Ay 
Re 
Ss 
‘ 
] 
Pr 
il 
| 
( 
C. 
k Cus 
Cu 
te 
Cis ai jn 
(C2+1C?+3*) 
3 


W. H.T 


| 
« ~ 
Crus constant }y ate 

| 

“\CF+2 
Ces constant | ~~ 

c?. 


iC, sin ? — cos 
, SIN” Ag 


= 
( 
sin 2° — cos 2°] 
C,- sin 3 cos 


Preferable to use when @ is large 


= | In (5) + 


eras 240C! 


| 
12¢ (130 ¢ nal 


Preferable to use when @ is small 


Subscripts 


f condition at end of power boost or 
condition at beginning of unpowered 
glide 

/ local conditions 

’ recovery conditions 

Stagnation conditions 

s.] sea level conditions 

ay average values 

i initial conditions 


max maximum values 
u wall conditions 


INTRODUCTION 

Recent interest on boost glide or orbital 
re-entry into planetary atmosphere has resulted 
in the consideration of three limiting factors; 
they are: (1) vehicle deceleration, (2) aero- 
dynamic load and (3) aerodynamic heating. 
Besides, for tactical and strategic reasons, quick 
descent at large angles of inclination or forced 
flight at a minor circle path has also received 
considerable attention. For several special types 


LOH 


of entry, analytical theories are available. In the 
case of ballistic-type entry without lift at 
sufficiently large angles of inclination where both 
the gravity force and centrifugal force are being 
neglected, the analysis of Gazley, Allen, Eggers 


and Chapman": *. 


are available. In the 
case of gliding type re-entry at small angles of 
inclination along a great circle path, the analysis 
of Allen and Eggers” ts available. For re-entry 
of a satellite with a small lift drag ratio or re- 
entry of an orbiting vehicle with a small initial 
angle of inclination, the analysis of Chapman“ 
is available. In the case of specific vehicles, more 
accurate numerical machine computations are 
available.“ However, most of the analyses 
are limited to either the case of non-lifting 
vehicles at large angles of inclination or the case 
of lifting vehicles at small angles of inclination 
Only Chapman's approximate solution ts more 
general but the results are primarily for great 
circle flight at small initial angles of inclination 
It is the purpose of the present paper to develop 
a crude approximation but for a more generalized 
case: and then reduce it to each individual 
simplified case for comparisons wherever obtain- 
able and applicable. For great circle flight at 
small angles of inclination, the present results 
are precisely reduced to those of Allen and 
Eggers. For small lift drag ratio with a small 
initial angle of inclination (becomes gradually 
larger as it enters atmosphere), the present results 
check closely with those of Chapman™ and 
those of Rubesin-Goodwin’s exact numerical 
machine computations For equilibrium 
temperature flight, the results agree well with 
those solutions of Chapman" and Kemp 

Riddle. "* Besides these special cases, the present 
paper presents results on (1) minor circle 
flight at small angles of inclination, ”: *) (2) great 
circle and minor circle flight at large angles of 
inclination, (3) constant aerodynamic 
load factor flight, (4) constant equilibrium 
temperature flight, (5) constant vehicle decelera- 
tion flight, (6) constant vehicle rate of descent 
flight, and (7) constant rate of heat input flight 


+ Superscript numbers in parentheses indicate reference 
at the end of paper 


= 


A 
! 
: 
4 
age 
aa 
4 
a 
= 
Pe 


The approximate solutions developed here for 
various kinds of re-entry are approximately 
useful to study the deceleration, heating rate 
and total heat absorbed for entry into Venus, 
Mars, Jupiter as well as for entry into Earth 
atmospheres. 


ANALYSIS OF DYNAMICS 

Hypervelocity vehicles may either take off 
from Earth by rocket boost or take off from 
satellite orbits by rocket control. These vehicles 
designed to reach their destinations will, in 
general, fly along a great circle path. However, 
the possibility of reaching these destinations by 
a controllable flying path other than a great 
circle path may be of interest. Recognizing that 
the great circle path is the shortest path between 
any two given points and recognizing that the 
great circle path is also the vehicle’s natural 
automatic gliding path in contrast to the minor 


Fig. |. Three-dimensional view on minor circle flight 


circle path which needs a continuous accurate 
aerodynamic control to force the vehicle flying 
along the desired path; nevertheless, one might 
use a minor circle path simply for tactical and 
Strategic reasons. Since minor circle path 
automatically reduces to a great circle path, 
when the minor circle angle “A,” is $7; the 
conventional great circle flight is considered 
here simply as a special case of the present more 
generalized case of minor circle flight. With this 
in mind. the following assumptions, similar to 
those made in References 3, 7, are being made: 


N 
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1. Flight is in planes containing the minor 
circle arc between take-off and landing (for 
boost glide) or between re-entry and landing 
(for orbital re-entry). 

2. Constant gravity acceleration, ic. g = g, 
Note that this also implies the assumption that 
the altitude of the vehicle, when compared with 
Earth radius, is negligible. Therefore R, ~ Ro. 

3. Rotation of Earth is neglected. 

4. Contribution to range of powered phase of 
flight is neglected. With these assumptions and 


referring to Figs. 1 and 2, one obtains 
la eo 
Flignt 


\Fig. 2.. Two-dimensional view on minor circle flight 


immediately the following equations of motion 
normal and parallel to the direction of flight: 


L cos a = meg cos A (la) 


L sina meg sin A cos @ m (1b) 


dv 
di 
l d(y du 
r ds ds 
Combining equations (la, Ib, le and Id) and 
using the approximations as listed, one obtains 
after certain simplifications: 


D mg sin Asin? =m (Ic) 


(Id) 


dv? 2¢ 
ds (L/D) 
cos? A, sin A, cos | 
y2 V2 12 
(2) 
g R, sin® A, g \ds 


2¢ sin A, sin? = 0 


| 
4 
te 
\ \ 
4 
> 
= 
a 
‘ | Minor circle 
| 
\ 
\ 
| 
+ 
r 
\ / 
4 
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The aerodynamic control at 
moment along the minor circle path ts obtained 
here as a function of the instantaneous velocity 
instantaneous angle of inclination “@” and 


minor circle angle 


necessary any 


sin A, cos @ [I 


vy { cos? A, sin? A, cos® Atl 
In order to fly the vehicle along the desired minor 
circle path, the automatic servo-control must be 
designed in such a way that the aerodynamics 
control or other control forces continuously 
satisfy equation (3) 


ANALYSIS OF THERMODYNAMICS 
For a generalized case study, such as the 
present one, the parameters on aerodynamic 
proposed by Allen and Eggers in 
Reference (3), are most suitable to use; they are: 


heating. 


1. The total aerodynamic heat input to the 
vehicle, 

2. The time rate and maximum time rate of 
average heat input per unit area, 

3. The time rate and maximum time rate of 
local nose zone or stagnation zone heat input 
per unit area. 


The first parameter is a measure or indication 
of the required coolant weight. either liquid 
solid material used as heat sink. 
The second parameter is a measure or indication 
of the required average and peak average flow 
rate of The third parameter is a 
measure or indication of the required local 
coolant flow rate and local structural strength. 


coolant or 


coolants 


In developing these parameters, several crude 
approximations were used. These include the 
following:* (1) Convective heat transfer alone 
was considered. This is possible because the 
radiant heat transfer does not appreciably 
influence convective heat transfer: and therefore 
one can be studied independent of the other: 
(2) Prandtl! Number is a constant Cpy/k 

Const.; (3) Reynolds Analogy is applicable 


* For more complete discussion of these approxima- 
tions, see Reference (3) 


V2 R, sin® Ay 
V2/¢ Ry sin® Ay 
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(h/pVCp) — (Cp/2): (4) The recovery tempera- 
ture is much larger incomparison to the wall tem- 
perature 7, -Tw>T7, T=T,=(y Pryv*/2Cp; 
(5) Shock wave boundary layer interaction ts 
neglected : (6) Gaseous imperfection is neglected 


(V2 sin A, cos dé ds} 


(3 
(V2/¢) (L/sin A, cos dé/dsf*! 


Naturally, these assumptions are not permis- 
sible for an accurate quantitative study of a 
specific vehicle; but they do invalidate 
a comparative analysis which is intended to 
yield information for a comparative generalized 


not 


case. On the basis of the foregoing assumptions, 
the following equations may be written out 
immediately : 

dH 
di 


Tw), = eVCr) Pr} 


dH 
dS — } pV°C;S (4) 


dO 
di 


di 


if Cy 
and is here assumed to be a constant.[ From 
equation (4), the total aerodynamic heat input 
becomes 
‘dO , di 
| Ce ds (5) 


By definition and equation (4), the time rate of 
average heat input per unit area becomes: 


dHy | 40) 


dr S\dr (6) 


But more important than the average heat input 
per unit area is the maximum or stagnation 
point heat input per unit area. Since it seems 
unlikely that a pointed nose or leading edge will 


* Allen and Eggers found that the effects of Mach 
number and Reynolds number variation are nearly 
compensating. The variations in C;. for typical cases are 
within a reasonable bound. Therefore, the assumption 
may, in most cases of interest, be justified for comparative 
purposes. 


; 
A 
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be of practical interest for re-entry; blunt nose 
alone will be considered for stagnation zone 
heat transfer. The analysis developed by Chap- 
man, Lees, Ferri, Romig and Avco"™: are 
generally considered to be fairly satisfactory to 
use for re-entry of velocities up to the satellite 
velocity and for altitudes up to the extreme 
limit of the continuum flow region. Combining 
it with the limiting cases of heat transfer that 
occur in the free molecule flow at very high 
altitudes, of course, allows a fairly accurate 
calculation of the heat transfer to a particular 
specific vehicle entering the atmosphere. How- 
ever, for the present generalized cases, only the 
theories of continuum flow, which is our major 
interest, will be considered. For high speed flight 
in continuum flow, the compression of the gas in 
the shock wave preceding the blunt body can 
temperature to thousands 
degrees and thus cause dissociation and ioniza- 
tion of the gas molecules. Under these conditions 
correlations for heat transfer at stagnation point 
were formulated. However, the accuracy of these 
correlations lie in the present inadequate know- 
ledge of the transport properties of high tem- 
perature gas. A general correlation is:“: 


raise its several 


dH C 
diye (eR,)) 


B.t.u. ft-* sec”! (7) 


where the constants C, i and / depend on the type 
of boundary layer flow and transport properties 
of the gas. Since the Reynolds numbers involved 
during re-entry usually relatively 
laminar flow is in general maintained throughout 
most portions of the re-entry. In such cases, 
i — 1/2. The values of C vary from 16,000 to 
20,000. "=~! for air and a value of 17,000 B.t.u. 
ft’ sec-' for air was suggested by Chapman.“ 
For gases other than air, the theory of Lees 
gives C ~ y (po Ho) (Pr) (67 1)/F}'. For sim- 
plicity j=—3 is used here:®-" this 
value of j corresponds to a gas with viscosity 
proportional to 7°. After putting into equa- 
tion (7) the suggested values of C, i, and /, one 
obtains the time rate of maximum or stagnation 
region heat input per unit area. 


are small. 


reasons, 


dH 1\! p 
f 


o 


Note here that the expression in the bracket ts a 
function of the planet and its atmosphere; for 
our present purposes, it may be assumed to be a 
constant for a given planet.“ The remaining 
terms represent the geometry of the vehicle and 
its particular type of trajectory which dictates 
p and V relationship according to the design 
values of L/D, CpA/m and oa. Based on this 
simplification, the time rate of stagnation region 
heat transfer per unit area may be written simply 


dH K p y3 
di 


FLIGHT AT CONSTANT LIFT DRAG 
RATIO AND SMALL ANGLES OF 
INCLINATION 


as: 


(8a) 


At small angles of inclination, the following 
approximations may be made: *: * 


cos#~= 1 


Equations (2) and (3) therefore reduce 


respectively to: 
cos” Ay 


dv? 2¢ 
ds (L/D) 
2 
g Ry sin? Ao 


sin? A, [ 


0 (9) 


sina = sin A, 


g Ry sin® Ay 


10 
sin? 


\ Ay Ry sin*Ag}* } 
1. Range: 
Equation (9) may be re-written as: 
1 
ds 2¢ | 


dv? 


11 
Ry) +(1/sin®?Ay Ro)*} 
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y* ~ 
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~0 
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Integrating equation (11), one obtains immediately the expression for flight range: 


Rass (°) sin Ag In 


(1 V2 Ry sin® Ag) 
(I V2/¢ sin® Ay) 


2. Flight Path Angle: 


For exponential planetary atmosphere? 
Poet 
The following equations may be written: 


poe (R Rj ~ 


py, exp [ — (B/sin Ay) (r — ro)] 

dp pdr p sin ds 

dp B 


p V sin 
di sin A, 


(sin Ag) Ry sin Ay)? 
(sin Ay) [(V2/g¢ Ro sin Ag)? 


Ry) 1} 
Ryo) + 1) 


Ro) 


In 
fl 


In 


Combining equations (9), (10) and (15) one 
obtains after certain simplifications: 
sin 
2 sin Aglg Ro/V*? — 1] 
(A — +( eR, Ay] (16) 


3. Deceleration and Minimum Deceleration: 
Deceleration may be obtained by rewriting 

equation (9) in a slightly different form: 

1 

g | di 


(L/D) (| g 


cot® A, (17) 


g Ry 
Minimum decleration may be obtained by 
differentiating equation (17) with respect to 
“V™ and setting it equal to 0. This results in: 


* This density relationship is based on the assumption 
of an isothermal! gas in a uniform gravitational field. 


1 ,dl 


(L/D) JI 
cot? A, 


(1 + cot? A,)* 


gR 
(| i) 


9 
Ay 


as) 


V2 (19) 


4. Altitude: 


Combining equations (9), (13) and (14), one 
obtains, after simplification: 


+ (VR_p,/@ cot® Ag} (20) 


gy [((l—V?/¢ Ry)? +(V?/¢ Ry) cot® Ag] 
p > (20’) 
4(L/D)(CpA/m)V? 
The distance “‘r” of the vehicle from the center 
of the minor circle may be obtained from the 
approximate relationship: 


R, 
sin Ag 


5. Time of Flight: 
Time of flight may most easily be obtained by 
integrating the following expression graphically : 


¢ Ry) 


y [(1/sin? Ag) (V2/g — Ro +(¥ Ry)) 


(22) 


Here the expression for ds is obtained from the 
basic equation (9). 


4 
: 
3 
(12) 
(14) 
; 
| 
(15) 
4 
(r — re) (21) 


6. Total Aerodynamic Heat Input to the Vehicle: 

Combining equations (11), (20°) and (15) and 
performing integration between limits one 
obtains: 


m 


v2) (23) 


7. Time Rate and Maximum Time Rate of 
Average Heat Input Per Unit Area: 


Combining equations (20’) and (6), one 
obtains: 

dHa, 

dr 

1 Ce mey(g Ry) 

2CpA_ (L/D) 

y2 


Maximum time rate of average heat input per 
unit area may be obtained by differentiating 
equation (24) with respect to “V” and setting it 
equal to 0. This results 


dt /max 
1 Cp mey (g Ry) (1 (25) 
2CpA_ (L/D) 
th’ 
t? A, 
21—y [l— cot? A,)])! 
+ (26 
i + cot? Ao \ (g Ry) ( ) 


8. Time Rate and Maximum Time Rate of Nose 
Zone Stagnation Region Heat Input Per 
Unit Area: 


Combining equations (20) and (8a), one 
obtains: 
2meg (oR (1 \2 


+ When Vp is smaller than the quantity, the maximum 
occurs at the start of the unpowered flight. 


Differentiating equation (27) and setting to zero, 
one obtains: 
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dH, 
di 


max 


2 Vian 41) max 
(° \ 
6) | 


SPECIAL CASE WHERE * = }= 
When A, = $x, the minor circle becomes a 
great circle; and equations (12), (16), (17), 
(20), (23)-(29) reduce to the following simple 
forms respectively : 


cot® A, 


cot? A,)]})! 
Ry) (29) 


Ry L (} g Ro) >’ 
2 l g Ry 
y? 
(1 (17’) 
g df (L/D) g Ry 
(V?/g¢ Ro) 
— Vig R,) 
V 
In | Ro) (20') 
Ro) 
m(Cps 
V2 2 23 
O (23') 
dH a, | Cp meg 
Ve (24) 
2CpA (L py | ry 
\ (g Ry) Cr mg (25 
dt CpA (L/D) 
(aH, dt)max \ (4 g Ro) (26') 
L g Ry 
dH. 
28 
d¢)max \ (3 g Ro) (29°) 


390 


Equations (12°), (16°), (17°), (20°), (23°), (24), 
(26'), (27°). (28°) and (29°) pre- 
cisely the solutions of Allen and Eggers. “: * 


(25’). are 


FLIGHT AT CONSTANT LIFT DRAG 
RATIO AND LARGE ANGLES OF 
INCLINATION 

At large angles of inclination, use is made of an 
assumption that the term 


(30) 
g Ry sin® Ay 


cos | | 


is relatively small compared with other terms: 


and consequently it may be neglected. The 


@® 
f descent, 


Fig. 3a. Angle of descent and altitude velocity 

trajectory. Comparison of present approximate 

analysis with more exact machine calculations for 
ARDC mode! atmosphere 


W. H. T. LOH 


justification of this assumption at large angles of 


inclination is based on the following reasons: 


1. At initial phase of re-entry, the velocity V is 
close to circular orbital that 
relatively large, say close to 47, which is usually 


velocity: so 


JIs/R 


e traveled, 
decelerction, 


ston 


Fig. 3b. Deceleration and distance traveled 


the case of our major interest. The case discussed 


below belongs in such a case). 


2. At terminal phase of re-entry, the angle of 


inclination @ is close to $7: so that cos @ = 


cos (47) = 0. 


3. During the middle portion of re-entry, 
cos @ (1 


R, sin® Ay) remains small, be- 
cause of the offset 
(| Ry, sin® Aj). 


effects of cos @ and 


= 
—— Numerical integration for ARD 
atmosphere (Rubesin-Goodwir | 
4 
024 = 
—— Numerical ntegration for ARDC 7 
| | -——- Present analysis | 
\ 4 4s/R \ 
a 
\ | | 
\ 
~ 
3 € 8 
: 
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Based on this assumption, equations (2) and 
(3), therefore reduce respectively to: 
dv? 
ds 
2 dé 
(L/D) ds 


cos A | 
| (31) 
( 


2 sin A, sin ) 


cos A, 
sna 
(d@/ds) 


(32) 


1. Flight Altitude and Altitude Density: 


Combining equations (1b), (Ic), (14), (31) and 
(32), one obtains after simplification: 


CpA | sin Ay 


in d@ 
D 2m B 


| (33) 
cos A, 


) 33 
(L/D)(CpA/2m) p vig) | dp (33) 


For cases of our major interest, A, is large or 
close to $7, the second term in the bracket is 
generally a minor term and its magnitude is 
usually small in comparison with |; an approxi- 
this bracket as a 
constant may then be made. With this approxi- 


mation of treating V* in 


2(1 — pb) 
(B8/sin? A,)* 


C; 
tan"! = 
(8/sin® A,)? 


(1 h) 
sin Agy [(8/sin® Ay)? 


sin Aov 3 


When C? 


C3) 
[(8/sin® 
[(8/sin? A,)? 


C, cos @ 
n 
C, cos 4, 


(B/sin® Ao) 


(B/sin? Ag) A, 
tan tan tan 
(8 sin Ag) 2 


C2] sin 8 
C2] sin 6, 


mation, equation (33) may be integrated. The 
result after simplification is: 


(p? — b*) — (p? 


(34) 


An alternative crude approximate expression of 
equation (34) may be obtained from equation 


(33) directly by neglecting the small term in the 
bracket entirely: 
cos 


(35) 


a 
Combining equations (13) and (35), one obtains 
flight altitude: 


In [fe C,(cos 6, — cos (36) 


2. Flight Velocity: 
Combining equations (14), (35), (31). 
neglecting small terms, one obtains: 


dv? 2 A 
dé UL y2 2 sin? A, cot (5) (37) 


Equation (37) may be solved by the conventional 
method of solving the linear differential equation; 
and its solution after simplification becomes: 


V? (Cis Fi (9) Cig (38) 


and 


3. Flight Distance Along Flight Path: 
Combining equations (Ic), (31), (35), and 
neglecting small terms as before, one obtains 
(1 bh) dé 


(39) 
(8/sin? A,) cos 4] 


sin 
After integration between limits, one obtains: 
When C? > (8/sin? Ay)? 


(39a) 
2 A/ C3 — (B/sin® Ag) 2 


(8/sin® Ay) cos 4, 


(8/sin® (40) 


(B/ sin? | C, — (8/sin® Ag) cos 


4. Flight Range: 
From Figs. | and 2, one obtains: 
dR (41) 
Similarly, combining (39) and (41), one obtains 
after integration between limits: 


cos 6 ds 


Cs sin? Ag 
| 


3 


(1 h) sin Ag 
(@ (42) 


| 
» 
~ 
] 
c — cos 
| 
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« 5. Flight Deceleration and Maximum 7. Time Rate and Maximum Time Rate of 
+ Deceleration: Local Stagnation Region Heat Input Per 
Unit Area: 

es Deceleration may easily be obtained from 

te combination of equations (1b), (Ic), (35) and Combining equations (8a), (35), (38), one 


(38): obtains: 


dH 


di dr Cil — Cy cos 
V2 py BC, [C13 + OF (49) 
2 | p (sin \, \icos 6,—cos 
0 “o 4 
max 


Maximum deceleration may be obtained by 

differentiating equation (43) with respect to @ Aan jay... = cos”! 

and setting it equal to 0. This results in: on 2 . 


dl BC, 
(ar > 
dt max 2 


Dy 
8. Total Aerodynamic Heat Input to the Vehicle 
(cos 4, — cos (44) from the Beginning to the Point Concerned: 


‘ Combining equations (5), (14), (35), (38), one 
obtains: 


(8/sin? Ay) cos a‘ 
6. Time Rate and Maximum Time Rate of é' 
Average Heat Input Per Unit Area: 
: CA(1—b) sin Ay = 0 
Combining equations (6), (35), (38), one ac For 
obtains: 
"| 9. Flight Time: 
di 
(Cy—C, cos F, (0) + (46) , Cs 
di max ve dé 
4 =C; (53) 


C, -(B8/sin® A,) cos 4 


Here the expressions of ds and V are obtained 
* Minor terms being neglected in the derivation from equations (38) and (39) respectively and 


(Sl) 
+ 
ec — 33) 1—b 
Cc r. cos a 
4 
2 
: 
& 


the last expressions can easily be integrated by 
graphical means. For high speed re-entry, except 
the terminal phase of flight, the gravity term may 
sometimes be neglected. In such cases, C,, and 
C,, becomes 0 and | respectively: and the 
above equations are all reduced to much 
simpler forms. 


SPECIAL CASE WHERE >, — |-~ 
When A, = 4x, the minor circle becomes a 
great circle; and all the results obtained here are 
simplified and are reduced to the corresponding 
results valid for great circle flights.“ For com- 
parison, Fig. 3 is presented. For small initial 
angle of inclination, Chapman had obtained a 
solution which can be used up to relatively 
large angles of inclination in the later phase of 
flight as long as the (L/D) tan @ term still remains 
small. However, Chapman’s solution requires 
the use of a numerical method or his table. The 
present crude approximate analytical solution 
checks fairly well with Chapman’s solution and 
Rubesin-Goodwin’s exact solution obtained by 
IBM numerical integration. Fairly good agree- 
ments were also obtained for deceleration, range 
and other items of interest between present 
approximate solutions and those numerical 
results of Chapman and Rubesin-Goodwin. The 
larger is the value of angles of inclination, and 
lift drag ratio the better is the agreement with 
the numerical solution. 


TRAJECTORIES OF VARIABLE LIFT DRAG 
RATIOS* 

Constant lift drag ratio trajectories were 
discussed in the preceding sections. Constant 
lift drag ratio requires variable angles of inclina- 
tion. In this section, trajectories of variable lift 
drag ratios for lower atmosphere penetration will 
be presented. Variable lift drag ratio may be 
obtained, after a certain phase of penetration into 
lower atmosphere, either by variable angles of 
attack or by use of a body whose drag coefficient 
remains essentially constant when its lift 
coefficient varies (bodies with high parasite drag 


* Such flights are usually considered for a portion of 
re-entry trajectory for the purpose of reducing 
aerodynamic heating or deceleration or other purposes 
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coefficients which overdominates induced drag 
coefficients). However, no matter what kind of 
scheme is used; the servo must be designed in 
such a way that the required variation of lift 
drag ratios (by aerodynamic or reaction) is 
assumed to be always satisfied during the 
entire specified lower atmosphere trajectory. 
Trajectories of major interest include the 
following: 


1. Constant deceleration flight, 

2. Constant aerodynamic load factor flight. 
3. Constant rate of descent flight, 

4. Constant angles of inclination flight, 

5. Constant rate of heat input flight, 

6. Constant equilibrium temperature flight 


For simplicity reasons, only the great circle 
path will be considered. For great circle path, 
Ag = 4, cos Ag = 0, sin Ag = 1, equations (2) 
or (1b) and (Ic) are considerably simplified and 
they are are reduced to: 


dl 2 2¢ (1 54 
(54) 
ds (L/D) g Ry 
V2 (dé 
0 
g \ds 
or 
m ) di ds 
y2 da 
L mg COS a(t m V? FA, (56) 


FLIGHT AT VARIABLE ANGLES OF 
INCLINATION 

Based on the above equations (54), (55), (56). 
the solutions on instantaneous velocity, density, 
distance along flight path, range, deceleration, 
maximum deceleration, time rate and maximum 
time rate of average and local stagnation heat 
transferred into vehicle, total heat transferred 
into vehicle and time of flight may be solved, in a 
similar manner as those already presented 


* For high speed re-entry, the gravity component in the 
drag direction is usually small in comparison with drag 
itself; consequently, it may be neglected (see References 1, 
2, 3, 4) 


4 
3 
: 


04 


previously. For simplicity, only the results are 


presented here in Table |! 


FLIGHT AT CONSTANT ANGLES OF 
INCLINATION 
At constant angles of inclination, equation (54) 
further simplifies to 


“ns (S/) 
ds | R, 
or 
- 
L Mecosé(\ (58) 
{ v R, 
CpA di? 
di ds 


The solutions on instantaneous velocity, density 
alutude. distance along flight path. range. 
deceleration, maximum deceleration, time rate 
and maximum time rate of average and local 
stagnation region heat transferred into vehicle. 
total heat transferred into vehicle and time of 
flight are also presented in Table |. A particular 
case of the solution is for (1D) — 0. When 
0, the vehicle becomes a non-lifting 
body. such as a non-lifting missile. The present 
solutions then yield the solutions obtained by 
Gazley. Allen. Eggers. Chapman": *. for non- 
lifting bodies entering Earth atmosphere at 


large angles of inclination 


DISCUSSIONS 


Significant points may be briefly mentioned 


\. Small Angles of Inclination vs Large Angles 
of Inclination at Constant Lift Drag Ratio: 


1. Small angles of inclination result in 


(a) Deceleration accomplishment at very 
high altitudes thus entering lower 
atmosphere at lower velocities. 

(b) Lower heating rates. Heat transferred 
into vehicle per unit time is less, 

(c) Smaller deceleration. Time for decelera- 
tion ts long. 

(d) More heat absorbed. Total heat ab- 
sorbed into vehicle ts increased, mainly 


because a larger value of Cp is resulted, 
(e) Relatively higher lift drag ratio re- 


LOH 


inclination 


2. Large angles of inclination result in: 


(a) Deceleration accomplished at lower 
dense atmosphere but passing it at a 
shorter time, 

(b) Higher heating rates. Heat transferred 
into vehicle per unit time ts more, 

(c) Larger deceleration. Time for decelera- 
tion ts rather short, 

(d) Less heat absorbed. Total heat absorbed 
into vehicle is decreased. mainly because 
smaller value of Cp is resulted 

(ec) Relatively smaller lift drag ratio or often 
negative lift drag ratio required for 
re-entry at large angles of inclination 


Therefore for small angles of inclination. the 
deceleration is much slower, the time for 
deceleration ts much longer, the deceleration is 
accomplished at much higher altitude during a 
longer period of time. Consequently, the heating 
rate or the heat transferred into vehicle at higher 
altitude and lower density is much smaller 
However the total amount of heat absorbed into 
the vehicle or received by the vehicle is much 
greater. This ts caused by the much longer time 
of flight under the heat, although at a smaller 
heat rate. Therefore. from the point of view of 
minimizing total heat input or total heat 
absorbed by the vehicle for the heat sink type 
re-entry vehicles (where radiation heat loss is 
small), it would be a great disadvantage for 
entry at small angles of inclination. On the other 
hand, for vehicles operating under radiation 
equilibrium temperatures or for vehicles which 
have significant radiation losses, re-entry at small 
angles of inclination would be advantageous 
Such vehicle can decelerate at higher altitude at 
smaller angles of inclination so that the heat 
input rate can be balanced by the heat radiated 
from the vehicle. Or heat input can be greatly 
compensated by dissipation of heat radiated out 
at higher altitude so that the surface temperature 
remains within certain limits. But in this case, a 
larger amount of total heat will be transferred 
to the vehicle although at a smaller rate. How- 
ever, this energy is at the same time being 


quired for re-entry at small angles of 


% 
4 
ie 
per 
4 


Table |. Trajectories of Variable | 


Constant deceleration 
2mkK, 
! 
| Pol 
| 2mK, 
2 In | oeCpAV? 
2mkK, 
( 1! 
| 
R R | ‘| $cc ‘| 7 \ | 
dl dl k. 
di di 
di 
a 
dH, dH, m 
di di 2 \CpA 
di x 
Vian 
dH dH A 2m 7 
dy di \ CpA 
dH 
di 
m 
) p—af 
(5) | 
(| 
CpA 
) 
inf | mB 


nts use . 
gR, 
rks Same for constant aerodynamic load factor flight. 


Constant rate of average heat input 


4K, ¥ 


2! dl 
R h |, \ a) 
dl C pA 4K, 
di 2m | 


Same for constant average radiation equili- 
brium wall temperature flight. 


Constant rate of stagnation | 
K2o\! 
Po K* 
n 
B Po K* 
K? ao 
Po 


2 K* 
(J 


dH 
dr 
C,S \m 


[v3 — ¥' 


CpA Kia 


mB 
CpA Kia 
m K* 


Same for constant stagnation rad 
brium wall temperature fl 


4K, 
4K, 
| 
2 ( 
R | [Ve a” 
dl h 
2 a 
dH, ( Kia 
dr di 4 | Ke 
di K 4K 
dy 
Cae 
m ( 
(ena) lax.) 
sin | sin — 3 | p 
l 4K, 2K, \* ? 2K. \"]' l 2 2g 


of Variable Lift Drag Ratios 


stagnation heat input 


Po 
A 

Po 


CpA 
p 
mp 
2g 


tw 


CpA K? 
mp K* 

‘pA K? 

m 


ignation radiation equili- 
mperature flight. 


Constant rate of descent Constant angle of inclination 


Cis p C,, In J 
2m Cus C,, In J 
2m C,, In} Cai 
dl Cp 1 dl Cp 1 
( Cc. 
dt 2m (4, m aim 
(‘ dD ‘) (‘ 6 sin? 
dt! max *\ Im Ose dt} max 2 
Cu 
Viavan Viav ay) 
dH a, C, C; 
dr max 27 ( dt max 
Cis 
4 Ve V, ef 
iP 1H e 22 ¢ 
dH K dH kK 
| (Cra Cre (Cop — Co, In I 
dt \ 7 dr \ 
dH A C, Ci9\" dH 
dt max \o Cus dr mit \ 6 
Cis 
m C,S \m 
O y? 
2m Cia 2m ( 
In | In (Cy, Cy, In V) 
Cre — Crs? V, Cp AC 
28m 
/ 2g l 2m 
p= Ki +(e , KZ = Coa (Ceo — Cain 
siné 
Cc, p Ks In J 
CpA J CpA 
2m B Ky 2m B sin CpA p 
CpA CpA 2m sin 
dy K 
dt ° 


Pa , 
Cis 
Inje 4 | In je ( In | } 
B Po B Po J | 
AK 2a 
K 2 | 6 
(ve — 
6 Kea 
pie | di 
a 
h 
3 
| 
m 
“ 
| 


A 
10% 
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radiated away from the vehicle. If the present 
surface temperature requirements are to be met. 
it requires deceleration at very high altitude 
consequently with a high lift drag ratio.“ For 
large angles of inclination, all the conditions are 
vice versa. Total heat input to the vehicle will be 
less; but the heat transfer rates will be higher, 
since the deceleration is accomplished at lower 
altitudes, although it is accomplished at a short 
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Fig. 4. Maximum radiation-equilibrium temperature at laminar stagnation point for entry from decaying orbits into 
Earth atmosphere 


Chapman's analysis, his equation (56) 
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quired; while large angles of inclination requires 
use of a retro-rocket. When decelerations are 
tolerable, the large angles of inclination are 
practical. In such cases, in spite of large rate of 
heat transfer at the surfaces, the heat produced 
during re-entry may be absorbed by the body 
itself as a heat sink. This is because the total 
amount of heat transferred to the vehicle is 
considerably less than that of small angles of 


° Kemp- Riddle numerical machine solution 


0 


ck’'To, ~ ( 


length of time. This requires heavy heat sink 
material, either solid structure or liquid coolant 
Therefore the choice of angles of inclination for 
re-entry is manifold, no definite preference 
can be made. At the present time, the radiation 
hazards at high altitude dictates use of large 
angles of inclination for re-entry from satellite 
orbits. Should radiation 


other planets, use of large angles of inclination 


hazards also exist in 


for entering its atmosphere would also be re- 
quired 
inclination, multi-passes of the planet is re- 


This is because for small angles of 


Gazley-Masson machine calculation L/D — 0 
Present solution equation (28’) or (50) 
dH, 


inclination for re-entry.“ Entry into Mars can 
easily be accomplished with large angles of 
inclination. Entry into Earth and Venus may 
also be accomplished by large angles of inclina- 
tion. With present human tolerances entry into 
Jupiter is almost impossible using large angles of 
inclination. These are shown in the respective 
figures (Figs. 5—12).+ 


* Due to negligence of small terms, the initial phase of 
some skip at large angles of inclination are shown by its 


averaged trajectories 


| 
| 
| | 
A ose 
: 
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Fig. 5. LID=—O1 3-2 fe 2 
Curve is for Earth but it is also approximately valid 
for Venus, Mars and Jupiter 


Fig. 6. L/D O1 WICpA~ 


For Earth only 


For comparison purposes, a few special cases 
were used to compare with the results of other 
existing analyses. For small angles of inclination 
at great circle path. the present solutions are 
precisely reduced to those of Allen and Eggers. 
For small lift drag ratio with a small initial angle 
of inclination (angle becomes gradually larger 
and larger as it enters into atmosphere), the 
present 
Chapman “ 


results with 
and those of Rubesin-Goodwin’s 


exact numerical machine computations. At small 


check closely 


initial angles of inclination, Chapman's result 


those of 


Fig. 7. L/D 0-1 W/CoA 3-2 fe-2 


Jupiter 


Fig. 8.L/D 3-2ft 2 


——— Mars 
-——- Jupiter 


agrees much better with exact numerical solution 
(Figs. 3a, 3b). But Chapman's results requires use 
of a numerical method or his table. The present 
solution, although less accurate, gives a closed 
form analytical solution. At large angles of incli- 
nation and large lift drag ratio, when its initial 
skipping phases are being averagely represented, 
the present solution checks better with those 
numerical solutions 


B. Trajectories of Variable Lift Drag Ratios: 


Constant lift drag ratio trajectories were 
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Fig. 10. L/D 0-1 WICDA 


Earth 


-——-— Jupiter 


discussed in the previous section. Constant lift 
drag ratio requires variable angles of inclination 
the 
inclination 


(either large or small). As discussed in 


previous section, large angles of 
result in higher rate of heat transfer but lower 
amount of total heat input to the vehicle: while 
small angles of inclination result in lower rate 
of heat transfer but higher amount of total heat 
input to the vehicle.” Both rate of heat transfer 


and amount of total heat input to the vehicle 
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3-2 fe-2. 


0-1 WICDA 


ecelerator 


stance travelled in eorth radius, 


Fig. 12. L/D = O-1 3-2 


W/CDA 


above 


vehicle 
during 


temperature 
phases of 


might raise the 
tolerable limit 
atmosphere re-entry. In 
lift drag ratio trajectories may be used 
such critical portion of atmosphere re-entry 
usually occurs either at relatively lower 
atmosphere or relatively short length of time. 
variable lift drag ratio flight, although difficult, is 
not impossible. Special trajectories, after entering 
lower atmosphere, may be accomplished by 
variation of lift coefficient or lift drag ratio 
short 


certain 
variable 
Since 


such cases, 


aerodynamically or reactionally for a 
while. Control of vehicle trajectories in such a 
way may be made for (1) constant deceleration 
flight or constant aerodynamic load factor flight, 
(2) constant rate of average heat input flight 
or constant average radiation equilibrium 
wall temperature flight, (3) constant rate of 
Stagnation point heat input flight or constant 
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Stagnation region radiation equilibrium wall 
temperature flight. (4) constant rate of descent 
flight. (5) constant angle of inclination flight. 
Trajectories under variable lift drag ratio may 
be controlled in such a way that the peak 
deceleration, heating, etc. experienced by the 
vehicle is held to a tolerable amount within a 


short length of time or within a certain phase of 


lower atmosphere penetration. The summary 
results of the variable lift drag ratio trajectories 
are given in Table |. The following significance 
may be mentioned briefly 


1. Constant Angle of Inclination Flight: 

For constant angle of inclination at small lift 
drag ratios, Ferri’s exact numerical analysis“ 
shows that a simple relationship exists 


(=. ~ sin? 


which is independent of (CpA/m). One sees 
immediately from this equation that in order to 
limit the maximum deceleration to reasonable 
values, for protection of personnel and/or 
equipment, one must restrict the angle of inclina- 
tion to those of very small magnitude. For 
example, to restrict the maximum deceleration 
to — 10. # must be less than 3-3 degrees. The 
present result given in Table | reduces to: 


174 sin 
sin 
g dr max 


The agreement is good. 


2. Constant Rate of Heat Input or Constant 
Radiation Equilibrium Flight: 
For a given surface temperature. rate of heat 
radiated out Is 
€ 7 


Using this quantity and the rate of heat input 
expression, velocity-density or velocity 
altitude relationship can be determined such 
that the heat input to the body is exactly equal 
to the radiated heat output. However. it is 
necessary to exert lift, aerodynamic or reaction. 
to traverse such trajectory as required for all 
the variable lift drag ratio flights. Two radiation 
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equilibrium flights are given, one is based on 
rate of average region heat input and the other 


one is based on rate of stagnation region heat 
input. Should it be desirable to use Lees’s 
results"”) for hypersonic heat transfer, the 
average region rate of heat transfer may be 
obtained as a certain percentage of stagnation 
region rate of heat transfer: then constant 
Stagnation region radiation equilibrium wall 
temperature flight may also be interpreted as 
constant average region radiation equilibrium 
wall temperature flight. Results on constant 
radiation equilibrium wall temperature flight 
agrees fairly well with the results of Chapman“ 
and Kemp-Riddle.*) This is shown in Fig. 4 


3. Constant Deceleration Flight: 

Constant deceleration results in a constant 
dynamic pressure “}pl*", consequently, a 
constant aerodynamic load factor for this kind 
of flight. This trajectory may be especially 
considered for proper entry into Jupiter where 
entry deceleration is most critical. 
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SOME FUNDAMENTAL CONSIDERATIONS FOR LIFTING 
VEHICLES IN RETURN FROM SATELLITE ORBIT 


Missile and Space Vehicle Department, General Electric Company 


GALMAN 


Abstract—Basic performance areas, including orbit ejection, re-entry and landing, associated with 


return from near-Earth orbits utilizing unpowered 


lifting re-entry vehicles are examined in order to 


establish preliminary design criteria. Aerodynamic heating and maneuvering aspects are considered 


Skip and glide paths are compared 


INTRODUCTION 


While the early re-entry vehicles which will 
be employed to return men from near-Earth 
satellite orbits will be of the simple, non-lifting 
ballistic type, the potential advantages which 
might be realized from the utilization of aero- 
dynamic lift forces make it likely that this more 
sophisticated concept will be favored for certain 
operational vehicles. Sanger and Bredt"? and 
Eggers. Allen, and Neice® have made funda- 
mental studies in the field of lifting hypersonic 
vehicle performance, but the principal objective 
of their work was to show the relative efficiency 
with which kinetic energy could be converted 
to range. For a satellite re-entry vehicle, however. 
orbit ejection time can readily be adjusted to 
control nominal range, at least in the orbital 
plane. so that range. per se, is not of great 
significance. Numerous investigators have shown 
the effect of lift in reducing decelerative loads 
compared to ballistic re-entry, and this and im- 
proved landing point selectivity now assume 
primary importance. The potential capability for 
soft. runway landings must also be considered. 
The intent of the present paper. then, is to 
establish determinant parameters and an opti- 
mum flight path for the case of a lifting satellite 
re-entry vehicle. 

For purposes of analysis, the return from orbit 
mission is divided into several phases: 


(1) orbit ejection 

(2) initial re-entry or recovery 

(3) transition to equilibrium glide 
(4) equilibrium glide 


A composite path to best perform re-entry is postulated 


(5) maneuvering 
(6) approach and landing. 


A brief comparison is made between skip and 
glide path maximum heat transfer rate. A 
spherical, non-rotating Earth is assumed, and an 
IBM 704 computer program? is employed to 
obtain trajectory segments not adequately ob- 
tainable from simplified analyses. 


EQUILIBRIUM GLIDE 

A useful performance concept for lifting 
hypersonic vehicles is the “equilibrium glide 
path’) representing the conditions where the 
lift and centrifugal forces balance the gravity 
force, the path angle (y) and the time rate of 
change of path angle (7) being very small. A 
summation of forces along the local vertical 
passing through the c.g. of the vehicle then 


gives: 


+ mvV?/r — meg (1) 


The sign of the lift term must be negative where 
| Vs. Dividing by weight while neglecting the 
variation of the gravitational attraction with 
altitude. we can manipulate equation (1) to 
obtain the velocity at a point on the glide path 
in terms of altitude functions and the vehicle 
parameter W/C_,S: 

p l 

(la) 

gi 2(W/C_,S) 
Using the ARDC Model Atmosphere, equa- 
tion (la) is solved parametrically and plotted 
(solid lines) in Fig. 1. We observe that the wing 
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@,./2Ry* 3.18p Sv 5-2 x1079 


ALTITUDE — 1000 FT 


loading and maximum useful trimmed lift co- 
efficient of the glide vehicle establish the highest 
altitude at which it can fly steady-state with a 
given velocity. From equation (la) it is worth 
noting for later reference that, at the beginning 
of the sensible atmosphere where p is very small, 
the highest velocity at which it is possible to 
glide without employing negative lift ts: 


[i/gr}-** = Vs 


which is, of course, satellite velocity. 

A long heating time resulting in high total 
integrated heat input is characteristic of equili- 
brium glide paths, so that it is desirable to re- 
ject all or most of the heat input by radiation. The 
problem of heat protection then becomes largely 
one of maintaining the instantaneous heat trans- 
fer rates (heat fluxes) and hence surface tempera- 
tures within tolerable limits of practical skin 
materials. Brunner“) gives a simplified expres- 
sion in terms of free stream conditions for the 
laminar flow, stagnation point heat transfer 
rate convected to a hypersonic blunt body, which 
in present units may be written for zero wall 
temperature : 


VELOCITY — 1000 FT/SEC 


Fig. 1. Equilibrium glide altitude vs. velocity relating stagnation heat flux. 


(Rx) = 3:18 V32 x 


for three-dimensional flow (as a sphere) or 


(2Ry) 3-18 Vs? 10-* (3) 


for two-dimensional flow (as an infinitely long 
cylinder normal to the flow). Good design prac- 
tice for winged vehicles, then, is to employ a 
large planform nose radius so as to approach 
the more favorable two-dimensional case. Equa- 
tion 3 has been solved parametrically and the 
family is plotted (dashed curves) in Fig. | 
(These curves, of course, can also be interpreted 
as representing the three-dimensional case of 
equation 2 if appropriate.) The maximum 
laminar heat flux at any W/C ,S is seen to occur 
at about 21,500 ft/sec or 0-83 Vs, at which ve- 
locity a maximum heat flux curve could be drawn 
tangent to the particular W/C,S curve 

Figure | expresses visually the concept that 
the maximum heat flux of a glide vehicle is 
primarily dependent only on W/C,S and is 
essentially independent of L/D, the parameter 
which determines range and flight time. Lifting 
re-entry vehicles (where nominal range is of 
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Fig. 2. Maximum stagnation heat flux for vehicles flying equilibrium glide paths. 


secondary importance) can sacrifice some L/D 
capability and operate at higher angles of attack 
to achieve maximum useful lift coefficients. 
Flathers,“’ based on Brunner’s work, has 
analytically related the maximum laminar flow 
heat flux with W/C,S in simple form which can 
be expressed for the ARDC atmosphere: 


80  i20 #160 


EQUILIBRIUM RADIATION TEMP —l000°R 


200 


(2Rw) 8-48 (WG,S)°” (4) 
which is plotted in Fig. 2. By similar analysis, he 
has shown that the maximum turbulent heat 
flux occurs at 0-73 Vs or 19,000 ft/sec. 

We can express the heat transfer rate in terms 
of an equilibrium radiation temperature: i.e. 
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+ 


Tre = (gore) 29 


+ 


240 280 320 


a-HEAT FLUX-BTU/ SEC 


Fig. 3. Equilibrium radiation temperature. 
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the temperature of a surface capable of re- 
radiating the heat input, by the Stefan—Boltz- 
mann equation: 


7 (5) 


where o is the Stefan-Boltzmann constant 
(0-48 10-™ B.t.u./ft®-sec-"R~*) and « is the 
surface emissivity. This function is plotted in 
Fig. 3 for several values of « 
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Fig. 4. Maximum deceleration vs. L/D for equilibrium 
glide vehicles 
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200 Ib/ft® 
radius of 0-5 ft and 0-8 surface emissivity would ; 
have a maximum stagnation heat flux of 120 
B.t.u./ft®-sec and a corresponding equilibrium 
radiation temperature of 4200 R. This stagna- 
tion temperature value seems rather high in terms 
of the strength retention temperatures of normal 
structural materials, so that a somewhat lower 


W/C,S. for instance, with a nose 


value of W/C,S, a larger nose radius, or more . 
likely, additional heat protection of the nose is . 
indicated for design purposes. Planform heating, : 
of course, will be considerably lower. so that it 
is anticipated that only a relatively small surface 
area need be other than radiation cooled 

The maximum deceleration of equilibrium 


glide vehicles is characteristically low compared 4 
to ballistic re-entry vehicles and approaches: 10 


| L\? D\? 


D\?|°° 

| | | (6) 

as F becomes small and L/W approaches one r 
Equation (6) is plotted in Fig. 4 7 
The range of equilibrium glide vehicle is. for 

a given kinetic energy, primarily dependent on i 


@ 


INITAL VELOCITY-1000 FT/SEC 


'e 
2 \-V2 


6 12 4 
TIME A(L/D)-100 SECONDS 


Fig. 5. Glide vehicle range and flight time. 
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L/D. Figure 5 shows the glide range expression, 
of the form: 


R 
and a similar relationship for glide time: “ 
V, 
= 


which is inaccurate below V, 0-1 but is ade- 
quate for estimating heating time: this being 
significant where, as in any real case, all heat 
input is not rejected by radiation. 


ORBIT EJECTION 
In reviewing the equilibrium glide concept. we 
have so far neglected consideration of the means 
by which a vehicle returning from orbit can attain 
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Fig. 6. Re-entry path angle and velocity vs. retrorocket 
imparted velocity. 


the particular trajectory conditions associated 
with this glide. For low circular orbital alti- 
tudes, Fig. 6 shows the resulting inertial re- 
entry path angle and velocity where a velocity 
decrement, V,, is imparted instantaneously, in a 
direction directly opposing the orbital velocity 
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vector. For each orbital altitude, the minimum 
V, (and hence smallest retrorocket) required 
to reach the re-entry altitude /g is indicated 
at ye — Odegrees. Naturally, as indicated, more 
energy must be employed for higher orbits. 
For greater than minimum values of V,. ye 
increases while Vg decreases. The steepness 
of the path angle curves at near minimum 
V, is significant also, for the point will be made 
that yg will normally be greater than zero. We 
may reflect that the zero path angle or minimum 
V, case corresponds to a Hohmann transfer 
ellipse in the absence of drag. The energy at any 
point on the ellipse ts proportional to the semi- 
major axis: 


(h, + he + 2r,)/2 


whereas the circular orbit energy at /rg is less 
and is proportional to: 


(he 


Thus the body arriving at Ag via a minimum 
energy transfer ellipse will have an excess of 
Vs whereas it has pre- 
Vs 1s required to 


kinetic energy and | 
viously been shown that V 
remain in the atmosphere and glide. Unless a 
second retrorocket or restraining (negative) lift 
is employed, the vehicle will not re-enter but will 
continue to orbit in its elliptical path. A higher 
than minimum V, case, with its associated 
shallow re-entry angle permitting any excess 
velocity to be dissipated by atmospheric drag. 
seems a more desirable alternative, assuming, as 
will be shown later, that undue heating need not 
be encountered 

Furthermore, if we consider the effects of 
possible deviations from the nominal orbit 
conditions due to injection guidance system 
errors, tracking errors, and perturbations of } 
due to weight and retrorocket tolerances, we 
again find that larger than minimum V, must 
be available to assure re-entry. Although some 
small retrorocket weight penalty occurs from the 
larger than minimum V,, the nominal range and 
time from orbit to re-entry are reduced which 
seems operationally desirable. 
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INITIAL RE-ENTRY 
In considering the initial re-entry or recovery 
phase, we first write the equation which sums the 
forces normal to the flight path: 
pV?/2 


where 


mg cos y = mV? /r, 


(9) 
is the local radius of curvature of the 
flight path and is positive for a concave upward 
path. Restricting the discussion to small re- 
entry angles and solving for r,. we obtain the 


expression 
2 2 ! 
(5 les) | (9a) 


4 


w/C,$#!00 


N. 
z 
N 


Is 


BARRY A. 


GALMAN 


sense that maximum heat flux for equilibrium 
glide is exceeded) for re-entry angles greater than 
about one degree. Referring back to Fig. 6, we 
see that V, 310 ft/sec for 4, — 200 N.M. and 
YE |. while the minimum V, to achieve re- 
entry must be greater than 260 ft/sec (ye = 0°). 
The sensitivity of yg (and, as may be inferred, 
range from ejection to re-entry) to V, suggests 
the desirability of employing a_ velocimeter 
(integrating accelerometer) retrorocket cut-off 
control, which might well be adjustable in flight 
to compensate for deviant orbital conditions 


-DEG 


Fig. 7. Influence of re-entry angle and L/D on maximum stagnation heat flux of glide vehicles 


We see that the minimum local radius of curva- 
ture of the flight path, for a given velocity and 
altitude, is established by the minimum WC;S 
of the vehicle and is independent of L/D. This 
in turn is reflected in the minimum recovery 
altitude and hence the highest heat transfer rate 
observed by the vehicle during recovery for 
given re-entry conditions, illustrated by Fig. 7 
The maximum heat flux and deceleration 
associated with the initial recovery occur shortly 
before the minimum altitude point. The declera- 
tion levels are generally low and not restrictive 
for shallow re-entry angles. The maximum heat 
flux is shown in Fig. 7 to be restrictive (in the 


TRANSITION 

Upon recovery, if a reduction in Cy, is not 
made, the vehicle will skip, which will be shown 
to be an undesirable path. A transition between 
the recovery (minimum) altitude and equilibrium 
glide conditions is thus necessary. Since the 
recovery altitude, for suitably limited yg, will 
be above the altitude at which maximum heat 
flux later occurs during equilibrium glide, a 
constant altitude path, as shown by Fig. 8. 
seems a reasonable transition mode. With this 
approach, the need for negative lift is avoided, 
so that only the lower planform surface need be 
exposed to high heat fluxes. (For cases where 
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negative lift might be necessary, as in direct 
re-entry at escape velocity, this problem can be 
countered by rolling the vehicle 180. so that 
only the primary surface is exposed.) We can 
define the transition in terms of the following 


equations 
h 0 (10) 
Dm (11) 
C, pV?S/2 mv?) me (12) 


where now C, is less than maximum C, 


SKIP PATH 

The equilibrium glide path is certainly not the 
only one which could conceivably be flown by 
lifting re-entry vehicles. Also of interest ts the 
“skip” path first discussed by Sanger and Bredt"? 
in 1944 in connection with a projected V- 
weapon and further evaluated in Reference 2 
4 skip trajectory, of course, occurs when a 
vehicle re-enters with ys 0 deg and maintains 
essentially constant 1. D, no attempt being made 
to control altitude, so that the path oscillates in 
the A} plane as shown by Fig. 9. The skip path 
offers simplified guidance requirements over the 
glide path. but Reference | concludes that the 
skip vehicle is subject to higher heat flux than 
the equivalent glide vehicle. and this observation 
is here confirmed for satellite return missions 
The inset on Fig. 9 shows the heat transfer rate 
increase to be from 9 to 15 per cent for the 
specified conditions. This penalty is probably 
sufficient to preclude use of skip path except 
make it un- 


where guidance considerations 


avoidable 


MANELVERABILITY 


Perhaps the most important potential ad- 
vantage attributable to lifting hypersonic vehicles 
is the ability to maneuver within the atmosphere 
The word maneuver. as applied here. certainly 
does not imply acrobatics but simply reflects a 
capability for landing at a preselected point, as 
opposed to a ballistic vehicle which normally 
has no option in this regard after eyection from 
orbit 


vehicles is primarily dependent on L/D 


As has been shown, the range of glide 
If we 
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vary L/D independently of W/C,S (as with 
drag brakes), we can maneuver in the range 
plane at velocities up to Vs with no heating 
penalty, since the maximum heat transfer rate 
depends largely on W/C,S. At some velocity 
below that at which maximum heat flux occurs, 
we can vary L/D by varying C; to some extent 
without exceeding the nominal maximum heat 
flux. The latter case might not require controlled 
transition to a new equilibrium glide condition, 
since some skipping is probably tolerable here 

If we now consider maneuvering out of the 
range plane; i.e., banking to achieve cross range 
correction, we find that maneuvering above 
0-83 Ws generally imposes a heating penalty, 
since the effective (vertical) W/C,S adversely in- 
creases in inverse proportion to the cosine of 
the bank angle (v). An important exception to 
this statement is found during the transition 
phase. when excess C;, above that required to 
maintain Although not 
as yet investigated in detail, it appears likely that, 
because of the relatively high dynamic pressure 


altitude is available 


during the transition phase, a continuously vari- 
able bank angle could be effectively employed, 
navigation and guidance considerations per- 
mitting. for cross range maneuvering. If bank ts 
velocity increment below 


initiated at some 


maximum heat flux velocity, no excess heating 
need be encountered if careful energy control is 
maintained 

Figure 10 shows, for V, 0-8. 


bility in terms of L/D and bank angle. This 


maneuvera- 


figure must be interpreted as representing an 
idealized case. since obviously ranges approach- 
ing zero cannot be obtained without incurring 
large heat flux and deceleration, although no 
specific limitations are shown on the figure. It is 
apparent, however. that relatively small changes 
in LD can provide range changes probably 
adequate to compensate for trajectory pertur- 
bations. For cross range maneuvering, a similar 
statement can be made, in that relatively low 
L/D’s provide substantial 
potential. If the 


correction 
maneuverability indicated 
is indeed sufficient for reasonable dispersion 
corrections, considering the various possible 


accuracy limits associated with particular cases, 
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it would be permissible to begin maneuvering 
after the maximum heat flux regime. This would 
allow full utilization of available C, during 
maximum heating 

Another point illustrated by Fig. 10 is that 
the nominal mission range must be less than the 
maximum range capability of the vehicle. since 
cross-range maneuvering is accompanied by a 
corresponding range loss. In addition, some 
range increase potential is obviously necessary 
to correct for dispersion in the range plane itself 
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Fig. 10. Landing point selectivity with constant bank 
angle 


Just how much maneuverability or landing 


point selectivity is required of a_ particular 
vehicle is dependent to a large extent on non- 
aerodynamic factors, such as the accuracy of 
orbital and atmospheric navigation, guidance, 
and control systems. Before a particular con- 
figuration selection is finally confirmed, a dis- 
persion analysis of the primary mission should 
be made, reflecting the various error sources. 
For ballistic satellite re-entry vehicles, a typical 
analysis” estimates that impact dispersion can 


100 N.M. (range) and 


be maintained within 
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36 N.M. (cross-range). If similar glide vehicle 
studies show probable dispersions of the same 


order, it would seem from Fig. 10 that nominal 
L/D’s of 0-5 or less might be adequate to satisfy 
If second airfield 
capability is deemed necessary. of course. higher 
L/ D's would be indicated 


the maneuvering requirement 


APPROACH AND LANDING 


Lifting vehicles can be considered to fall into 
two general categories. Firstly, there is the “*semi- 
ballistic’ vehicle which depends on body lift. 
maintaining angle of attack with aerodynamic 
control offset 
vices. A typical semi-ballistic shape might be a 
flat-topped half-cone of relatively high bluntness 
Trimmed subsonic L/D’s of 0-5 to 2-0 might be 
attainable. The second category can be termed 
“winged” vehicles, since they tend to look like 
highly swept airplane configurations and employ 
lifting surfaces in addition to the body or “‘fuse- 
Subsonic L/D’s from 2 to 6 seem attain- 


surfaces, C.g.. or reaction de- 


lage” 
able with winged vehicles 

The analyses of this paper generally do not 
consider the above distinctions, since in most 
respects the performance of the two types is 
similar. The semi-ballistic 
because of its very low L/D, is not normally 


vehicle, however. 
conceded to have runway capability, but must 
be landed by parachute just as if it were pure 
ballistic 
cerned with winged vehicles presumed to have 


The rest of the discussion will be con- 


runway capability 

After the glide vehicle has decelerated to about 
5000 ft/sec, it no longer is subject to appreciable 
centrifugal force and hence begins to descend 
quite rapidly if no auxiliary power is available 
the glide path angle being a function of maximum 
L/D as shown by Fig. 11. L/ Dis a strong function 
of Mach number below 5000 ft/sec, so that an 
integration method is necessary to obtain range. 
but if for discussion purposes, we conservatively 
neglect this variation, we can easily obtain range 
as a function of altitude and hence W/C,S of 
equilibrium glide. It is apparent from Fig. 11 
that low L/D vehicles have an “approach” range 
on the order of only 100 N.M. even though their 


initial approach altitude is about 100.000 ft 
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Fig. 11. Glide angle and range for initial landing approach 


Thus, there is little margin for navigation errors of assumptions which must}be made is doubtful, 
not previously corrected. To facilitate both and inany event a number of devices are available 
piloted and automatic landings, a ground con- to limit ground roll if necessary. Of more basic 
trol approach system can be profitably employed. importance is the precision with which the final 
This would differ from conventional automatic approach, flare, and touchdown can be made 
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Fig. 12. Glide vehicle landing speeds. 


and semi-automatic landing systems primarily In considering landing speeds, the parameter 
in that the glide path would initiate at much W/C,S again becomes important, since 
higher altitudes. 
y = (12) 
Actual runway ground run is not an adequate 
criterion for general analysis, since the accuracy as shown by Fig. 12. An increment of 15 per 
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cent above stall speed is normally assumed for 
touchdown speed. From information available 
in the literature,‘*-” final approach speed at 
the beginning of flare may be as high as 1-6 V,, 
for high speed configurations. For low aspect 
ratio delta configurations, ground effect is sig- 
nificant in reducing vertical impact velocities to 
below 5 ft/sec. The highest touchdown speed 
actually reported ‘” was 222 knots (X-3 airplane). 
The lowest L/D (at termination of flare) em- 
ployed for landing was about 6, but this did not 
appear to be a required minimum. Touchdown 
point precision actually improved as L/D at the 
initiation of flare was reduced to about 5. 


CONCLUDING REMARKS 

Summarizing the discussion, a composite path 
to best perform the re-entry is postulated in Fig 
13. The orbit ejection procedure, i.e. retrorocket 
firing, must be precisely controlled to provide an 
initial re-entry angle greater than zero degrees 
but less than some small angle on the order of 
one degree. A re-entry angle greater than zero 
must be employed from basic energy considera- 
tions, while the maximum re-entry angle is 
selected so as not to exceed, during the recovery 
phase, the maximum heat flux which must later 
be tolerated during the glide phase. The initial 
re-entry and recovery should be made with 


ALTITUDE——-+ 


AND G LIMITATIONS 
APPROACH 
& LANDING 


MAX HEAT FLUX 


MANEUVERING REGION -VARY 
L/0,C, ,AND AS REQUIRED 
TO ATTAIN LANDING AREA, 
OBSERVING MAX HEAT FLUX 


\ 


EQUIL!- | TRANSITION 
BRIUM 
GLIDE | V*-D/m 

| 
«mg Lemv4r «mg 


| 


RECOVERY 


max 


VELOCITY ——+ 
Fig. 13. Glide vehicle re-entry. 


If a wing loading of 30 lb/ft? and a maximum 
effective C,, of 0-5 are representative of a typical 
landing configuration, Fig. 12 shows the esti- 
mated touchdown speed to be ‘150 knots, which 
does not seem unreasonable. A final approach 
speed of 230 knots is indicated, however, and 
this, coupled with high rate of sink and poor 
pilot visibility, suggests the utility of an auto- 
matic flare path control system. 

The use of auxiliary lift devices to increase 
maximum C,, and of variable drag devices to aid 
path control is, of course, desirable. The em- 
ployment of rocket or turbojet thrust to permit 
powered approaches and go-around capability is 
highly desirable if the substantial additional 
weight thus implied is tolerable. 


maximum Cy, until an altitude rate of zero is 
observed. The C, is then reduced and a constant 
altitude deceleration is made, gradually in- 
creasing C,, to accomplish the transition to 
equilibrium glide conditions. Best equilibrium 
glide is defined by the minimum W/C_S of the 
vehicle, the maximum heat fiux being directly 
related to this parameter. At some increment 
below the velocity at which maximum heat flux 
is observed (0-83 Vs for laminar flow and 0-73 V's 
for turbulent flow), maneuvering may be 
initiated to attain the specified landing point 
No doubt some skipping will occur during this 
phase, so that careful energy control must be 
maintained to avoid exceeding the design heat 
flux value. The approach and landing phase is 
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complicated by the low subsonic L/D and C; 
which characterize hypervelocity vehicles. Very 
low L/D vehicles such as semi-ballistic types will 
land by parachute. For winged configurations, 
runway landings seem marginally feasible. Dead 
stick landings with low L/D aircraft can be made 
with good precision in terms of touchdown 
point, but pilot judgement is hampered by high 
descent rates and high approach speeds and 
altitudes. Various automatic landing aids can be 
employed to compensate for lack of decision 
time. L/D is effectively increased by the use of 
auxiliary power, which in addition provides a 
go-around safety factor, but this implies a large 


weight penalty 


NOMENCLATURE 
Cp Drag coefficient 
C, Trimmed lift coefficient 
Drag, Ib 
g¢ Acceleration of gravity, ft/sec* 
G  Deceleration (prime refers to maximum), g 
h Altitude, ft 
L Lift, Ib 
m Mass, slugs 
Heat transfer rate (heat flux), B.t.u./ft*-sec 
R Range, N.M 
r Radius from center of spherical Earth, ft 
r, Local radius of curvature, ft 
Ry Nose radius, ft 
S Vehicle reference area, ft* 
f Time, sec 
T,, Equilibrium radiation temperature, degrees 
Rankine 
V Velocity, ft/sec 
V, Retrorocket imparted velocity vector, ft/sec 
Vs Satellite velocity (gr)°”*, ft/sec 
Stall speed, TAS, knots 
Ratio of instantaneous velocity to satellite 


velocity, ft/sec 


GALMAN 


W Sea level weight, Ib 

8 Retrorocket alignment angle downward from 
local horizontal, deg 

« Surface emissivity 

y Path angle downward from local horizontal, 
deg 

Bank angle. deg 

p Density, slugs/ft® 

Stefan-Boltzmann constant, 0-48 
B.t.u./ft®-sec- 

© Earth central angle, radians 


Subscripts 

FE Refers to initial re-entry condition 
f Refers to initial glide condition 

e Refers to zero altitude condition 
o Refers to orbital condition 

s Refers to stagnation point 
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SOME NOSE CAP STUDIES FOR A MANNED RE-ENTRY 
GLIDER 


P. F. JORDAN and W. F. BARRETT 
Space Flight Division, The Martin Company 


Abstract 


On the nose cap of manned re-entry gliders equilibrium temperatures between 3000 


and 


4000 F arise for a relatively long time; the total heat input reaches 300,000 B.t.u./ft®. A nose cap design 
is analyzed that disposes of most of this heat by a re-radiation into space; this way, an efficiency of 
30,000 B.t.u./Ib functional weight (insulation plus cooling fluid evaporated) can be achieved. 

The proposed insulation material is a highly porous ceramic. Its conformance with the design re- 
quirements is discussed, and test results are communicated. Furthermore, the beneficial effects of high 
porosity on thermogradient capability and insulation efficiency of ceramic materials are discussed on 


the basis of simple analytical considerations 


INTRODUCTION 

Any re-entry vehicle, a manned glider as well as 
a ballistic body, requires a heat protective shield. 
The design requirements for this shield are quite 
different for different vehicles. A glider, due to 
its lift, re-enters the atmosphere much more 
gradually, and consequently encounters a re- 
duced intensity of the aerodynamic heat flux 
On the other hand, due to its extended re-entry 
time the total heat input into the nose of the 
glider is by no means small; in fact, the compar- 
able total heat input is considerably larger for the 
glider than it is for the ballistic body. 

Thus, while the design requirement for a 
ballistic nose cone is characterized by an extreme 
heat flux during a short time, the glider nose cap 
experiences a large total heat input which, 
however, accumulates at a slower rate. For the 
former problem, which is the subject of extensive 
literature, heat absorptive systems (like heat 
sinks, ablation, and related functional processes) 
are logical solutions. For the glider nose cap, 
about which little literature is available,+ these 
functional concepts are distinctly less attractive. 
because their efficiencies are relatively low at 
moderate temperatures, and also because, during 
the long exposure time, the heat tends to pene- 


+ For a survey of the problem areas and of possible 
design and material solutions see for instance Reference 1. 
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trate through to the load carrying structure, so 
that additional insulation or cooling becomes a 
necessity. 

In consequence, a heat absorptive design for 
a glider nose cap would become quite heavy, and 
an alternative method of disposing of the aero- 
dynamic heat flux has to be sought. In the present 
paper, a structural design is analyzed, the pur- 
pose of which is to re-radiate back into space 
a maximum of the incoming heat energy: only a 
small part (about 2 per cent) is absorbed by the 
structure and is disposed of by a cooling system 
This design, apart from having a very high 
weight efficiency (about 30,000 B.t.u./lb of 
functional weight) has the additional advantage. 
compared with ablative heat shields, that it has 
a permanent and smooth outer surface which 
favors laminar boundary layer flow, with a 
consequent reduction of the heat load. 

Complete re-radiation of the aerodynamic 
heat flux would occur if the surface of the nose 
cap could be perfectly insulated from the re- 
mainder of the structure, such that its temperature 
would go up until it would reach an equilibrium 
temperature 7g. During ballistic re-entry, the 
theoretical equilibrium temperature is far too 
high to be sustained by available insulation 
materials; thus complete, or near complete 
re-radiation cannot be achieved on ballistic 
nose cones, though partial re-radiation does 
occur on them and does contribute to their 
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efficiency. However, insulation materials have 
recently been developed that can sustain the 
somewhat more moderate equilibrium tempera- 
tures that occur during glide re-entry. These 
materials are highly porous composite ceramics. 
The analysis that is given in the present paper is 
based on experimental data that have been 
obtained for such a material. 

The insulation material development is briefly 
reported in the second part of the paper. The 
basic ingredient of the proposed insulation is 
silicon carbide. Element tests that have been 
performed indicate that in its highly porous 
form it fulfils the basic structural requirements. 
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For calculating the curves in Fig. | a fixed 
value « 0-8 has been chosen. This value 
€ 0-8 appears to be realistic for the coated 
surface of a ceramic insulation and is used also 
in the remainder of the paper (it does not neces- 
sarily apply to metal surface coatings, ablating 
surfaces, etc.) 

Figure | illustrates that the temperature 7, 
depends largely upon the radius r. In the case of 
a manned re-entry glider, with its relatively large 
fuselage, one might be tempted to keep Tx below 
3000 F by making r large—this would allow the 
use of a metal heat shield. However, closer scrutiny 
of additional design requirements shows that 
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Finally simple analytical considerations are 
discussed that tend to explain some of the effects 
of porosity on material properties. 


DESIGN REQUIREMENTS 

In Fig. | maximum temperature requirements 
of manned glide re-entry and ballistic re-entry 
are compared. The heat flux at the stagnation 
point of the nose cap is characterized by the 
equilibrium temperature 7, defined above. 
Te 1s a function of nose cap radius r, surface 
emissivity coefficient «, air density p and speed 
of flight V (see Reference 2). The ranges of the 
temperature parameter 7* 


4 


const. 


that are shown in Fig. | for the two types of 
re-entry are general indications only and should 
not be interpreted as describing specific missions. 


Fig. |. Ranges of maximum equilibrium temperatures. 


this approach would limit the maneuverability of 
the glider: in order to achieve flexibility in the 
choice of flight paths, a nose cap structure ts at 
least highly desirable that can sustain equili- 
brium temperatures Tg well above 3000 F for 
a considerable time, and, in addition, can with- 
stand short time emergency exposures to about 
Te — 4000°F. The total exposure time is about 
t — 2 hr, and the total heat input at the stagna- 
tion point is about QO — 300,000 B.t.u./ft®. 

The requirement thus defined formed the 
starting point for a development program of 
which some results are communicated in this 
paper. 


DESIGN CONCEPT 
The functional concept that was described in 
the introduction, maximum surface temperature 
achieved by means of insulation, internal cooling 
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to dispose of what heat leaks through the insula- 
tion, is analyzed in some detail in the next 
Section. This analysis assumes a specific design 
concept which is shown schematically as an 
insert in Fig. 2. 

The outer insulation is attached to a metal cap 
which forms a supporting structure. Such a metal 
support is deemed desirable to achieve structural 
reliability, in particular in view of possible 
meteorite impact. The metal cap is cooled by 
internal radiation to a (smaller) concentric cap 


6 0.5 


which in turn is cooled to a constant temperature 
Tc by means of a circulating fluid. This cooling 
circuit is assumed to be connected to the main 
cooling circuit which any manned re-entry glider 
is likely to contain. 

The use of internal radiation for the inter- 
mediate cooling appears desirable as it avoids 
the complications that would arise from a close 
contact of low temperature cooling fluid with 
high temperature structure. The internal radia- 
tion space, while it allows for differential tem- 
perature expansion between the two caps, is at 
the same time a quite stable energy carrier as will 
be seen from the analytical results below. The 
cause of this stability is the fact that radiation is 
proportional to the fourth power of the tempera- 
ture. 

The curves in Fig. 2 give some quantitative 
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Fig. 2. Effect of insulation thickness 
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correlation between design parameters. To 
simplify the interpretation, constant exposure 
conditions are assumed; the time of exposure, 
t 1200 sec, is so long that all transients can 
be neglected. Furthermore, only the relations 
along the radius vector are considered ; radiation 
and conduction normal to this vector are neg- 
lected. (This assumption of a one-dimensional 
situation will be justified in the next Section). 
With these assumptions, the analysis reduces 
to a formulation of the requirement that the heat 


METAL CAP 
COOLED 
Te 200°F 

RADIATION SPACE 
INSULATION 


INSULATION £91200 SECONDS 


WEIGHT Wi 


1 15 


flux through the insulation must be equal to the 
heat flux through the internal radiation space. 
Thus 
(K/d) (Tw 

where 

Tw surface temperature ( R)* 

Ty metal cap temperature ( R) 
Tc cooled cap temperature ( R) 
: conductivity of insulation [B.t.u. in. 


TA) (1) 


K 
(ft?sec “R)] 
d insulation thickness (in.) 
€ emissivity of metal cap 
a absorptivity of cooled cap 
Stefan—Boltzmann constant 


0-4805 10-™ [B.t.u./(ft®sec “R*)] 


+ Temperatures are R in all equations in this paper 
However, all numerical results are given in *F. 
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Figure 2 shows the effect on weights and on 
metal cap temperature 7y,; of increasing the 
insulation thickness d. The specific parameter 
values that are used to calculate the curves are 
not essential to the purpose of Fig. 2. However. 
two additional explanations have to be given. 
The one is that due to the insulation the tem- 
perature 7w of the nose cap surface. or wall, 
becomes practically equal to the equilibrium 
temperature 7 (except for small insulation 
thicknesses d). The other is a definition of the 
evaporated weight W.. It is assumed that a heat 
sink for the coolant is provided by evaporating 
water with an efficiency <« 1000 B.t.u./Ib 
HW. is the weight of the water that is evaporated 
in this heat sink per square foot of exposed sur- 
face and during the total exposure time / 


The weight per square foot W. the sum of 


insulation weight W, and evaporated weight 
HW. 1s not the total structural weight of the nose 
cap but ts what might be called the total func- 
tional weight that is required to dispose of the 
total heat input QO. Thus W corresponds to the 
ablated weight in an ablative design.+ 

The essential information that can be read 
from Fig. 2 is that even a thin insulation has a 
decisive effect in that it drastically reduces both 
evaporated weight HW”, and metal cap temperature 
Ty. The functional weight W reaches a minimum 
at a certain insulation thickness, here d = 0-7 
in.. where the temperature Ty is considerably 
below 7 w. A further increase of d increases H 
and further reduces 7. but both changes now 
occur only slowly 

A further observation is that the two compo- 
nents of 4. insulation weight W’, and evaporated 
weight 4. are about equal when W reaches its 


* One might argue that, for a proper comparison with 
ablation, 4 should include not only the evaporated water 
weight but also some allowance for the net weight of the 
water cooling system. While this is correct, there is also 
a releving effect if a weight allowance has to be made for 
safety. To achieve a given functional safety margin 
would require a proportional increase of the ablation 
thickness in an ablative design, but requires a proportional 
mecrease of the water weight only, not of the insulation 
thickness in the present design. In a specific case the two 
corrections tended to about cancel each other as far as 
the comparison between the two design concepts is 
concerned 
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minimum. This observation is not peculiar to 
the specific parameters of Fig. 2 but can be shown 
to be generally true (the two weights become the 
more equal the higher Ty) 


RESULTS OF MINIMUM WEIGHT 
ANALYSIS 

In order to obtain for various exposure times 
and exposure temperatures an exploratory sur- 
vey of the design parameters W, Ty and d, and 
of the achievable weight efficiencies Q/W (this 
means, of the total heat input (in B.t.u.) that 
is disposed of per pound of functional weight). 
we confine our further analysis to the minimum 
of W: this means, we assume that in each case 
the insulation thickness d has been chosen such 
that H Wmin (compare Fig. 2). Introducing 
this condition in Equation (1), we can eliminate 
d and arrive at the following equation 


(2) 
with 


4 


Ib Ib ft! « B.t.u. inift®see sec] 


An interesting feature of Equation (2) is that 
it is essentially an equation between tem- 
peratures. All other parameters— «ac, the para- 
meter of the internal radiation space: weight 
efficiency c of the evaporative heat sink: insula- 
tion weight parameter px; exposure time /—are 
combined in a single factor 

The analytical results in Figs. 3-5 again refer 
to exposure, during the time /, to a constant 
temperature 7 w. In order to establish a relation 
between Tw. ¢ and total heat input Q. the ap- 
proximation Ty = Tw is used, and a surface 
emissivity « 0-8 is again chosen. The same 
value 0-8 is used for emissivity « and absorp- 
tivity @ in the internal radiation space. Again 
‘ 1000 B.t.u./Ib. For the insulation material, 
experimental values are taken that are character- 
istic for the porous ceramic to be described 
below 
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K 6-67 10° * B.t.u. in. (ft®see R) 
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Furthermore, the temperature of the cooled cap 
is assumed to be Ty — 200°F in all cases. 

Of the numerical results that arise from this 
set of simplifications and parameter values, Fig. 
3 shows the two quantities that determine the 
design, namely, metal cap temperature Ty, and 
insulation thickness d. It is significant that Ty 
varies relatively little within large ranges of Ty 
and Q. This stability of Ty is of practical im- 
portance: while Ty will vary considerably over 
the surface of an actual nose cap, the metal cap 
will have a close to uniform temperature, and 
thermo-stresses in it will thus be small. 
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INSULATION THICKNESS 


; 
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The insensitivity of Ty;, incidentally, is a 
justification for using the one-dimensional 
assumption (see previous Section) for the present 
exploratory analysis. 

Figure 4 shows over Tw the total functional 
weight W for either a given value of QO or a 
given exposure time /. Figure 5 is derived from 
Fig. 4 and shows the very high efficiency Q/W 
that is achieved by the present design. For 
instance, at a mean temperature 7 2850 °F 
and for a total heat input Q 300,000 B.t.u 
the efficiency is O/U 30,000 B.t.u./Ib. This 
value compares very favorably with the effi- 
ciency that can be achieved with ablation: at this 
relatively low equilibrium temperature, a “heat 
of ablation” of 5000 B.t.u./Ib. would already be 
considered high. 
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Fig. 3. Insulation thickness d and metal cap temperature Tm 
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As a side application, the efficiency value Q/ Uv 
of Fig. 5 can be used to make an estimate of the 
percentage of Q that is disposed of by internal 
cooling. Let s be this percentage. As W = 2W, 
and ¢ 1000 B.t.u./Ib: 


100 Orooled Orotal 

sx § 10°/(O/W) per cent 
For O/W 30,000 B.t.u./Ib this leads to s ~ 1-7 
percent. Thus, in the example just considered. 


the corrected total heat input would be Q 
305,000 of which 300,000 B.t.u. are re-radiated, 


+ “4 


3000 3500 4000 


while 5000 B.t.u. are disposed of by the evapora- 
tion of 5 Ib of water. In turn s can be used to 
estimate the percentage difference between the 
correct values of the two temperatures. Tg and 
Tw, that have been set equal in our approximate 
analysis. This difference equals s/4; thus 47 
14°, which means Tg — 2864 for Ty 2850 F 


APPLICATION TO A TYPICAL RE-ENTRY 
MISSION 
The numerical values that are presented in 
Figs. 3-5 apply to a design that has been opti- 
mized, with regard to weight, for exposure during 
a given time ¢ and to a constant temperature 
Tw. In a way this is unrealistic, as the actual 
nose cap, with its fixed insulation thickness d. 
will be used at widely varying temperatures 
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Fig. 4. Functional weight versus surface temperature Tw 


4.x«10* 


2 
i 


2500 


+ 


+ 


3000 
SURFACE TemPERaTURE 7, 


Fig. 5. Weight efficiency (B.t.u. disposed of per Ib of functional weight). 


only for one of these temperatures will d have 
its optimum value. Nevertheless we can use 
Figs. 3-5 for first estimates for a complete 
mission by choosing for Tw a suitable mean 
temperature of this mission. Because of the 
minimum property of W the error thus com- 


mitted turns out to be relatively small. This is 
discussed next. 
Fig. 6 shows an analysis of an idealized but 


otherwise typical re-entry history. The time of 


exposure is 2 hr, and the total heat input is 
QO 290,000 B.t.u./ft®, The analysis has been 
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performed for a number of insulation thicknesses 
d; for three values of d both weight W and metal 
cap temperature 7); are shown. As might be 
expected from Fig. 2. the effect of varying d is 
quite small. 
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Fig. 6. Design for a representative mission. 


The constant temperature results of Figs. 3-5 
yield a fair approximation of weight and effi- 
ciency. For doy: 1-56 in. and O 290,000, 
Fig. 3 yields Ty 2930°; from Fig. 4 then 
follows W ~ 9-5 Ib, a value close to the accurate 
Ww 9-79 Ib. For the efficiency O/W we have 


30,000 B.t.u./Ib (mission analysis) 
30,300 B.t.u./Ib (constant temper- 
Fig. 5). 
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Thus the reduction of the efficiency that is due to 
the temperature becoming a variable turns out 
to be quite small. 

Figures 3-5 are a useful basis for first estimates. 
In practice, of course, the accuracy of the pre- 
diction depends upon a proper guess as to what 
exposure time ¢ and what constant temperature 
T w will be appropriate representations of a given 
re-entry mission. 
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MATERIAL REQUIREMENTS 

The high weight efficiency that is shown in 
Fig. 5 arises essentially from a single property of 
the insulation material, namely, its high insula- 
tion efficiency 1/px. The practical feasibility of 
the design, on the other hand, depends upon a 
whole set of material requirements. The more 
significant of these requirements are listed 
below; some allowance is made for emergency 
conditions (these arise for shot times only): 


(1) Insulation material: 

(a) Resistance to temperatures well above 
3000°F for long times, and for short times 
up to about 4000°F (this requirement in- 
cludes integrity under aerodynamic and 
acoustic loads): 

(b) Resistance to thermo-gradients of up to 
about 2000°F/in.; to thermoshocks as 
required by the mission; 

(c) High insulation weight efficiency. 


(2) External surface: 
(a) Smooth, even during and after exposure 
and close to impervious to air: 
(b) High emissivity (about « — 0-8, or higher). 


(3) Metal cap material: 
(a) Structural efficiency up to at least 1500°F: 
(b) Thermo-expansion coefficient close to that 
of the insulation material. 
(4) Reliable bonding between insulation ma- 
terial and metal cap: 

A review of the requirements for the insulation 
material makes it likely that the best solution 
will be found among the porous ceramics. 
Ceramics per se, at least some of them, have the 
necessary temperature capability. Porosity is 
efficient in increasing resistance to thermo- 
gradients and is very efficient in increasing insu- 
lation weight efficiency (see the discussion in the 
last Section). 

This consideration, however, spelled out a 
way to, not the details of, the solution. It led to 
a research program that has been going on for 
some time. A good deal of effort went into 
screening of basic materials, development of 
methods of foaming ceramics, measurements of 
physical properties, high temperature testing, 
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analysis and design. Some of this effort was 
unsuccessful: however, lately explanations for 
some earlier failures have been found, and a 
number of test specimens have proved successful. 
The state of development that has been 
achieved so far is briefly described below. 


TEST RESULTS 

The insulation material that has proven most 
promising (and on which the preceding design 
analyses are based) is a composite. Its basis is a 
selfbonded foam of silicon carbide+ which has a 
porosity of about 90 per cent. This SiC foam is 
impregnated with zirconia in order to protect it 
from oxidation which would make it brittle. 
Zirconia is further used to form a smooth. 
closed external surface. 

The temperature capability of the composite is 
sufficient : decomposition of SiC begins at 3990 fF 
while the melting point of zirconia is about 
4900 F. Its compression strength is about 100 
psi at room temperature and seems to increase 
somewhat with temperature 

A problem still exists with regard to repeatable 
manufacture of high quality SiC foam. On the 
other hand, test specimens made of top quality 
basic foam have performed very satisfactorily 
For instance, insulation plates, ? in. thick, were 
cemented to niobium sheet metal.? The specimen 
was heated (by means of oxy-acetylene torches) 
to 3800 F surface temperature and in realistic 
temperature cycles, while the metal temperature 
was kept below 1200°F. In spite of the high 
thermo-gradient through the 
damage was observed. In particular, the bond 
between insulation and metal was still strong 
after the tests 

Other test samples were inserted suddenly into 
a hot jet that rapidly brought their external 
temperature up to 3500 F. The dynamic pres- 
sure in this jet was 500 Ib/ft®, the acoustics noise 
level about 150 db. In spite of the severity of the 
thermoshock, which far exceeded any shock to 


insulation, no 


* Supplied by the Carborundum Company, Niagara 
Falls, N.Y. 

* Niobium was chosen because of (a) its low expansion 
coefficient, (b) its high temperature strength which 
provides an additional safety margin. 


be expected in a re-entry mission, no damage to 
either material or surface was found. 
Furthermore, progress has been made in the 
direction of achieving a surface of high emissi- 
vity. It is difficult to reliably measure emissivity 
coefficients at very high temperatures; however, 
emissivity performance itself can readily be 
checked. A test sample was exposed to a torch 
and its emitted energy was measured to be about 
190 B.t.u./(ft®sec). This would 
sponded to an equilibrium temperature of 
4250 F if the surface emissivity coefficient would 
0-8, as is assumed in the above 


have corre- 


have been « 
analysis: thus the emissivity performance was 
well in excess of the maximum required even for 
a short time emergency. 

Due to the excessive temperature, the surface 
of the test sample was damaged in this test: 


however, this damage occurred only slowly and 


was by no means catastrophic. 


EFFECTS OF POROSITY 

In the present paper no attempt can be made 
to survey the complex subject of porosity (com- 
pare e.g. Reference 3). Only a few points will 
be made 

The available literature appears to deal ex- 
clusively with low percentages of porosity 
There is a good reason behind this 
reduces structural Many 
materials, if foamed to a high percentage poro- 
sity, do not achieve the necessary minimum of 
Structural integrity. carbide 
remains a structurally useful material even if it 
is foamed to a very high porosity (~90 per cent). 
Thus with SiC the beneficial effects of porosity 
can be fully utilized, and particularly so in a 
design like Fig. 2 where the insulation is sup- 
ported by a metal shell. 

Figure 7 refers to the effectivity of porosity in 
increasing the capability of a block of ceramic 
material to sustain high thermo-gradients. 
Loosely speaking, a porous ceramic is composed 
of small particles of dense material which, by 
value of their small size, can by themselves sus- 
tain high thermo-gradients; these particles are 
connected by thin material bridges which, due 
to their thinness, are capable of relatively large 


porosity 


strength. ceramic 


However. silicon 


§ 
2 
y 3 
ine 
A 
4 
i 
oy 
‘ 
+ 
ig 


elastic deformations and thus allow some rela- 
tive motion between differentially expanding 
particles. To put it differently, we might say that 
if a given thermo-gradient is applied to two 
ceramic blocks, one dense and one porous, the 
porous block can sustain the differential thermo- 
expansions more readily than the dense block 
because in it a part of the required deformation 
can be produced by deforming the pores instead 
of straining the particle material—in other words, 
because the porous block has a reduced effective 
or bulk E-modulus. 


EXPERIMENT 
TENSION 
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Fig. 7. Effect of porosity on E-modulus. 


This is illustrated in Fig. 7. The straight line 


E porous 


Ewen se 


(First approximation) 


p 
Po 


100p° 


(3) 


would be correct if the deformation of the block 
would result solely from a uniform strain of the 
material. The experimental curves, taken from 
Reference 4, show that E porous is reduced 
considerably more than Equation (3) would 
predict. It is this additional reduction that is 
indicative of an increased resistance to thermo- 
gradients. 

The analytical curve that is also shown in Fig. 
7 takes into account the elastic deformation of 
the holes. Its similarity to the experimental curves 
is striking—in particular so, as the analysis* 


+ Due to Dr. J. L. Ericksen (unpublished). 
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has been done for the two-dimensional rather 
than the three-dimensionsal problem and, strictly 
speaking, is valid for small porosities only. 
Figure 8 shows the result of another heuristic 
analysis. If, of the material that remains in a 
only its 


porous block, we would consider 


PRESENT 
ANALYSIS 
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Fig. 8. Effect of porosity on insulation efficiency 
(analytical). 


capability to conduct heat, we would expect 
the conductivity to be proportional to the density 
p. This already would lead us to expect a large 
effect of the porosity p on the insulation effi- 
ciency |/ px: 


(First approximation) 
pK p* 


const. 

(i00 

An additional increase of the insulation efficiency 
comes about from the distribution of the 
material. Consider a material block the pores 
of which are spherical holes arranged with 
uniform distance between them (i.e., in a tetra- 
hedral matrix). The material cross sections of a 
plane through a layer of holes is smaller than 
the mean material cross section p/p». and further 
the material paths of thermo-conductance be- 
tween two such planes is longer than the dis- 
tance between the planes. Both facts serve to 
reduce the bulk conductivity of the porous 
block. If, rather crudely, we approximate both 
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effects by using the minimum material cross 
section of the block as its mean cross section, we 
obtain 

100 


while p 100 


per cent 


3y 2 
Here 4 is the ratio between hole diameter and 
matrix unit distance. The resulting curves for 
«/p and px are shown in Fig. 8, up to p — 74 per 
cent where 4 1 (i.e. the spherical holes touch 
each other). At this porosity the estimated 
increase of the insulation efficiency 1/px 1s 
already more than 40-fold. 
0.3) 
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Fig. 9. Insulation coefficient of porous silicon carbide 
(experimental). 


Figure 9 finally shows experimental curves for 
SiC that are comparable to the «/p-curve in 
Fig. 8. Again the decrease of «/p with increasing 
p represents an increase of the insulation effi- 
ciency |/xp on top of the first approximation 
increase that is predicted by equation (4). 

The shape of the curves in Fig. 9 does not 
exactly correspond to that of the «/p curve in 
Fig. 8. This need not be due to the crudeness 
of the analysis alone, nor to the fact that the 
experimental points are too few to draw re- 
liable curves. Probably the more important 
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reason is that the experimental porous material 
has an irregular distribution of irregular holes, 
and consequently can be expected to have an 
even lower conductivity than the analysis would 
predict. 

Two additional remarks are indicated. As is 
well known, and as can be read from Fig. 9, 
the thermo-conductivity of dense SiC is con- 
siderably reduced at high temperatures. This 
beneficial effect is counteracted, in the porous 
material, by some radiation through the holes: 
however, Fig. 9 shows that radiation is not 
over serious. 

The other remark is that the point for 2550°F 
and p — 92 per cent in Fig. 9 actually refers to 
the mean conductivity between 1500°F and 
3600 °F; it thus essentially covers the tempera- 
ture range required for the application discussed 
in this paper. 


CONCLUSIONS 

Within the temperature requirements that 
arise during orbital re-entry of a manned 
glider, ceramic insulation materials are be- 
coming available that promise to fulfil all 
structural requirements. High insulation effi- 
ciency of these materials and their resistance to 
thermo-gradients are due to their high porosity. 
With these materials, heat shield designs become 
feasible that are not only shape sustaining but, 
in addition, have a weight efficiency far in excess 


[0 of comparable ablative designs. 
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LIST OF SYMBOLS 
Total heat input (B.t.u./ft?) 
Temperature parameter ft'’*) 
Equilibrium temperature ( R) 
Surface temperature 
Metal cap temperature 
Cooled cap temperature 


Total functional weight (W, W (Ib) 


Weight of coolant evaporated (Ib) 
Weight of insulation (Ib) 
Efficiency of water evaporation (B.t.u./Ib) 
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Insulation thickness (in.) 

Porosity 100 (1 p/p) (per cent) 
Nose cap radius (ft) 

Exposure time (sec) 

Absorptivity of cooled ‘cap 

Emissivity coefficient 

Thermal conductivity [B.t.u. in./(ft®sec 
R)] 

Density (Ib/ft*) 

Stefan—Boltzmann constant [B.t.u./ft®sec 
R‘)] 
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A THEORETICAL STUDY OF ABLATION SHIELD 
REQUIREMENTS FOR MANNED RE-ENTRY VEHICLES 


LEONARD ROBERTS 
NASA Langley Research Center 


Abstract—The problem of sublimation of material and accumulation of heat in an ablation shield is 
analyzed and applied to the re-entry of manned vehicles into the Earth’s atmosphere. The parameters 
which control the amount of sublimation and the temperature distribution within the ablation shield 
are determined and presented in a manner useful for engineering calculation. It is shown that the total 
mass loss from the shield during re-entry and the insulation requirements may be given very simply in 


INTRODUCTION 

The successful return of a vehicle through the 
Earth’s atmosphere depends largely on the pro- 
vision that is made for reducing aerodynamic 
heat transfer to the structure of the vehicle 
Analyses of the heating experienced during re- 
entry have been made for both ballistic vehicles") 
and for manned vehicles. ® 

For the purpose of the present report the 
types of re-entry are categorized as follows: 


(a) Lifting vehicles of constant lift-to-drag 
ratio which re-enter the atmosphere at 
very small angles (so that skipping does 
not occur) and which experience maximum 
decelerations less than about &g¢ 


(b) Nonlifting vehicles which re-enter at small 
angles and which experience maximum 
decelerations between 8¢ and I4g 

(c) Nonlifting vehicles which enter at larger 
angles and experience maximum declera- 
tions greater than 14¢ (ballistic trajectory) 


The vehicles considered in (a) and (b) are 
suitable for manned re-entry whereas the de- 
celerations associated with higher entry angles 
[type (c)] generally exceed human tolerances 

The heating experience of the manned vehicles 
also differs from that of the higher entry angle 
ballistic vehicle: for this latter vehicle the maxi- 
mum heating rates are such that surface tem- 
peratures may exceed the melting temperatures 
of metals which have been considered in heat-sink 


terms of the maximum deceleration of the vehicle or the total re-entry time 
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type shields. For manned vehicles the flight 
duration is much longer and although the 
maximum heating rate is much lower the total 
heat input exceeds that of the ballistic vehicle 
and the use of a metal heat-sink shield becomes 
inefficient from a weight standpoint 

As an alternative to the heat sink, considera- 
tion has been given to the use of ablation materi- 
als: the term ablation applies when there is a 
removal of material (and an associated removal 
of heat) caused by aerodynamic heating, and 
therefore embraces melting, sublimation, melting 
and subsequent vaporization of the liquid film, 
burning or depolymerization 

Several approximate analyses have been made 
of the steady-state shielding effects which result 
from this removal of material; aerodynamic melt- 
ing has been considered; sublimation; 
simultaneous melting and vaporization; ”: 
and a general treatment of the boundary layer 
with mass addition has been given.'” The 
problem of keeping the vehicle structure at a 
suitably low temperature cannot be answered by 
investigating a steady-state situation, however: 
consideration must be given to the problem of 
insulation and the conduction of heat to the 
structure is a transient phenomenon. 

The suitability of a heat shield (whether heat 
sink or ablation material) depends on the weight 
required to keep the structure below a given 
temperature and a simple quantity of merit such 
as the effective heat capacity or effective heat 
of ablation gives no indication of the severity of 
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the insulation problem—the of high- 
temperature ablation materials such as graphite, 
for example, which has high thermal con- 
ductivity, could lead to an intolerable heating 
condition although the effective heat capacity is 
higher than most materials. It is possible that the 
high-surface-temperature ablation materials ex- 
perience less mass loss because of radiation 


use 


cooling but this is not necessarily desirable since 
the high surface temperature makes the insula- 
tion problem more severe. 

It is seen, therefore, that the problem of main- 
taining a cool vehicle structure is twofold: 
firstly, there must be adequate provision of 
material for ablation and, secondly, there must be 
sufficient insulation to prevent the structure 
becoming hot. 

The effectiveness of an ablation material de- 
pends on its capability to dispose of heat by con- 
vection in the liquid melt, as latent heat, and by 
convection in gaseous form in the boundary 
layer; in this regard it has been shown: 7) that, 
in general, an ablation shield is most effective 
when a large fraction of the mass loss undergoes 
vaporization. When sublimation takes place 
there is no liquid film, all the mass lost from the 
shield undergoes vaporization and subsequent 
convection in the high-temperature boundary 
layer thereby removing a large amount of heat 
For this reason a material which undergoes 
sublimation rather than melting is generally the 
more efficient (apart 
latent heat). 

Naturally, the choice of ablation material will 
be dictated by the type of vehicle and its heating 
history during re-entry. For a nonlifting vehicle 
whose dimensions are such that the heating rates 
experienced are too high to be balanced by radia- 
tive cooling it is advantageous to use a low 
ablation temperature material, thereby reducing 
the insulation problem. For lifting vehicles which 
experience lower heating rates over most of the 
vehicle surface the primary means of cooling 
would be radiative except at the leading edges 
where the limited use of a high-temperature 
ablation material would seem more appro- 
priate—ablation would then take place only near 
the peak heating condition. 


from considerations of 
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The materials here considered most suitable 
for the re-entry of a manned nonlifting capsule 
are therefore those which undergo sublimation 
at a low temperature (say less than 1500 R) and 
have low conductivity so that no further insula- 
tion 1s required. The absence of a liquid phase 
firstly ensures that the material is removed in 
gaseous form, and therefore convects a large 
amount of heat from the shield, and secondly 
precludes the possibility of liquid film insta- 
bility. 

The purpose of the report is to develop an 
approximate method of solution for such a shield 
from which may be determined the total sublima- 
tion of material during re-entry and the tempera- 
ture distribution within the remaining shield: 
the ablation temperature is such that radiation 
may be neglected. The analysis is directed to- 
wards obtaining results useful for engineering 
purposes. 


ANALYSIS 
Motion and Heating during Re-entry 


An analysis of shallow re-entry into the Earth's 
atmosphere of both lifting and _ nonlifting 
vehicles has been made elsewhere; the results 
of interest for the present application are in- 
cluded here for completeness. 

Assuming an exponential variation of density 
with altitude 


* 
p p 


the equations of motion reduce to a single 
differential equation 


uZ a7 (Br) D (1) 
where 
p* r ul 
7 


The initial conditions appropriate to re-entry 
from a circular orbit are 


Z 0, Z sin (2) 


at l. 
All quantities of interest are expressed in 


°* 
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terms of @ Z. and M/CpA as follows (see 


appendix for list of symbols): 
Horizontal deceleration 


du 


d e(8r)'aiZ ft) sec* 


Resultant deceleration 
L\? 
a e(8r) - uZ ft sec* 


Reynolds number 


Time 


where 
(a7) ‘da 
Stagnation enthalpy 
cAT 
Heat transfer rate 


590K i| do B.t.u. ft®sec 


pAR 
where 


do (10) 


Heat absorbed 
CpAR 
where 


(12) 


0, | ‘di 


The foregoing relations (equations (3) to (12)) 
are used in the determination of the mass re- 
quired for sublimation and the accumulation of 
heat within the solid shield 


General Equations for Sublimation and Heat 
Accumulation 


Before the vehicle re-enters the atmosphere 
the ablation shield is assumed to have uniform 
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temperature 7; in the early part of re-entry the 
shield is heated until the surface temperature 
reaches the ablation temperature 7,. During 
this preablation heating period the problem of 
conduction of heat through the shield can be 
treated without difficulty since the heating rate 
is known (equation (10)). When sublimation 
of material occurs, however, the conduction of 
heat within the material depends on the rate of 
mass loss from the surface, the problem becomes 
nonlinear and the 
lengthy numerical procedures (see, for example. 
Reference 10) 

It is not the purpose of this report to obtain 
exact solutions the equations: 
rather, approximate results are obtained which 


exact solution § involves 


of nonlinear 
show all the important parameters that enter 
into the problem and give estimates of the 
material required for sublimation and for ab- 
sorbing the heat conducted to the interior 
(Figure | is a diagram of the heat shield under 
consideration. ) 

It is now assumed that the ablation shield is 
sufficiently thick that the “infinitely thick slab” 
approximation be used and an energy 
balance is written as follows 


may 


OW) fc (7 


Heat absorbed by 
blimated materia! 


Net heat 
input at 


surface 


0 


per T 


. 


Heat accumulated by 
remaining material 


When an integral thickness @ defined as 


(14) 


is introduced, equation (13) may be written in 


differential form as 


dm 


di 


git) lc (7 


Te) (5S) 


(3) 
(4) 
t — (Be) sec (6) 
) 
t.u./Ib (8) 
(9) 
s 
0 
d ; 
4 
* 
= 


and an additional equation (a boundary con- 
dition at the surface of sublimation) is written 


dm eT 
z 0 
Net heat Rate of heat Heat transfer 
transfer rate absorbed in rate to interior 


phase change 


to surface 


It is important to note that in equations (15) 
and (16) the heat transfer rate g(t) is that which 
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shield material in gaseous form in the boundary 
layer and is given as a function of N sv. 

The unknown heating rate g(f) is eliminated 
from equations (15) and (16) by use of equation 
(17) to give 


qo T ) L 


dm 
di Peto (7 T (20) 


at T, T 


SHOCK 


To 
GAS LAYER oa 


HEATED THICKNESS 


SOL 


Y T 
Yj @ 
\-VEHICLE STRUCTURE 


the shield actually experiences and is itself a 
function of the rate of sublimation: throughout 
this report the quasi-steady relation for the 
reduction in heat transfer rate, due to the intro- 
duction of mass into the boundary layer, is 
used (see Reference 6) 

Gilt) — qt) aé,{T, T,) (17) 


where qo{t) is the heat transfer rate experienced 
by a nonablating body at the surface temperature 

In equation (17), ¢,, is the effective mean specific 
heat and a(7, T,) the effective temperature 
rise of the mass convected in the boundary layer. 
The expressions for a and ¢, derived for a 
laminar boundary layer are 


n N py 0.6 ( 18) 


and 
ra Cy WV) (19) 


where W is the effective concentration of the 


Fig. |. The ablation shield 


and 


qo = (L + aé,T,— T,)] 


(x, ) (21) 

Col 
Before attempting to take account of the 
conduction of heat within the shield it is useful 
to make a simple analysis of the sublimation 
which gives estimates of the total mass loss during 


re-entry. 


Sublimation of Material from the Shield 

The purpose of an ablation shield is to reduce 
the heat transfer rate at the surface from the 
aerodynamic rate gy to a value (kK, by 
providing material which absorbs heat through 
latent heat of sublimation and convects heat in 
the gas boundary layer: this situation is reflected 
in equation (21). If this process is successful 


= 
| — 
| 
Ta 
dm 
dr 
Pigs 
: 
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then (k, for most of the re- 
entry and an upper limit to the rate of mass loss 
can be obtained by neglecting heat conduction 
in the solid 

From equation (21) with (A, 0 


dm Go 


dt L + aé T,) 


22) 
Alternatively, by assuming that the rate of 
T de. 
is small compared with the rate of disposal of 
heat [c.(7 Te) +l T,,)\dm 
equation (20) becomes 


accumulation of heat. d[p,c,(7 


dim qo 


d Tx) +1 af AT, 


Equation (23) is the quasi-steady expression 
for the rate of mass loss but is not, in general, an 
upper limit 

With the aid of equations (3), (8). (9), and 
(10), equation (23) is written 


dim 1-18 (M CpARY dm 
) 
dy 27 al¢,,/C,, 2) | di) 


where 


= (using equation 
gJ Cy, 2) (22)) 


} (26) 


: (using equation 


(23))J 


Equation (24) shows immediately the im- 
portance of the parameter 


(M ¢ pARY 


a(C,/Cp, 2) 


Heating enthalpy 
Gas shielding enthalpy 


which depends on the vehicle size and shape 
through M/CpAR and the properties of the gas 
boundary layer. It is seen that the mass loss can 
be reduced by designing the vehicle so that 
VU CpAR is small (low mass, high drag, blunt 
nose) and by choosing an ablation material 
having a high shielding coefficient, a(¢,,/c,, »). 
A second parameter, the enthalpy ratio 
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l Shielding due to latent heat 
Mut gJ)alé,/c,,.) Gas layer convective shield- 
ing 
shows the effect of the latent heat Z in reducing 
the mass loss: when a(¢,/c,, .) is small the effect 
of latent heat becomes more important 


Vass loss 
An upper limit to the total mass loss is 
obtained by integration of equation (24) 


m 118k ry | m Ib/ft? (27) 
AC, 2 


where 


f A 
m | | \(aZ) di (28) 


and i#,, i, are, respectively, the values of # when 
sublimation begins and ends 

Equation (27) with ky gives the mass loss 
at the stagnation point and the factor ky 
dS modifies this mass loss 
according to the variation of heating rate over 
the surface of the shield. The analysis of Refer- 
ence 2 does not apply at the condition @ — | and 
it is necessary to assume a value @ 1 as the 
upper limit of #; the nominal value of #@ — 0-995, 
used in Reference 2, is also used here as the value 
at which sublimation begins. The lower limit 
depends on the ablation temperature of the 
material since ablation will cease before the 
stagnation temperature of the stream falls below 
the ablation temperature. The value i, 0-05 
(which corresponds to stream temperature of 
about 200 F) is used throughout this paper: this 
value is considered sufficiently low to include any 
material now under consideration. 

Thus 7 can be written 


where 
(a7) ‘da 
0.995 


- 


6-05 


AyMuZ) 
0-995 
{ (aZ) ‘da 


0-05 


ary 
4 
(23) 
A 
lb ft® sec (24) 
da + A 
and 
or 
\ 
a 
GOR 
= 
= (31) 
a 


Equation (30) shows that, even when A 0 
(no latent heat), there is a limiting value of the 
total mass loss, whereas equation (31) gives »(A). 
the fractional decrease in mass loss due to latent 
heat. 


Effective heat capacity 

When comparing an ablation shield with a 
solid “heat-sink” shield (for example, copper 
or beryllium) it is convenient to introduce an 
effective heat capacity defined here by the follow- 
ing ratio 


Total heat which would be absorbed by a 
Hers nonablating shield 


Total mass loss from ablation shield 


Using equations (11) and (12) for QO, and (27), 
(29), and (30) for m, the effective heat capacity 
can be written 


~ 


Herr = 13,5000 B.t.u./Ib (32) 
Cp,2 
where 

and 

0-995 

{ > (33) 
( A. ff da 0 ped 

‘da 


0-95 


Equations (32) and (33) show that Her depends 
only on the properties of ablation material 
(through ¢,/c,,, and A) and on the vehicle 
trajectory (since (Mer),—» is a function only of 
trajectory). 


Relation between mass loss, deceleration, and 
time of re-entry 

From equations (24) and (25) dm/dt ~ [@/(a 

thus for large A, (dm/dt)max occurs 
at [#(7Z)' |max (peak heating) whereas for A — 0, 
(dmm/dt)max occurs at [(7Z)' |max (peak horizontal 
deceleration). For any A, then, the maximum 
sublimation rate occurs between peak heating 
and peak deceleration. 

In general, the total mass loss will depend on 
the total time taken to complete re-entry since 
m9 is a function of the trajectory. It is of extreme 
interest, therefore, to determine how the mass 
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loss may be reduced by allowing the vehicle to 
complete re-entry in a short period of time but 
with the reservation that the maximum decelera- 
tion be kept to a tolerable level. 

The relationship between the total mass loss, 
deceleration, and time of re-entry becomes ap- 
parent when equations (3), (7), and (30) are 
recalled: 


0-995 
g di 
0-05 
and 0.995 
mM) 0 | (aiZ) ‘di 
0-05 


Firstly, since (4Z) < (&Z)max it is seen that 


[ Max. horiz. decn., g’s 
= 


(Br) 


secondly, since 


2 
(aZ) da 


0 


{ (aZ) ‘da 
0 


(Schwartz integral inequality) 
then 


mM) 0 (7) 


so that in general /71,_, satisfies 


lA 
> 


1 Max. horiz. decn., g’s t 
E 2 (53) 
(inserting the numerical values of (Sr)! and 
(Bg)') a result independent of vehicle character- 
istics or trajectory. Using an average value of 
uZ equal to %Z)max the following simple rule 
may be expected to hold 


1 Max. horiz. decn.. g’s 
3 
(34) 


My 9 


that is to say, 


A. The total mass loss varies inversely as the 
square root of the maximum horizontal decelera- 
tion. 

Alternatively, comparing the integral expres- 
sions for ¢ and /7,_», the following relation is 
expected 

My 9 ~™ (1/27) 
that is, 


J 
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B. The 
of time for re-entry. 

The foregoing relations between mass loss, 
deceleration, and re-entry time. provide a very 
simple estimate the sublimation during 
re-entry 


total mass loss varies as the square root 


of 


Application to particular vehicles 
The integrals required for ~9. (Hert), —o. 

and » are evaluated for 

d 


(a) Lifting vehicles, L/D > 1, 0 for which 


uZ — (30L/D)-\1 
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(b) Nonlifting vehicle, L/D 0. — 4, 
uZ given numerically in Reference 2, and 

(c) Nonlifting ballistic vehicle, L/D 

db 6° for which a@Z 30 sin | 
(—In 


0. 


The quantities 7 and maximum horizontal 
deceleration are also evaluated and a check made 
on the simple rules A and B; the results appear 
in the following table. 

It is seen from the table that the expected 
variation of mass loss with re-entry time and 


Table |. 


Dimensionless 
mass loss. 


Entry 
angle 
4 


Vehicle 


mM) 9 


30 


Lifting, 1-418(30(L 


D) 


3-06 
2-95 
2-73 
2-40 
217 


1:99 


Manned 
nonlifting, 
LD 0 


Ballist 
nonlifting, 
LD=0 


3-32/ 30 sin ( 


Rule A Rule B 


Max. horiz 


decn., g's 
} 0-84(7) 


1-414/30(L D)} 1-44/30(L 


tv 


hy ww 


2 
2 


3-30! 30 sin 3-22/30 sin (— 


Vehicle (Hey 


0-05 
0-5 


Lifting, *0-218 


(LD) 


0-500 
0-484 
0-453 
0-412 
0-390 
0-380 


0-223 
0-234 
0-249 
0-273 
0-289 
0-302 


Manned 
nonlifting, 
LiD=0 0 

0 

0 


0 


Ballistic 
nonlifting, 
LD=0 


0-351 0-340 


*0-302 


0-305 
0-319 
337 


397 


0-431 


0-1 0-25 0-50 1-0 


*0-447 *0-577 *0-707 


0-450 
0-463 
0-482 
0-511 
0-530 
0-542 


0-707 
0-715 
0-730 
0-750 
0-762 
0-770 


0-580 
0-589 
0-608 
0-633 
0-650 
0-660 


364 
383 


0-572 0-680 0-785 


4 
= 4 
72 76 
4)] 
4 
: 


maximum deceleration holds very well (within 
a few per cent except for L/D = 0, —4, $°) 
and that the lifting vehicle experiences greater 
mass loss than the nonlifting vehicle. 

The effective heat capacity lies within definite 
limits, 0-35 < (Alert), 0-5 the higher value 
being associated with lifting vehicles which 
operate relatively longer in the region of high 
stream enthalpy and therefore high gas layer 
shielding. It is seen that the variation of » with 
trajectory is small although its variation with A 
is large. 

Table | shows that » 
cases. Considering further the results as A> %, 
the effective heat capacity, Hers, must tend to a 
limit L, the latent heat, or 


Aer: al > A 


This behavior may be verified for case (a) where 


A 


A because the exponent of 


l as A % for all 


(Alors), A 


It is seen that Alor: 


+ A) is equal to (Mert), of = 4). This 

behavior suggests that », which is equal to 

[A/(1 + for case (a) should be. more 
generally 

A (Hore) 0 


and in fact a comparison shows that this result 
agrees with those in Table | to within | per cent. 

In the foregoing analysis expressions for the 
total mass loss and the effective heat capacity 
of the shield have been obtained by assuming 
that (1) sublimation starts early during re-entry 
and (2) the accumulation of heat is negligible 
compared with the disposal of heat; both assump- 
tions lead to conservative values for the total 
mass loss (that is, values that are too large). 

An analysis of the heat-conduction problem 
within the shield is desirable in order to justify 
these assumptions and also to estimate the 
amount of insulation required to keep the 
structure cool. 


Accumulation of Heat within the Shield 
The effectiveness of an ablation shield in re- 
ducing heat transfer to the vehicle structure is 
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measured finally in terms of the mass required to 
keep the structure below a given temperature. 
It has been shown in the previous section that the 
mass loss due to ablation is virtually inde- 
pendent of surface temperature when 7, > T,,. 
The mass requirements for insulation however 
depend critically on the ablation temperature 
and it is to be expected that the use of low- 
temperature ablation materials will reduce 
considerably the insulation problem with rela- 
tively little increase in the total mass loss. 

In order to estimate this amount of insulation 
it is assumed that 


k (T, — T x) (36) 


0 

(it may be shown that, for 7, monotonic in- 
creasing or constant 

eT k(T, — Tx) 

(0.7) 

Ce 0 
where A(f) lies in the range 2/7 < A < 1). With 
the substitution, equations (20) and (21) may be 
solved for the unknown quantities 7, and 6, when 
dm/dt — 0 (before ablation) or for m and @ when 
T,, (during ablation). 


Preablation heating 

Before appreciable ablation occurs (when the 
mass loss rate has negligible effect on the heat 
transfer rate), equations (20), (21), and (36) give 


d kK f(T, — Tx) 
Jo = Polo (7 T (37) 
and elimination of 4 gives 
GWoQo = AT. — Tx? (38) 
When sublimation begins = @, and T. 


so that equation (38) written in dimensionless 
form, becomes 

1-07 »k 

(M CpAR) 


(T, Xx 10-7 (39) 


O 


(Strictly speaking, sublimation occurs at all 
values of the surface temperature and 7, is 
related to dm/dt through the phase relation 
which describes the equilibrium of the solid 


= 
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material with its vapor; in practice, however, 
dm/dt is negligible except when 7, lies within a 
limited range which includes the mean value 
T,, used here.) 


Since did = | it is seen from equation (39) 
that 
GoO. = x 10°77 (40) 
where 


Equation (40) determines whether sublimation 
will occur during re-entry; if 


(GoOo)max x 10°77 (42) 


sublimation will not occur since equation (40) 
cannot be satisfied and the maximum value of 
T, will remain below 7, throughout re-entry. 
In terms of @ and Z, the condition that sublima- 
tion will not occur is written 


0-995 


y? a(uZ) ‘di | (43) 


max 


. 


When y ts written 


pr clT, To ky 
(M/CpAR) | Prey 
it is seen that sublimation cannot occur if 
(1) the parameter (M/CpAR)', which de- 
termines the level of the heating rate, is too 
small 
(2) the thermal capacity p,c,(7, 
large or 
(3) the thermal diffusivity (4,/p,c,) 
large. 


T ~) is too 


is too 


The materials under consideration in_ this 
paper have low ablation temperature and low 
thermal conductivity: more specifically the 
materials under serious consideration have 
properties with the following order of magnitude: 
p, ~ Ib/ft®, c, ~ O11) °R, 
k, ~ B.tu./ft see “R, 7, 
107, 10°) “R: for vehicles considered here 
M/CpAR > 10-*. Thus y < 10° and sublimation 
will occur. 
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It is of interest to determine what fraction of 
the total flight time passes before sublimation 
takes place: the ratio ¢,/1, is found as follows: 


Taking 1 0, when @ 0-995, then since go 
is an increasing function of @ during the early 
part of re-entry 


> Gol0-995) and > 
therefore 
Gol i, GH0-995)i, 

also 

0995 

i, = (GZ) "da 

0.05 

so that 
ly ly g3(0-995) 0.05 


0-995 1 
| 210-995) (az) x? x 10-7 (44) 


0.05 


This ratio is evaluated later. 


Total accumulation of heat 

An upper limit is found to the accumulation 
of heat during re-entry by assuming that the 
surface of the shield is raised instantaneously to 
the temperature at — 0. 

Equations (20), (21), and (36) are first com- 
bined to give 


d dm 
p,@ d (p,@) Pr 


(45) 
dr 


the last term is neglected, and integration then 
gives the following upper bound for @ 


Cy» 
The accumulation of heat at time f is therefore 


O p,c AT, (2p,¢,k,) 
(T,, (47) 


and when f te 


OF (2p,c,k T «x 


This upper limit is independent of /CpAR 
and for given material properties depends only 
on the total time of re-entry. When Q, is ex- 
pressed as a fraction of Q,,, there is obtained 


= 
: 
4 
a 


— 9.46% 10 (48) 


where 


0-995 
| (aZ) 


0-05 


(49) 


Ov 0-995 
‘dai 
0-05 
and is evaluated by inserting the appropriate 
Z functions. 


Application to particular vehicles 

The various functions of # and Z which appear 
in the previous section are evaluated by using 
the appropriate Z functions. The results may be 
summarized very concisely as follows. For all 
cases (a), (b), and (c), independent of L/D and 

(1) Sublimation will not occur during re-entry 
if 

x? >2 x 10° 
(this condition does not hold necessarily if the 
shield is a composite slab of different materials: 
in such a case the factors p,c,(T7, T~) and 
(k,/p,c,) which appear in the parameter y 
would be replaced by the analogous composite 
quantities). 

(2) The ratio 1¢,/t, (Preablation heating 
period)/(Total re-entry time) satisfies 
ty 


(3) The ratio O,/Q,,, — (Heat accumulated by 
ablation shield)/(Heat accumulated by heat sink) 


5 x 10-%2 


satisfies 
< 15 10-%y 
The assumptions, made in the analysis of 
sublimation, that sublimation begins soon after 
the initiation of re-entry (when #@ — 0-995) and 
that the accumulation of heat is small compared 
with the disposal of heat, are justified since 


t,/ty < 0-05 and Q,/Qy,, < 0-15 


for x 10°. 


Insulation requirements 
The method of the preceding section gives an 
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estimate only of the amount of heat accumulated 
by the solid shield at the completion of re-entry. 
The temperature distribution through the shield 
is also of interest, however, and an approximate 
analysis is desirable, from which this distribution 
can be obtained. The nonlinear differential 
equations and boundary conditions for heat 
conduction in an ablating solid are developed @” 
but the mass loss rate dm/dt is replaced by a 
constant mean value m/t,. When this is done the 
equation becomes linear and has the solution at 
= fy. 


where 
k, ty 
and 
(M/CpAR) c¢, \§ 


For engineering purposes equation (50) is 
easily approximated by 
T 2 k nly 


(51) 
Pol» 


(52) 
(5 is such that the expression for the heat content 
of the shield as given by equation (50) agrees 
with that given by equations (51).) 

The amount of insulation required to reduce 
the temperature from 7, to any value 7 < T,, is 
then 

2 L(e,) | lb/ft? (53 
Mins. ) €,) In t* (93) 

7 Cy T 
It may be verified that {(«,) 1 and “(e,) 
'/2e, for large «,. The importance of the shield 


material parameters p,k,/c, and 7, is evident 


from the foregoing expressions. It is seen also 
that the amount of insulation varies as /,’. 


: Serfe (50) 
> 
where 
4 


DISCUSSION 

In the preceding analysis, the primary ob- 
jective has been to obtain simple useful expres- 
sions to describe the sublimation of material 
from, and the accumulation of heat by a low- 
temperature, low conductivity shield suitable 
for manned re-entry 

For the sake of simplicity several approxima- 
tions have been made but they are of such a 
nature as to give conservative results, since upper 
limits have been obtained for the total mass loss 
due to sublimation and for the total heat accumu- 
lated during re-entry 

It has been shown that the total mass required 
for sublimation depends primarily on the 
parameters 
(M CpARY 


alC,,/C,,2) 


Heating enthalpy coefficient 
Gas shielding enthalpy coefficient 
and 

L+c T x) 
Maximum internal shielding enthalpy 
Maximum external shielding enthalpy 


the foregoing definition of A gives the quasi- 
steady result whereas conservative results are 
obtained when A L/ Mu? gJ /c,.2). Wt is 
evident that the correct interpretation of 
a(¢,,/C,.») iS Important in the use of these para- 
meters: the quantity arises when the convective 
shielding in the boundary layer ts considered and 
is correctly interpreted as 


Enthalpy of gases convected in boundary layer 


Enthalpy differences across boundary layer 


The total mass loss during re-entry can be 
written 


m 
Cy) 


» ib ft 
where /i,., depends only on the vehicle tra- 
jectory; the exact values are given in Table |! 


although /7i,_, is given approximately by 


1 Max. horiz. decn.. 


- 
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or 


Hing O-84| <5) 


The quantity », primarily a function of A, repre- 
sents the fractional reduction in mass loss due to 
latent heat. 

The relation between total mass loss and maxi- 
mum deceleration shows immediately the weight 
penalty incurred as the price of limiting the 
maximum deceleration to a low value and it is 
concluded that the use of a low-temperature 
ablation material is not appropriate to vehicles 
which have high L/D ratios (it is seen from 
Table |, for example, that the value of 771,_, for 
L/D 4 is about twice that for L/D = 0) 

The effective heat capacity of the ablation 
material is written 


- (Aer) al 


Hew 13.5000 ») B.t.u Ib 


c 


where and » 
dimensionless and do not vary appreciably with 
trajectory. Even when 7 


are 


0 (negligible latent 
heat). the effective heat capacity of the material 


1s 


13,500a 


c 


(Alors) 


where 
0-35 < 4 


Again the importance of a({¢,,/c,,.) 1s seen; when 
a(¢,/,.2) 4 for example the effective heat 
capacity, disregarding latent heat, is between 
2650 B.t.u.lb and 3375 B.t.u.lb. When this 
range of effective heat capacities is compared 
with that for heat-sink metals of the order of 
1000 B.t.u./Ib the reduction in shield weight is 
quickly realized. Moreover, since the foregoing 
comparison does not depend on the ablation 
temperature, the advantage is enhanced when 
low-temperature ablation materials are con- 
sidered in view of the attendant reduction in 
insulation requirements 


For an ablation shield to perform successfully 
it must dispose of, rather than accumulate. heat 
energy: the preablation heating period should 
therefore be small compared with the total 
re-entry time and the heat accumulated should 


> 
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be a small fraction of that which would be ac- 
cumulated by a heat sink. Here, the deciding 
parameter is 


(prcrk T 


x (M/CpAR)y2 


It has been shown that, 
sublimation will not occur if y? > 2 « 10° 


Preablation heating period 


that, 10-*y? 


Total heating period 
and 


Heat accumulated by ablation shield 
Heat accumulated by heat-sink shield 
x 10-*y 


For the lifting vehicle (L/D 4 say) the 
amount of mass loss will be large if ablation is 
allowed to take place over the major part of the 
re-entry. Since such a vehicle would be cooled 
primarily by radiation, the use of a high tem- 
perature ablation material at the leading edge 
seems more appropriate. In such a design the 
ablation temperature should probably be near 
the mean radiation temperature of the vehicle, 
and the parameter y should be near the critical 
value 2 10° if ablation is to take place only 
near peak heating. The behavior of the ablation 
material during this long preablation period may 
be of concern however 

When the heat conduction problem is con- 
sidered an upper limit to the accumulation of heat 
is found as 


O, t T~) B.t.u. ft? 


a result which is independent of the vehicle 
characteristics and heating experience except as 
they affect 1, 

Thus for a given vehicle the total shield weight 
required for sublimation and insulation varies 
approximately as the square root of the re- 
entry time, or inversely as the square root of the 
maximum deceleration. For ballistic re-entry, 
therefore (— 4, 5°) and manned capsule re- 
entry (0 4, 5) the ablation shield offers 
an efficient way to dispose of heat continuously 
during re-entry. For the lifting vehicle a high 
temperature material which would allow radia- 


tion from the surface for the greater part of re- 
entry appears to be more appropriate: ablation 
would then take place for a limited time near the 
maximum heating condition or in case of an 
emergency maneuver. 


CONCLUDING REMARKS 

An approximate analysis has been made of 
ablation shield requirements for re-entry ve- 
hicles; the type of shield considered was one of 
low ablation temperature and low thermal con- 
ductivity which produced no liquid film during 
ablation. 

It is shown that 


(1) The total mass required for sublimation 
depends primarily on parameters which depend 
on the ratios (Heating enthalpy)/(Gas shielding 
enthalpy) and (Shielding due to latent heat)/(Gas 
layer shielding). 

(2) For a given vehicle and shield the total mass 
loss varies as the square root of the total time for 
re-entry or inversely as the square root of the 
maximum deceleration. 

(3) The accumulation of heat is a small per- 
centage of that accumulated by a _ heat-sink 
shield, the percentage being determined by a 
single parameter which combines the effects of 
the heating level experienced during re-entry. 
the thermal capacity of the remaining shield and 
the diffusivity of the material 

(4) The amount of insulation material also 
varies as the square root of the time or inversely 
as the square root of the maximum deceleration 


From the foregoing dependence of sublima- 
tion and insulation requirements on decelera- 
tion and time of re-entry it is concluded that the 
low temperature ablation shield should dispose 
of heat very efficiently for nonlifting vehicles. 
but the limited use of a high temperature abla- 
tion shield at the leading edges is more appro- 
priate for lifting vehicles, where the primary 
means of cooling would be radiative 


APPENDIX 
LIST OF SYMBOLS 
4 reference area for drag and lift (ft*) 
Cp drag coefficient 


5 

| 
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specific heat (B.t.u. lb R) 

gravitational acceleration (ft/sec*) 
effective heat capacity (B.t.u./Ib) 

thermal conductivity (B.t.u./ft sec R) 
ratio of local heat flux to that at stagna- 


tion point. 
average value of heat flux relative to 


stagnation point value. 
(1S) dS 


latent heat of sublimation (B.t.u. Ib) 
characteristic length of vehicle (ft) 

ratio, Lift force Drag force 

mass ablated (Ib ft*) 

mass of vehicle (slugs) 

Prandt! number 

Schmidt number 

local convective heat transfer rate per 
unit area (B.t.u./ft®sec) 

total convective heat absorbed (B.t.u./ft*) 
dimensionless heat transfer rate 
dimensionless heat absorbed per unit area 
distance from center of earth to orbit 
radius of curvature of nose 

Reynolds number, p«V/ 

surface area wetted by boundary layer (ft*) 
(sec) 
temperature ( R) 
circumferential velocity component 
(ft/sec) 

circular orbital velocity, (gr)’ 26.000 
ft/sec 

rauio, uu 

temperature ratio, (7 TeV T x) 
altitude (ft) 

total velocity (ft sec) 

weight of vehicle at earth's surface (Ib) 
dimensionless function of # determined by 
equation (4) 

outward normal distance from initial 
position of ablation surface (ft) 

outward normal distance from ablation 
surface (ft) 

fractional temperature rise of gaseous 
material 

dimensionless ablation rate 

atmospheric density decay parameter 
(ft~*) 


integral thickness of heated layer in solid 
shield (ft) 

coefficient of dynamic viscosity (slug ft 
sec) 

latent heat parameter, equation (33) or 
(34) 

density (slug ft") 

fractional decrease in mass loss due to 
latent heat-dimensionless distance 
dimensionless time 

flight path angle relative to local hori- 
zontal direction; negative for descent 
conduction parameter 


Subscripts 


no sublimation 

free stream. also conditions before re- 
entry 

surface condition 

Stagnation point 

initial condition 

gas produced by sublimation 

air behind shock wave 

sublimation condition 

solid shield condition 

external to boundary layer at stagnation 
point 

final conditions 


Superscripts 


differentiation with respect to a 
dimensionless quantity 

mean value 

mean value for exponential approximation 
to density—altitude relationship 
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HEAT CONDUCTION IN A SEMI-INFINITE SLAB WITH 
SUBLIMATION AT THE SURFACE 


D. BAER and A. AMBROSIO 


Space Technology Laboratories, Inc 


Abstract 


The Fourier equation for heat conduction in one dimension has been solved for two particular 


cases in which sublimation occurs at the surface of a semi-infinite slab. The first case, consisting of two 
solutions, is the quasi-steady-state condition, and, secondly, the transient solution for constant sublima- 


tion rate. The two solutions become identical in the limit as time goes to infinity 


The second case is that 


in which the heat flux at the surface varies inversely with the square root of time. Applications of the 
solutions to ablating nose-cone and rocket-nozzle problems are suggested 


INTRODUCTION 
Guided missile and rocket technology in 
recent years has utilized to an increasing extent 


the latent heat of fusion and/or vaporization of 


materials as a means of absorbing the large 
quantities of energy generated and transferred 
to the structure by aerodynamic heating and fuel 
combustion. In this method of thermal protec- 
tion (ablation) the solution of the heat transfer 
problem is complicated by the receding solid 
surface which is created by removal and/or 
phase change of material in contact with the hot 
gas flow. finite-difference methods 
are usually the only way of obtaining solutions 
which satisfy the real boundary conditions of 
these problems. However, for many problems of 
interest analytical solutions based on certain 
idealized boundary conditions will predict the 
heat transfer with sufficient accuracy. In the 
following pages, solutions of this type are 
derived, and criteria are given for their use in 
solving specialized ablation problems. 

The literature contains relatively few analytical 
solutions of the heat conduction equation in 
which phase changes and the associated latent 
heat are considered. Neumann") derived a 
solution for the solidification of a semi-infinite 
medium, initially at uniform temperature, when 
heat is removed by maintaining the surface plane 
at a fixed temperature below the freezing point. 
Lightfoot™ gives a more direct solution of the 
same problem for the special case in which 
the thermal properties of the two phases are the 


Numerical 


same. Stefan® has solved the equation for 
boundary conditions applicable to the formation 
of ice on the surface of bodies of water. The 
quasi-steady-state solution for a_ subliming 
surface (also presented in this paper) was given 
by Landau” obtained numerical 
solutions for sublimation with a constant heat 
input at the surface. The heat conduction prob- 
lem of a surface melting under aerodynamic 
heating was treated by Sutton." who related 
the boundary-layer equations to the quasi-steady- 
State condition. More recently several groups 
have dealt with the problems of mass injection, 
internal and surface radiation, composite walls, 
and heats of ablation. 


who _ also 


DERIVATION OF GENERAL EQUATIONS 
The temperature distribution in a_ solid 
material is described by the Fourier equation 
fT 
(1) 
temperature in the solid (F) 
distance from the initial outer surface of 
the solid (ft) 
time (hr) 
k/pc = thermal diffusivity of the solid 
(ft?/hr) 
thermal conductivity (B.t.u.-ft/hr-ft®-°F) 
density (Ib/ft*) 
heat capacity (B.t.u./Ib- °F). 


The initial temperature distribution in the slab 
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has been considered uniform and equal to the 
ambient temperature, 7), i.e. when 


= 0, = 7, (2) 


At the subliming surface, heat is added at the 
rate q, and the temperature is the sublimation 
temperature 7,. If material is removed by 
sublimation at a velocity v, the location of the 
surface of the slab from the initial surface is 


t 
(3) 


0 


and the boundary conditions at this surface are 
J, (4) 
and 


q pLr (5) 


coordinate of the surface at tite ¢ (ft) 
velocity at which the outer surface 
material is removed by sublimation 
(ft/hr) (or volume rate of sublimation 
based on | ft? of area) 

heat flux at the surface x, (B.t.u./hr-ft*) 
sublimation temperature ( F) 

latent heat of sublimation (B.t.u./Ib). 


The stationary coordinate, x, is transformed to 
a moving coordinate, 2, having its origin at the 
outer surface of the slab by transformation 


equations 


vr da 


(6) 
T 


When the transformation is applied to equations 
(1)-(5), they become 
veT 


oz* a OZ 


(7) 


a Cr 
T=T, when +r =0, (8) 
(9) 


at z 0. (10) 


Equations (7)-(10) may be expressed in 
dimensionless form by using the following 
dimensionless quantities: 


= (T — T,)/(T, 
z/4 (alg) 


Ty) 


7) t/to 
q 
where q,,, is the value of g that occurs at fy. 
v/(q,,/pL) (15) 
(Kpe/t,) (T T,.) kT, — 
(aly) 4, 
Ty) 
apL 


(16) 


(17) 


Substitution of the dimensionless quantities. 
equations (11)-(17), into equations (7)-(10) 
yields 

B fal 
on (18) 
(19) 


and A pe at == @, (20) 


QUASI-STATIONARY-STATE CASE 

The steady-state condition in the moving 
coordinate system exists when ©6/@n — 0. This 
condition also implies that v* and q~ are indepen- 
dent of time; i.e., if @ is time independent, 1 
must also be time independent because of 
equation (18) and, consequently, g~ is time 
independent because of equation (20). Let 
then 1. Under these conditions 
equations (18) and (20) become 


(21) 


and 


A | and | 


& 0. (22) 


A 


Equation (21) is easily solved by the Laplace 
transform method. The transformed equation is 


which when solved for 4 results in 


s+ (B/A)v (1 
s(s + (B/A)v~) 


A 
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where 
x - 
and 
on 
4 
q 
L 
Zz 
da 
Le k or sé 0 (23) 
q pli Be A A A 
u*)/A 
| (24) 
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The inversion of equation (24) gives 


B 
exp ( (25) 
4 
In the limit as & goes to infinity the temperature 
must be 7, so that 


lim @ = 0. (26) 


This condition allows the determination of 
r’: that ts, 


(27) 


(28) 


Thus the final form of equation (25) becomes 


E 
+ 


29 


= exp 


q 


(30 
ap{L oT, 


Yn 
p[L + 
TRANSIENT SOLUTION WHEN THE 
SUBLIMATION RATE IS CONSTANT 
The problem is stated by equations (18), (19) 
and (20) with the added restriction that r~ is to 
be held constant. By writing the Laplace 
transform of the equations, the problem becomes 


6B 


A' 4) 


(33) 


(34) 


The solution of equation (32) with the condition 


of equation (33) is 
(Br Br*\? | 


4 K exp - 
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The constant K is determined from equation (34) 


to be 


K l/s (36) 


giving finally 


A exp. {Be / 


Br*\2 W 


§ if: (37) 


The inversion required for the final solution is 


exp | 


exp {— &y + 


then. by the translation rule, 


>] 


Substituting equation (39) into equation 
gives 


@ = fin) = exp 


f(y) exp ( 


exp [— (& s,)] 


Sy (Br 2A 


For simplification, designate 


(34) 


+4 (42) 


and & 


which gives the following form for equation (41) 


» 


2 exp [— (4s,)] 
7 us 


2-1 (43) 
Equation (43) is now in a form found in standard 
transform tables, and the inversion is 


B 


5 
exp [— (4, iy (vm)) 


4 
+ exp (iy sayerte (4, fy wn)) | (44) 


= 

hi Let 
Br*\? J 
1+, 

fe 

or (38) 

dé 
Sei 
= 


Upon substitution of equation (40) and (42) the 
final solution becomes 


4 — fin) = }- erfe )»|} 


(45) 
or, in terms of the original parameters of the 
problem, 


r— T, 
+ exp | erfc (5. } (46) 
Si 
= 2 x — vt, (47) 


the solution in the fixed coordinate system is 
T—T, 


rte ( 


‘ 
2, ia) 
exp = ) erfe (3. } (48) 


The heat input at the surface may be deter- 
mined by differentiation of equation (46) and 
the evaluation of equation (10). 


eT fT,-T, l z+ of\* 
2 Goan | | 


ze 


Letting - = 0 in equation (49) and substituting 
the result in equation (10) yields the expression 
for surface heat rate: 


A(T. Ty) ul 
q \ (ral) (5. (at) 


vt 
rfc pL|. (50 
erfc a, al pl | (S50) 
It will be noted that 


lim gq —vp[L + — (51) 
@ 


which is identical to the quasi-steady-state 
expression of equation (31). In the limit equation 
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(46) also becomes equation (30); therefore, the 
solution above asymptotically approaches the 
quasi-steady-state solution as time increases. 


A PARTICULAR TRANSIENT-STATE CASE 


Let the heat input to the surface be 


(52) 
or, in terms of dimensionless quantities 
q (53) 


The manner in which the velocity, v, varies with 
time is unknown: however, let it be assumed that 


t ven (54) 


describes the function and then attempt to 
verify the assumption. Under these conditions 
equations (18), (19) and (20) become 


Br, 


c& Ar! 2 of on (59) 
when »=0 (56) 
and 
Uo 
| and (57) 
cy 
If a new variable defined by 
(58 
58) 
is used, equation (55) may be written as 
3 
dl? dl 
with the conditions 
dé 
#—1 and di 2 7 =0 (60) 
and 
lim @—0. (61) 


The first integration of equation (59) yields 


dé 


| 
di K, exp (62) 


“A 


+ 
A 
| 
4 
‘ 
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The integration constant, K,, is determined by 
equations (60) giving 


] 
K, 2 , ve (63) 

Thus 
dé 
di 2 "exp | 24 (64) 
The integration of (64) with the condition that 
at 0 gives 

é—1-—2 4 exp | 2 }d a. (65) 


This equation may be rewritten in the following 


manner 
4) 


1—2 é exp | 72 | exp (— A®)dA 
A (66) 


or 


lim 
x 
Thus 
5 p2 
7 21 Br? Bro 


This equation determines ry 

When the assumed velocity function of 
equation (54) is used, a solution which satisfies 
the boundary conditions has been shown to 
exist. Therefore, the assumption is proved and 
the final equation for the temperature distribu- 
tion is obtained by substitution of equation (68) 
into equation (67) giving 


erfe ({ + [8r9/A]) 


69 
([Br,/A}) (97) 


or 


erfe {[z/2y (at)] (to)/ pLy 


(70) 
erfc ply (a)}} 
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where r, is determined from 


(1 Vo) Im V IT) vy (ato) 


k(T, — Ty) 
G2 V Uo) 
It will be recognized that 
Gnto V (to) [irda 
V | (72) 
pl y (a) 2y (at) 2, (ar) 


therefore, equations (70) and (71), when written 
for the fixed coordinate system, become 
T—T, 
T,— Ty 


erfc [x/2, (ar)] (73) 
erfe [x,/2y (at)] 
and 
Ly(7) (1 — tg) 
aT T,) Ve 
x x 
(5,40) erte (5 Van): (74) 


APPLICATION OF DERIVED SOLUTIONS 


1. Ablating Rocket Nozzles 
In many cases the quasi-steady-state solution 
given in equations (30) and (31) is a good 
approximate solution of the heat transfer prob- 
lem in an ablating rocket nozzle. During most of 
the engine firing period the temperature and flow 
parameters of the gas stream in the nozzle are 
essentially constant, and after the inner surface 
of the nozzle has risen to the ablation tempera- 
ture the heat flow to the nozzle wall will be nearly 
constant for the remainder of the firing time. If 
it is found that the time required to reach 
ablation temperature is small compared to the 
time needed to establish steady state. and if in 
turn steady state in the wall is approached early 
in the firing period, the quasi-steady-state 
solution will be a good approximate solution 
The time required for the surface to reach 
ablation temperature can be determined from the 
following expression from Carslaw and Jaeger ‘" 
and other standard works: 


exp erfe (75) 


a 
A 
= 
x 
Q 
ert ert | (67) 
4 A 
Sve Equation (67) must satisfy equation (61); 1.e., 
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where 


T,, = the boundary layer temperature (°F) 
h boundary layer heat transfer coefficient 
(B.t.u./ft®-hr- °F). 


Equation (75) is plotted in Fig. | in which 


hat 


th ja (76) 


The time required for conditions in the nozzle 


1.0 


equation (50) becomes 


pe(T, — Ty)a ut 
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vt 
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However, by equation (31), 


Fig. |. Time required to reach ablation temperature (from equation (75)). 


wall to become substantially steady if the 
ablation rate is constant can be found by 
comparing the heat rates given by equations (31) 
and (50). By use of the identity 


erfe (— A) = 2 — erfc A (77) 
and remembering that 
K(T, — To) 
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Letting 


(7 
and 

4a 
equation (81) is finally 


exp i ] 


(77,) 
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(82) 


,erfe y (7,) + 1. (83) 


In many cases the early transient period may be 


approximated better by assuming the heat input 
to be constant and the ablation rate variable 
Numerical solutions for these boundary con- 
ditions have been obtained by Landau.” The 
approach to steady state under these conditions 
can be examined by plots of dimensionless time 
versus the ratio of transient ablation rate to 
steady-state ablation rate. These data of Landau 
have been converted to the dimensionless 
variables described above, and the ratio of 
ablation rates has been denoted r*. Fig. 2 is a 


| 
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Fig. 2. Time required to approach steady state (from equation (83) and Landau data) 
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graph of equation (83) and the Landau data for 
various values of ¢.+ It is interesting to note that 
Steady state is approached in about the same 
length of time for both of the transient 
conditions, (1) constant vr and time- 
dependent g, and (2) constant g and time-de- 
pendent rv. By choosing a value of q* such as 
1-10 (or v* equal to 0-9), i.e. within 10 per cent 
of steady-state conditions, the time required to 
produce this condition can be calculated. If this 
time is only a small percentage of the firing time, 
but considerably larger than the time value 
determined from Fig. |, the quasi-steady-state 


solution will be a good approximation for the 
determination of temperature profiles and the 
ablation rate in a rocket nozzle. 


2. Ablating Nose Cones 


The solution given by equations (70) and (71) 
can be used as an approximate solution for the 
wall of an ablating nose cone during re-entry 
the atmosphere. The validity of this 
approximation is examined below. 

The total heating per unit area during the 
re-entry period can be set equal to the integral 
with respect to time of equation (52) giving 


into 


Or (Moly) (84) 
where 
Qr = total heating for re-entry period 
(B.t.u./ft®) 
ly time span of re-entry (sec). 


The value of ¢,,\ (19) found from equation (84) 
together with the thermal properties of the wall 
provide the information needed to determine 
temperature profiles and the wall thickness lost 
by ablation. 

Since the heat rate for this solution does not 
vary with time in the same manner as the actual 
heat rate, an estimate of the degree of error is 
essential. If the time in which the outer surface 
of the wall ablation temperature is 
considered negligible, two extreme situations 


rises to 


* The calculation of dimensionless time, ¢,, in Fig. 2 is 
based upon the constant or steady-state ablation rate, t 
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may be defined within the bounds of which the 
actual solution will be. In the first case, assume 
that all ablation occurs instantaneously at the 
start of the heating period and that the outer 
surface of the wall is maintained at the ablation 
temperature throughout the remainder of the 
heating period. In the second case assume that 
the surface is at the ablation temperature 
throughout the heating period and that all 
ablation occurs instantaneously at the end of the 
heating period. 

The well-known semi-infinite solid solution for 


a nonablating wall with constant surface 
temperature is 
T—T, x (85 
erfc 85) 
le 2y (al) 


The heat rate 
surface temperature is 


required to maintain constant 


_ MT, — 


(86) 
ox \ (rat) 


Therefore, the total heating for case | (all 


ablation at ¢ = 0) is 
Or = pLx, — Ty)px 
Ty) 
\ (ral) 
or 
x 
T,) 
(aty) CAT, o)) 
kK(T, 
: (88) 
ay (7) 


For case 2 (all ablation at fr t,) 


Or = pLx,, + AT, — To)px,, 


cp — dx. (89) 


The last term is evaluated by use of equation (85) 
giving 
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Therefore. 
! (7) ierfe 
aay | : 


Letting 


*quation (92) becomes 
By setting equation (91) equal to equation (88), _ 
the following expression is obtained: — 
x 


T,)| + | Equation (94), which is plotted in Fig. 3. 
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Fig. 3. Maximum variation in thickness ablated for a given total heat input (from equation (94)). 
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expresses the maximum possible variation in 
thickness of material lost by ablation because of 
variation in the heat rate-time relation for a given 
total heat input. 

The error in calculating x, from equation (71) 
will always be less than variation in x, given by 


Fig. 3: therefore, the degree of confidence to be 
placed in the approximate solution can be estab- 
lished. For many materials and re-entry con- 
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ditions the maximum variation of x, will be 
acceptably small. 

It is frequently required that the inner surface 
of a nose cone wall remain below some specified 
temperature during re-entry. The wall thickness 
which must insulation to meet this 
restriction may be estimated from equation (73). 
By setting the temperature 7 equal to the maxi- 
mum permissible inner wall temperature when 


serve as 


8 
2fat 


Fig. 4. Ratio of insulation thickness to heat sink thickness (from equation (73)). 
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ablation ends, the corresponding interior loca- 
tion in the semi-infinite slab, x,, is fixed. If @ is 
small, x, closely approximates the total initial 
thickness needed for a finite wall. The ratio of 
insulation thickness to heat sink thickness, 
(x r,)/x,, is plotted in Fig. 4 as a function of 
x, 2, (at) for ? — 0-01 and @ = 0-10 at x = x,. 


CONCLUSION 


Through the transformation to a moving 
coordinate and the 
appropriate boundary conditions, 
solutions to the Fourier heat conduction equa- 
tion have been obtained for a semi-infinite solid 
with sublimation at the surface. By use of these 
derived solutions the heat transfer in an ablating 
wall can be calculated within defined accuracy 
limits for certain types of real problems. The 
derivations have particular utility in the rapid 
estimation of ablation weight losses, insulation 
thicknesses, and temperature levels of ablation- 
type re-entry vehicles and rocket nozzles. The 
equations may also be used for checking out 


system 
analytical 


digital computer programs for the solution of 


ablative heat transfer. Analytical solutions of 
this type should serve as an adjunct to the 
thermal design and analysis of high-velocity 
missile components which are subject to 


ablation 
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NOMENCLATURE 

temperature 
position coordinate measured from 
initial surface (ft) 

tand + = time (hr) 
thermal diffusivity (ft®/hr) 
thermal conductivity (B.t.u.-ft/hr-ft®- F) 
density (Ib/ft*) 
heat capacity (B.t.u./Ib- F) 
heat flux at surface (B.t.u./hr-ft*) 
latent heat of sublimation (B.t.u./Ib) 
position coordinate measured from real 
surface (ft) 
ablation rate (ft/hr) 

A dimensionless temperature 

t and € — dimensionless position coordinate 

” dimensionless time 

q dimensionless heat flux 

t dimensionless ablation rate 

A and 8 — dimensionless thermal properties 
Laplace transform parameter 
dimensionless time parameter 
dimensionless position parameter 
transformation variable 
heat transfer coefficient (B.t.u./ft®-hr- 
F) 

i, and 7, — dimensionless time parameters 

é dimensionless thermal property 

Or — total heat (B.t.u./ft*) 

i , (— 1) or indicates integral 

K, K, and ry, — constants 


Subscripts 
initial or fixed 
surface or sublimation 
maximum or fixed 
boundary layer 
total 
case | 
case 2 
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19 
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TRANSIENT HEAT FLOW IN TRANSLUCENT NON-GRAY 
ABLATING MATERIALS 


R. J. SPINDLER and H. HURWICZ 


Research and Advanced Development Division, Avco Corporation, 


Wilmington, Mass 


Abstract—The derivation of the equations governing transient heat flow in a semi-transparent ablating 
heat shield is given. The modes of internal heat transport are considered to be conduction, convection 
and radiation. The radiation transport is derived for an absorbing and scattering medium with 
wavelength dependent absorption and scattering coefficients. 

The results of a sample calculation applying the theory to a semi-transparent gray material subject 
to a typical transient input are compared with the results obtained by treating the same material as 


completely opaque. 


INTRODUCTION 

During atmospheric re-entry, it is necessary 
to isolate vehicular structure from thermal 
environment by providing a suitable insulation. 
One means for accomplishing this is through the 
use of ablating heat shields. Certain of the 
materials suitable for this purpose are semi- 
transparent, consequently thermal radiation is 
emitted by volume elements comprising the 
material in an amount dependent upon their 
temperature level, and this radiation is then 
attenuated as it flows through the medium. The 
result of this process is a heat flow due to 
radiant transport as well as by ordinary con- 
duction. 

Some of the materials in which this pheno- 
menon occurs are characterized by the absence 
of a well-defined melting point. Such materials 
may be regarded as liquids with a strongly 
temperature dependent coefficient of viscosity. 
During certain portions of the re-entry tra- 
jectory, the viscosity in the vicinity of the ex- 
posed surface may become low enough to permit 
flow of the material under the influence of the 
external pressure gradient. In such cases the 
total heat flow is the sum of conductive, con- 
vective and radiative components. 

The temperature response of such materials 
when subjected to transient heating is strongly 
dependent upon the interaction between the 
various flux components through their effect upon 
the transpiration characteristics. This may be 
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seen by examination of the form of the heat in- 
put to the ablating surface: 


| (h,/H.) M(h,./H.) 


eoT! 


oT 
(1) 

In this expression, g,,, represents the transient 
convective heat input calculated from the ex- 
ternal aerodynamics based upon a constant 
interface temperature and no transpiration. The 
quantity in brackets is a factor accounting for 
variable wall temperature and transpiration 
The terms /,/H, and h,/H, represent the ratios 
of interface and vaporization enthalpies to free 
stream stagnation enthalpy, respectively. The 
term » is a factor depending upon whether the 
flow is laminar or turbulent, and the quantity 
M is a transpiration factor depending upon the 
Lewis number of the external flow, the vapor 
pressure-temperature relation of the ablating 
material and the stoichiometric mole fraction of 
the vaporized species in air. 

The interface enthalpy 4, depends directly 
upon the material comprising the heat shield 
and on the interface temperature. 

The latent heat of vaporization, /:,., represents 
the heat per unit mass absorbed in changing the 
material from the liquid to the vapor phase and 
is independent of the external conditions of 
pressure and temperature, or temperature of the 
ablating interface. On the other hand, the mass 
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of material vaporized depends strongly upon the 
interface temperature as well as the temperature, 
viscosity, pressure and chemical composition 
of the external boundary layer flow. As a result, 
the total heat absorbed due to vaporization de- 
pends, among other things, upon the interface 
temperature. 

A further reduction arises as a result of in- 
jection of the vapor into the boundary layer, 
i.e. by transpiration. This reduction is likewise 
dependent upon the mass ratio of evaporation 
and hence upon interface temperature. 

The emission of radiation from opaque 
materials is essentially a surface phenomenon 
and as such is accounted for by an eo7‘ correc- 
tion in the boundary conditions, where « is an 
emissivity corresponding to the interface tem- 
perature 7,. In such cases, the parameter g 
appearing in the equation (1) is set equal to 
unity and radiation effects are accounted for by 
a boundary correction. In this case, (1) serves 
as input to the transient heat equation in which 
the transport of energy by radiation is not con- 
sidered. Integration of this equation over the 
regions of heat flow, subject to appropriate 
initial and boundary conditions. yields tem- 
perature histories throughout the body. 

In semi-transparent materials, an additional 
energy flow due to the emission and absorption 
of internally generated radiation occurs. In such 
cases, radiation is a bulk phenomenon which 
must be accounted for by addition of an appro- 
priate term to the heat equation, instead of 
merely by a simple boundary correction. The 
parameter g appearing in (1) is, accordingly, set 
equal to zero when radiation is accounted for in 
this manner 

As a consequence of the addition of a radiant 
flux storage term to the heat equation, the inter- 
face temperature is altered, thus changing the 
terms in the brackets of (1). In addition, the 
temperature distributions throughout the entire 
body are altered. Since the vaporizing mass flow 
depends upon the viscosity distribution in the 
liquid layer, and the viscosity is a strong function 
of temperature, relatively small perturbations in 
temperature may cause large variations in the 
vaporized fraction and ablation velocity. The 


importance of these even relatively small tem- 
perature perturbations cannot be overempha- 
sized. Accordingly, it is the purpose of this paper 
to examine the various formulations of the heat 
equation, including radiant transport, and to 
extend them so as to include the effects of wave- 
length dependent optical properties in an ab- 
sorbing and scattering medium. 

The quantitative formulation of the radiant 
flux in a semi-transparent material proceeds by 
evaluation of the thermal energy in a certain 
wavelength interval which flows across an ele- 
ment of area dA in a direction inclined at an 
angle @ to its outward normal and confined to an 
element of solid angle dw. Summation over all 
solid angles gives the net flow in all directions, 
and the amount of this energy crossing unit area 
in unit time represents the net radiant flux in the 
wavelength interval. 

In order to evaluate this flux it is necessary to 
compute the emission of energy in the wavelength 
and solid angle increments by volume elements of 
the material, and to write an auxiliary relation 
governing the attenuation of the energy as it is 
propagated through the medium. This relation 
must take into account the losses due to ab- 
sorption and scattering. 

In general, the evaluation of the radiant flux 
requires a knowledge of the following: (a) The 
fundamental law of emission: (b) The optical 
absorption coefficient as a function of tempera- 
ture and wavelength; (c) The refractive index of 
the medium as a function of temperature and 
wavelength; (d) The scattering coefficient as a 
function of temperature and wavelength. It ts 
frequently the practice to ignore scattering and to 
regard all optical properties as constants. Such 
materials are called gray. 

The investigation of the distribution of radia- 
tion in a scattering medium originated in 1871 
with Lord Rayleigh’s investigations ® of the blue 
of the sky. In 1905, Schuster developed a set 
of equations accounting for the transmission 
of light through fog. This was followed in 1906 
by the concept of radiative equilibrium intro- 
duced by Schwarzschild™ in astrophysical 
context. Since that time, the subject of Radiative 
Transfer has been extensively investigated by 
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astrophysicists, though in recent years the subject 
has been of increasing importance to physicists, 
due to similarity of the problems to those of 
neutron diffusion, and to engineers due to the 
increasing importance of high temperature tech- 
nology. The glass industry has been concerned 
with the problem since 1930 when Dreosti 
published his study of transmission and reflec- 
tion phenomena in opal glass. 

In 1947, Hamaker“ presented a series of 
papers dealing with the combined effects of 
radiation and heat conduction in a_ semi- 
transparent scattering medium. This treatment 
was primarily concerned with the steady state 
case of a gray material without ablation. The 
last paper of this series did consider the case of 
variable optical properties. This was followed in 
1952 by Kellett’s™> paper on heat flow in a 
gray. non-scattering semi-transparent medium. 
This treatment was likewise limited to the 
steady state, and ablation was not considered. 
Both Hamaker and Kellett limited their con- 
siderations to collimated beams of undirectional 
radiation. and failed to take into account the 
dependence of the volume emissive power on the 
refractive index of the medium. Czerny and 
Genzel"*) subsequently demonstrated the im- 
portance of treating radiant heat transfer as a 
three-dimensional phenomenon even when there 
is a net transfer of energy in one direction only. 
This was followed by a series of papers by 
German authors who directed their efforts to- 
wards evaluation of a radiation conductivity for 
clear glass in the steady state and without ablation. 

The restriction of the theories to gray materials 
was removed in 1952 by Geffcken ” and appli- 
cation to clear glass in steady state without 
ablation soon followed in the works of Gen- 
zel'". Precise measurements of the optical 
absorption coefficient of a variety of clear 
glasses as functions of wavelength and tem- 
perature were soon reported by Neuroth 
and others.“ and the groundwork for calcula- 
tions of transient temperature distributions in 
clear glass was complete 

In 1956, Gardon”” reviewed the principles 
underlying the emission of thermal radiation 
from semi-transparent materials, pointed out the 


P 


HEAT FLOW IN ABLATING MATERIALS 


449 


importance of the refractive index of the medium 
in accounting for diffuse transmission, emission 
and multiple internal reflections, and obtained 
expressions for the spectral emissivities of iso- 
thermal semi-transparent sheets. In a subse- 
quent paper,” he presented a method for the 
calculation of temperature distributions in glass 
plates undergoing heat treatment. This treatment 
differed from earlier treatments in that it was 
for the full transient case and took into account 
the wavelength dependence of the optical ab- 
sorption coefficient. The particular case investi- 
gated was that of a clear glass plate symmetrically 
heated by a radiant source. Scattering and 
ablation were not considered 

In 1958, Kadanoff presented the first treat- 
ment of radiative transport within an ablating 
body. His treatment considered the full tran- 
sient case in a scattering and absorbing medium 
All optical properties were considered to be 
independent of temperature and wavelength 

As of this date, the authors are unaware of any 
treatment of the transient problem for an ab- 
sorbing and scattering medium with wavelength 
dependent optical properties. Accordingly, a 
solution of this problem is formulated in the 
following discussion and the resulting radiant 
storage term is inserted into the heat equation 
For the sake of completeness, the effect of a 
liquid layer is also included in the heat equation. 


SUMMARY 
The governing equation for the flow of heat 
in a semi-transparent ablating heat shield which 
includes liquid layer and radiant transport in a 
medium with wavelength dependent absorption 
and scattering coefficients is, for a coordinate 
system attached to the ablating surface 
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R(O) 
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aa, exp [ay + | Bym) dy 
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The spectral equations governing the trans- 
port of radiation obtained by generalization of 
those derived in Reference | are: 


(F) 


with the boundary condition for a semi-infinite 
slab 
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1,(0) 
RiO) 
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Equations (E) and (F) can be combined, giving: 
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Integrating over wavelength and regarding all 
optical properties as constants, these equations 
reduce to those derived in Reference | for a gray 
material 
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The general solutions to (E) and (F) for a semi- 
infinite slab are: 


I, A, 
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0 


| By(n) exp — dy (M) 


Using (F) and the boundary condition (G), the 
constants A, and C, are found to be: 


A, = (38,/a,)C, (N) 


C, — R(O) | a, 89" do 
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Using this value of C, equation (M) is integrated 
over all wavelengths yielding: 
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Reversing the order of integration and intro- 
ducing a step approximation for a, and a, the 
desired expression for ¢F/éy is obtained by 
differentiating the resulting expression with 
respect to vy. 

In order to apply the non-gray theory, quanti- 
tative data on the absorption and scattering co- 
efficients as functions of wavelength must be 
obtained. On the other hand, a limited amount 
of data on the optical properties of gray materials 
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are already available and a workable program for 
calculating temperature distributions in such 
media has been developed. Accordingly, a 
calculation was performed for a gray semi- 
transparent material subjected to a_ typical 
transient heat input and compared with the 
results obtained for the same material subjected 
to the same input, but regarded as opaque. The 
comparison shows that considerably more heat 
is absorbed and less material ablates for the semi- 
transparent case than for the opaque. It is also 
shown that for a semi-transparent material the 
apparent emissivity is a rather complicated 
function of surface temperature, accordingly, it 
would appear necessary to take internal radia- 
tion into account in order to correctly evaluate 
the emission of radiant energy from the surface 
of such materials. 


THEORY 
A. Formulation of Heat Equation 


The formulation of the heat equation in an 
ablating medium in which energy transport is 
considered to occur by ordinary conduction, by 
convection due to flow of a liquid layer along 
the surface, and by internally generated and 
absorbed radiation, proceeds by applying the 
first law of thermodynamics to a control volume 
dr in the interior of the medium. A system of 
coordinates based upon the ablating surface is 
chosen. consequent!y the mass elements are in 
motion with regard to the surface. The total heat 
dQ added to the control volume which is at a 
fixed, i.e. time invariant, position with respect to 
the ablating surface is the sum of the heat addi- 
tion due to conduction, convection and radiation: 


dQ dQ. + dQ, 


Designating g,. g. and F as the conductive. 
convective and radiative heat fluxes flowing 
through the medium, the heat energy added to 
dr in time df by each of the three modes of 
transport is: 


dQ, (2) 


.q,dr dt 
.q,.drdt 
drdt 


dQ, 
dQ, 
dQ, 
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Application of the Fourier Law to q, yields: 
dQ, = V .(k VT) dr dr (3) 


The heat flux due to mass transport is given 
by 7. = phow. Using this value, together with the 
law of mass continuity, the convective heat 
addition to the mass contained in the volume 
dr becomes: 


dO, w. Vhypdrdt (4) 


where the stagnation enthalpy per unit mass of 
fluid is given by 


9 


(5) 

Postponing discussion of the evaluation of 
Vv . F for the moment, the first law of thermo- 
dynamics requires that the heat added to the 
mass increases its internal energy and performs 
expansion work: 


[V VT) — Fl dr de 


p Thy dt} (6) 
where it has been assumed that the material con- 
tained in dr is a viscous fluid with temperature 
dependent p, c, and k. It has been assumed that 
these properties are not functions of pressure, 
consequently: 


P constant 
V 
where V is the specific volume I/p, and p(7) is 
presumed to be known. From (5): 
dU = dh, 
As a consequence, (6) becomes 


Dh 


Dr 


Ww. vw) 


Neglecting (1/J)w . Vw in comparison to Dh/Dr 
the heat equation becomes: 


VT)—V.F 


w. Wh) (7) 


Restricting consideration to one-dimensional! 
radiation and conduction transport but allowing 
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a two-dimensional convective transport in 
liquid layer, equation (7) becomes: 


cf 


u (8) 


In writing this equation. the coordinate system 
been based 


Distance measured parallel to this surface is 


has upon the ablating surface 


denoted by x, distance normal to it by 1 
Positive y is measured from the ablating surface 
inward. The quantities w and r are the velocity 
components of the material particles along the 
and axes respectively 
calculate histories 


In order to temperature 


from (8) it is necessary to write auxiliary rela- 
functions of the co- 


tions for F. uw and r as 


ordinates. The velocity components may be 
evaluated from the liquid layer equations, which 
for the 


two-dimensional case are given by the 


relations 


It is frequently the practice to regard p as a 
constant in these equations and wu as independent 
# time. Furthermore, an order of magnitude 
that the 


momentum equation can be neglected 


inalysis shows imertial terms in the 
conse- 
quently the liquid laver equations reduce to 
(11) 


(12) 


(11) can be formally integrated with respect to 
y giving w(x, vy), and (12) can then be integrated 
v). It must be noted 
that a strong coupling between the liquid layer 


with respect to x to give r(x 


and heat equations exists through the tempera- 
ture dependence of the viscosity coefficient. A 
solution to these equations for steady state 
ablation at the stagnation region of a blunt body 


has been obtained by Fledderman"® and by 
Bethe and Adams.” These treatments excluded 
radiant transport and used a heat equation for 
properties 

This treatment was subsequently extended 


constan 


to include flow outside the stagnation region, 
and took gross radiation effects into account 
Fleddermann and Hurwicz treat the fully 
ablation and conduction with 


transient case 


variable properties. The numerical results pre- 
sented in the present paper incorporate Kadan- 
offs equations into the treatment of Reference 19 
in order to evaluate the effect of radiation for the 
transient case of a gray body with liquid layer 

For purposes of calculation of u and r in the 
present paper 
tially constant throughout the liquid layer. Inside 


the density is regarded as essen- 
the heat shield. however, ; and k are regarded 


as functions of temperature. In addition, one- 
dimensional wavelength dependent radiant trans- 
port and two-dimensional convective transport, 
are included in the heat equation. The treatment 
Is restricted to the stagnation region of a blunt. 
semi-infinite body 

To evaluate F as a function of y the radiant 
transport equation must be written. This equa- 
tion must include the effects of emission, ab- 
The 
that of 


Reference | with the exception that wavelength 


sorption and scattering of radiant energy 


formulation which follows parallels 


dependence is taken into account 


B. Formulation of Radiant Flux 

The spectral power £, in the wavelength inter- 
val (A, A dA) which flows across an area dA 
and which is confined to a solid angle increment 
dw, whose principal axis makes the angles @, 4 
with the outward normal to dA is 


i, cos 6 dw dA dA (13) 


The net spectral power flowing through dA is 
obtained by integrating over all solid angles. The 
net spectral flux is defined as the amount of net 
spectral energy flowing through dA per unit area 
per unit time per unit wavelength interval and is 
given by 


i, cos 6 dw (14) 


46°? 
: the i 
cl 
| 
2 
Cu cu Cu 
a 
a 
(pu) (pr) (10) 
4 
= 
w 


The total flux F is obtained by integration of (14) 


over all wavelengths: 


F, da (15) 


0 


Equation (13) is the definition of the specific 
intensity /,. The integral of i, over all solid angles 
defines the spectral intensity /,: 


| (16) 


. 


The total intensity / is obtained by integration of 


(16) over all wavelengths 


/ | (17) 


Consider a control volume dA ds upon which 
a pencil of spectral power £,(s) in the wavelength 
interval dA and confined to the solid angle ele- 
ment dw is incident. Let the orientation of the 
control volume be chosen such that the direction 
n of the outer normal to dA coincides with the 
direction s of the incident pencil of radiation 
In traversing ds, the power changes by an amount 
dF£,. This change is the sum of four parts: (1) 
a change 5E£* due to absorption by the control 
volume, (2) a change 5£% due to emission by the 
control volume, (3) a change 5£% due to scatter- 
ing of the solid angle dw, and (4) a change 5E* 
due to scattering into the solid angle dw by 


radiation travelling in other directions s* 


dE, = + + + (18) 


5E* is proportional to the incident power and 
the distance ds traversed, the proportionality 
factor a, being defined as the spectral absorption 
coefficient 

ayE(s)ds (19) 


Similarly, 5&; is defined as: 
yaE\(s)ds (20) 


where y, is defined as the spectral scattering co- 
efficient. 5£{ is proportional to the volume 
dA ds of the emitting material, and the solid 
angle and wavelength intervals considered, the 
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proportionality factor being the definition of the 
spectral volumetric emission coefficient 


SE j, AA ds dew dd (21) 


Similarly, the quantity 5E* is proportional to 
the spectral scattering coefficient y, and the 
distance traversed, the proportionality factor 
being of the form 


E*(s* . s*) (22) 


where E¥(s¥) is the power flowing in the s* 
direction and p(s . s*) is a phase function to 
account for the angular distribution of this 
power. For isotropic scattering, which is the 
case considered herein, p(s . s*) is unityand 6 E¥ 
is given by 


dw* 


| re (23) 


Combining (18) through (23) with the aid of the 
definition (13) gives 


di, 


ds 


(24) 


| 


Introducing Schwarzschild’s concept of radia- 
tive equilibrium, the ratio /,/a) 1s related to the 
Plank radiation function, B\(7) via the square 


of the refractive index 
j,/ay mB(T) (25) 


where B,(7) is defined as 


(26) 


BT) 


The assumption is made that (25), which is 


strictly valid only in thermodynamic equilibrium, 
holds true even in the non-equilibrium, transient 
case. 

For problems involving heat transport between 
plane parallel layers it is convenient to measure 
distance normal to the planes. Using the relation 


| 
| 
| fa | * 
| 
4 
C,/A° 
|| 
(eC2/A7 1) 
4 
: 
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ds dy/cos @ where @ is the angle between dy 
and ds equation (24) becomes: 


Integrating over all solid angles: 


d 
i, cos 6 dw (ay ya) | i, dw 
dy | 
{« it de) (28) 


Using (14) and (16) together with the assumption 
1* — J, equation (28) becomes: 
Fy 


(29) 


Multiplying (27) by cos @ and integrating over 
all solid angles, using the relation: 


dw = sin 6dé@ dd (30) 


there results the expression: 


— |cos? a, sind? (31) 


0 


Proceeding as in Reference |, an approxima- 
tion for the distribution of i, is introduced: 


ly I) 0 A ? 
iy i” - (32) 
where j; and i! are assumed constant in the stated 


range. Equation (31) then becomes: 


(i, + 3 (a, + y) (Mi; — (G33) 


Using the approximation (32) in the definitions 
of /, and F), it can be seen that: 


I, = (i, + ij) (34) 


F, = Mi, — ij) (35) 
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Thus equation (33) may be written: 
ch, 


(36) 


where: 


B, 


Solving (36) for F, and inserting into (29), 
the radiant transport equation for monochro- 
matic radiation becomes: 


(a) ya) (37) 


ey, 

at(/, — 4rn*B,) (38) 
cy” 

where 8, has been assumed to be independent of 

position, and a? is defined as: 


a? = 3a,8, (39) 


C. Gray Materials 

For a gray material, a, and a, are independent 
of wavelength. For such a case, (29) and (38) can 
be integrated over all wavelengths, yielding the 
Kadanoff equations: 


oF 


— 4n®oT") (40) 


° 


4n?oT"*) (41) 


where F can be expressed as 


F Be 42) 
3B 

As shown elsewhere“, the boundary condition ts 

obtained from the surface reflectivity condition 

and is given by: 

1 + R(O) 

R(O) 


a 
KO) 


a 


| FiO) (43) 


where R(O) is the effective surface reflectivity 


D. Non-Gray Materials 
For monochromatic radiation the governing 
equations are: 


5 — (44) 


cy 
1 


3B, 


= 
if 
ya lh i* dw* (27) 
4n 
i 
A 
4 
4 
= 
cv 
i 
ay 
ce 
light 
(45) 
Al 
if 
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CF, 


6 
by 38, (46) 


with the boundary conditions: 


1,(0) (47) 


R(O) 


R(L) 
R(L) 


a) 


I(L) | (48) 
Equations (44) and (45) may be combined, 
yielding: 


, CB, 
atF, 4nn*a) (49) 
The general solutions of (44) and (49) for a semi- 
infinite slab are: 
Ih = A, 


e 


2nn*a, By(m) exp ( aly n\) dy (50) 


Bin) exp dy (SI) 


0 


2rn*a) By() exp ay (7 dy 
Differentiating (50) with respect to y and setting 
vy — O, there results: 


Setting v 
tained: 


a,A, + 27n*a? By(y) dy (52) 
y 0 
0 


0 in (51), the value of F,(0) is ob- 


Fy(0) C, 


2nn*a, 


| dy (53) 


0 


Combining (45), (52), and (53) an expression 
relating the constants A, and C, is obtained: 
A, = (3B,/ay)C, (54) 
Setting y — 0 in (50), the value /,(0) is obtained: 
1(0) = A, + | By(m) dy (55) 


0 
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Substituting (53) and (55) into the boundary con- 
dition (47) and using the relation (54), C, is 
found to be: 


C, R(O) e ay’ dy 


0 


(56) 


Combining (51) and (56) and integrating over all 
wavelengths, the total flux is obtained: 


F — R(O) 


a,By(n) exp [ ay(y dy da 


A=0 


a,By(n) exp [ dy dA 


| | exp — y)] dy dA (57) 

ous 

Reversing the order of integration and intro- 
ducing a step-function approximation for a) 
and a) i.e.: 


there results the following expression for F: 


F R(O) 


Ay 


A 


A 


y)] | dA| dn 


(58) 
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Differentiating with respect to y the term to be 
added to the heat equation is obtained: 


CF 


RIO) 


IS exp [ + | dAT dy 


\ a Byy) dA 


e 


a,a, exp (—a,|y — | Buy) dr 


(59) 


For a gray material, equation (59) reduces to 


R(O) 


exp alo 7%») do 


2naac 


exp (aly — »]) (60) 


0 


Equation (59) is the expression for ¢F €y which 
must be substituted into the heat equation (8) 
\ simultaneous solution of the resulting equa- 
tion with equation (11) and (12) subject to initial 
and boundary conditions will yield time tem- 
perature histories throughout the body. Although 
the expression for ¢F cy is lengthy, it involves 
essentially only the Plank function integrated 
over the appropriate wavelength regions. This is 
a tabulated function, consequently the problem 
is amenable to solution on a high-speed digital 
computer 


APPLICATION 

Due to the unavailability 
data on the variation of absorption and scatter- 
ing coefficients with wavelength and the in- 
complete status of the machine programming, tt 
is not possible to present results of calculations 


of experimental 


for the non-gray case at this time. However, a 
limited amount of data on the optical properties 
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of gray materials are available, and a workable 
machine program for calculating transient 
temperature distributions in such media, utiliz- 
ing the Kadanoff formulation for the radiation 
terms, been developed.“” Accordingly, 
this program was used to evaluate the magnitude 
of the radiation effect in a gray material 

Two calculations were run. The first was for a 
typical ablating heat shield material regarded as 
opaque to radiation, using a constant value of 
0-5. The second was for the 
same material subject to the same basic input, 


has 


emissivity of 


but with internal radiation taken into account 

It is thought that this comparison will be of 
considerable interest inasmuch as the data pre- 
sented are, to the best of the authors’ knowledge. 
the only calculations of transient temperature 
distributions in an ablating medium which takes 
into account the combined effects of liquid layer. 
internal radiation and 
without making any assumptions as to the form 
of the temperature distribution in the liquid 


ordinary conduction 


layer for purpose of calculating a viscosity. In 
this sense, the results obtained may be regarded 
as exact 

The inputs to the two cases are shown in Figs 
1! and 2. The ordinates and abscissa are dimen- 
sionless heat flux input and dimensionless time 
of flight, respectively. In Fig. |g... represents the 
basic input calculated on the basis of an iso- 
represents the input after 
enthalpy. g, the input 
after correction for blowing enthalpy. gir the 


thermal boundary, g, 
correction for wall 
input after correction for radiation, and gery 
the net input after correction for vaporization 
from the surface. In Fig. 2. dg... G,,. and g, are as 
defined in the previous case, and ger; represents 
the net input after correction for vaporization. 
The input, g 

The temperature response of the material is 
shown in Figs. 3 and 4. The ordinates and ab- 
scissa represent the temperature rise in degrees 
Rankine and dimensionless distances from the 
original surface respectively. The parameter + 
represents dimensionless time of flight. The 
ablated length is shown for these two cases, and 
it will be observed that less material ablates for 
the semi-transparent case than for the opaque 


is identical in the two cases 
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Fig. |. Heat input without internal radiation. 


Fig. 2. Heat input with internal radiation. 
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heat 


Fig 3. Temperature distribution without internal radiation 


case. This would suggest the choice of semi- 
transparent materials over opaque materials in 
applications where it is desirable to minimize 
ablation 

Figure 5 shows the calculated distribution 
of radiant intensity in the semi-transparent 
material. The ordinate represents dimensionless 
intensity: the represents dimension- 
less distance from the ablating surface, and the 


abscissa 


parameter 7 represents dimensionless time of 


flight. 

Figure 6 shows the temperature perturbation 
due to internal radiation. The ordinate repre- 
sents the temperature of the semi-transparent 
case minus the corresponding temperature of the 


5500 


DISTANCE 


Fig. 4. Temperature distribution with internal radiation 


opaque case. The abscissa represents distance 
from the ablating surface. These perturbations 
point out the difficulties involved in experi- 
mental determination of thermal conductivities 
in a semi-transparent medium by direct applica- 
tion of the Fourier Law. Of particular interest 
is the initially higher value of surface temperature 
for the semi-transparent case in comparison to 
the opaque case. This trend is reversed near the 
end of the trajectory as shown. 

Figure 7 shows the distribution of radiant 
flux in the semi-transparent material as a 
function of distance from the ablating surface. 
Negative F corresponds to radiation travelling 
toward negative y and conversely. 
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Fig. 5. Radiant intensity distribution. 
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Fig. 6. Temperature perturbations due to internal radiation. 
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FROM INSTANTANEOUS SURFACE 


Fig. 7. Radiant heat flux. 


DISTANCE FROM INSTANTANEOUS SURFACE 


Fig. 8. Conductive heat flux. 
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Figure 8 shows the distribution of conductive 
flux in the semi-transparent material as a func- 
tion of distance from the ablating surface. 

Comparison of Figs. 7 and 8 shows that the 
radiant flux is a sizeable fraction of the con- 
duction flux. For example, at + 0-75 and 
v/L,.¢ = 0-1, F is approximately 44 per cent of 
qi. 

It is of interest to compute an emissivity for 
the semi-transparent case based upon F(0) as 
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the emissivity approaches a constant value as 
shown. 


CONCLUSIONS 
A theory has been devised which accounts for 
transient heat flow in ablating materials and 
which includes the effect of liquid layer and 
ordinary conduction as well as internal radiant 
interchange in an absorbing and scattering 
medium with wavelength dependent optical 


r=1.00 


1000 2000 


and a surface temperature as 
The result is shown in Fig. 9. 
Here emissivity appears double-valued 
function of surface temperature. This result is not 
surprising because radiation is a bulk phenome- 
non in the semi-transparent case, whereas it is a 
surface phenomenon in the opaque case. Since 
it is a bulk phenomenon, the flux reaching the 
surface depends upon the temperature distribu- 
tion which is decidedly non-uniform as shown 
in Fig. 4. At the end of the trajectory, when the 
temperature distribution approaches uniformity 


shown in Fig. 7, 
shown in Fig. 4 


as a 


Fig. 9. Effective surface emissivity as function of surface temperature 
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properties. A comparison has been made of 
opaque and a semi-transparent media (for the 
gray case) subjected to the same basic transient 
heat input. It has been shown that the net effect 
of radiation in the semi-transparent medium for 
the gray case is to increase the temperature 
penetration (i.c., the semi-transparent material 
acts like a better heat sink) and at the same time 
reduce the amount of material ablated. It has 
been shown that for this case the radiant flux 
may be a sizeable fraction of the total heat flux 
It is also shown that for a semi-transparent 
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material the apparent emissivity is a_ rather 
complicated function of surface temperature. 
Accordingly, it would appear necessary to take 
internal radiation into account in order to 
correctly evaluate the emission of radiation from 
the surface of such materials 

Although the introduction of wavelength 
dependent optical properties offers some addi- 
tional complication, nothing appears which 
would preclude solution by machine methods 
Accordingly. once the necessary optical inputs 
are available, the calculation for the non-gray 
case can proceed. 
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THE HEAT PROTECTION 


POTENTIAL OF SEVERAL 


ABLATION MATERIALS FOR SATELLITE AND BALLISTIC 


RE-ENTRY INTO THE EARTH’S ATMOSPHERE* 


N. S. DIACONIS, J. B. FANUCCI and G. W. SUTTON 
The Space Sciences Laboratory, General Electric Company, Missile and Space Vehicle Department 


Abstract—An evaluation of the relative performance advantage of various ablation materials for the 
heat protection to a non-lifting vehicle during hypersonic re-entry into the Earth's atmosphere has been 
made based on theoretical ablation models substantiated by experiment. Calculations have also been 


made of the heat penetration within the material 


Typical ablation materials from the following three 


categories have been investigated, both theoretically and experimentally in air arc facilities at a hypersonic 
stagnation point: (1) Those that depolymerize to a gas but do not liquify; (2) Those that combust at the 


surface; (3) Those that vaporize after melting 


Stagnation point ablation data for an attractive 


material in each category was obtained for various 


local heating rates, stagnation pressures and stagnation enthalpies. Effective heats of ablation have been 


INTRODUCTION 

The thermal protection of vehicles during 
hypersonic re-entry into the Earth’s atmosphere 
has been the subject of intensive investigation 
in recent years. Many methods have been 
contemplated for the protection of re-entry 
vehicles from extreme thermochemical environ- 
ments. These methods fall into four general 
categories. which are: 


(a) heat sink 
(b) radiators 
(c) transpiration cooling 
(d) ablation 


A protection 
applicability based on systems considerations 
vs. total re-entry times is shown in Fig. 3. It is 
seen that for the low total re-entry times that 
are characteristic of 1.C.B.M. nose cones with 
large heat fluxes, (cf. Fig. 2) ablation is far 
superior to the other methods of heat protection. 
Radiators would not be satisfactory in this 
range, since the heat fluxes are very high (to 
5000 B.t.u./ft®-sec. at the stagnation point for 
high W/CpA ballistic re-entry configurations). 


schematic curve of heat 


* This work was performed under the auspices of the 
U.S. Air Force Ballistic Missiles Division, Contract 
No. AF 04(647)-269. 


determined experimentally and compared with the theoretical calculations 
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Fig. |. Coordinate system. 


As the re-entry times approach those typical of 
ballistic satellite re-entry, ablation remains 
somewhat superior to the heat sink. 

It is the purpose of this paper to investigate 
the relative performance advantage of the various 
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types of ablation materials for ballistic and 
ballistic satellite vehicles. A proper evaluation 
depends not only on the total mass loss during 
the ablation process but also on the heat 
penetration within the material, since both 
contribute to the total thermal shield weight. 


Although there is an infinite combination of 


ablation materials, they can be grouped into a 
few distinct categories. A partial breakdown can 
be as follows: 

(1) Those that gasify but do not liquify 

(2) Those that combust at the surface 

(3) Those that vaporize after melting. 
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Fig. 2. Typical re-entry heating cycles. 


For these three types an attractive material for 
re-entry application has been chosen and 
examined analytically and experimentally in air 
arc facilities at the forward stagnation point of a 
blunt body. The specific materials chosen for 
this study were Teflon, graphite and quartz. In 
addition, phenolic-nylon, which is typical of a 
fourth category of materials (one which 
pyrolizes and chars), was examined experi- 
mentally at satellite type environmental 
conditions. 

Results are presented from a series of experi- 
mental investigations in electric arc heated 
facilities in which the subject materials were 


exposed to controlled aerodynamic environ- 
ments. The stagnation point data discussed were 
obtained at various local heating rates, stagna- 
tion pressures and = stagnation enthalpies. 
Effective heats of ablation have been determined 
and compared with the theoretical calculations. 

The theoretical basis for the calculation of the 
heats of ablation is as follows: 


(a) For the plastic which depolymerizes 
directly to a gas, account is taken of the 
depolymerization kinetics and combustion 
with air. 

(b) For surface combustion, it is assumed 
that no further homogeneous chemical reac- 
tions occur between the products of surface 
combustion and air. 
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Fig. 3. Schematic heat protection efficiency vs. total 
re-entry time 


(c) For the material which melts, the liquid 
film flow and heat conduction has been 
analyzed by the integral method. The 
properties of the vaporized species are 
assumed to be the same as air. The effect of 
mass transfer on heat transfer has been 
obtained from results for dissociated air. By 
means of a new technique, the interface 
physical quantities are obtained directly. 


Transient analyses were made for the three 
materials for three different re-entry ballistic 
trajectories. Two of these trajectories are typical 
of current and advanced generation long-range 
ballistic missiles, and the third represents a 
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typical re-entry satellite (see Figs. 4, 5 and 6). 
Consideration of satellite re-entry material 
performance has previously been considered 
by Steg."*) For each of the materials the mass 
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Fig. 4. Typical satellite trajectory W/CpA = 86. 
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removal and temperature profiles were calcu- 
lated and then compared with each other. Values 
of material weights, including provisions for 
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back-up ablating shield insulation, may then be 
deduced from these calculations. 


ABLATION OF TEFLON 

Present thinking on the ablation of Teflon 
is that it occurs by a first order reaction in- 
volving depolymerization of the polymer into a 
monomer.‘ Since the monomer has a very high 
vapor pressure, in general it will flash directly to 
the vapor phase, absorbing 750 B.t.u./Ib in the 
process. However, if the reaction temperature 
exceeds approximately 538°C, the decreased vis- 
cosity may possibly allow diffusion of incompletely 
depolymerized polymers through the surface of 
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Fig. 7. Variation of [ with stagnation pressure and 
stagnation enthalpy for quartz. 
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Fig. 8. Variation of Q * with stagnation pressure and 
stagnation enthalpy for quartz. 


the material). Once formed, the gaseous mono- 
mer may produce unsaturated molecules of higher 
molecular weight by reacting with itself. On the 
other hand, when exposed to air at elevated 
temperatures, the monomer may dissociate and 
combine with oxygen to form COF, or CO ~ F,,. 

Knuth® has made a heoretical study of 
hypersonic Couette flow over a Teflon wall at 
uniform temperature. His results showed that 
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the ablation rate of Teflon. when exposed to a 
hypersonic environment, was influenced in- 
significantly by combustion of the monomer. A 
similar conclusion had previously been obtained 
for high temperature stagnation point laminar 
boundary layer flow over an axially symmetric 
body. 
Experimental investigations with Teflon, how- 
ever, have shown that during the ablation 
process a steep temperature gradient exists near 
the surface such that the material a few milli- 
meters below the surface is still at the initial 
temperature. The process is rather involved, and 
is characterized by the generalized heat conduc- 
tion equation in the following manner 
where V represents the motion of the surface 
relative to a coordinate system at rest with 
respect to the surface before ablation begins 
and Q, is the absorbed heat per unit volume by 
depolymerization. Simplification of equation (1) 
yields an approximate qualitative expression 
involving surface temperature and the ablation 
rate §. It may be assumed that ¢7 cr — 0 since 
the ablation process can be considered quasi- 
steady. Secondly. since the temperature gradients 
normal to the surface are much greater than those 
parallel to the surface, the latter may be 
neglected. Finally O,, may be evaluated at the 
surface since the temperature gradients are 
largest in this region and Q, is an Arrhenius 
function of temperature. With these boundary 
conditions a first order reaction rate would 


yield 


‘ {Be ERT. ds (2) 


where 81.400 — 900 cal mole 
and B = (9-4 sec”) 


If equations (1) and (2) are combined and inte- 
grated using constant thermal properties, the 
ablation rate § may be written in terms of wall 
temperature as follows 


a,B ERT, 


T,/T,) 


As shown in Fig. 9 the ablation rate has only a 
very slight effect on the surface temperature, 
which makes the ablation analysis much simpler 
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Fig. 9. Variation of surface temperature with ablation 
rate for steady-state ablation of Teflon 


From an analysis of the boundary layer 
flow. neglecting the pressure gradient, and 
assuming all species to have the same physica! 
properties, one can write an expression for the 
energy transfer with combustible gas mass 
transfer as follows 


oT 
A 
| 
+ 4H,.C,.) (4 


If the ablation process is assumed to be quasi- 
Steady. then 

(4 (5) 


cx 


where the coordinate x is taken to be normal to 
the surface in this section. 
Substituting equation (5) into (4) 


— + (6) 


From the above equation the ablation rate can 
then be computed by taking /,, and 4H, at an 
average value, recalling that the ablation rate is 
relatively independent of surface temperature 
Stewart's” correlation, based on the results 
of various theoretical analyses that considered 
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laminar boundary layer with mass transfer yields 
the following for the Stanton number 


Cy 


CuO) — 0-72 (7) 


Pair 


where (C,,,,/C,,,,) is effectively 29/Mcory. A 
steady state value of the heat of ablation can 
then be written by equating the product of the 
enthalpy increase of the plastic and the steady 
State mass transfer rate to the heat transfer 
given by equations (6) and (7). This results in 


AH, 
+ 


Pair 


h, 


0-439 (h, — hr,,) (8) 


air 


For large values of the stagnation enthalpy the 
effect of combustion may be neglected since the 
term 4H,C,,/(h, —h,),,, is small. At these 
conditions the larger contribution to O* comes 
from the second term in equation (8). Large 
changes in 4H, therefore have only a slight 
effect on Q*. 

The heat of ablation for Teflon is shown in 
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4H, 1110 B.t.u./Ib. Also shown on. this 


figure are the measurements of Georgiev, ef a/. “*) 
The theoretical values are too large by 20 per 
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cent at the lower enthalpies when combustion is 
not considered. 

Figure |! shows some later theoretical 
calculations by Scala.“® In this figure are 
shown the effects of pressure (or altitude) as 
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Fig. | 1. Effect of altitude on heat of ablation of Teflon 


well as stagnation enthalpy on the ablation 
characteristics of Teflon. These results indicate 
that the heat of ablation for Teflon decreases 
with increasing stagnation pressure in a manner 
similar to the Q* variation of quartz which is 
discussed in a later section. Some experimental 
results, included in this figure, substantiate the 
theory with regard to pressure effects. Since 
combustion effects on the energy transfer to the 
surface are negligible at the high enthalpy 
conditions, the theoretical results which neglect 
combustion are applicable. © 


. 
q Yim m (9) 
where 
> (240 x 108 
Am m,, 
-996 2-96 10-'T,,] 


To calculate the ablation rate and temperature 
profiles, the aerodynamic heating rates shown in 
Figs. 4, 5 and 6 and the blocking term from 
equation (9) were used in conjunction with the 
Goodman integral technique“ for a semi- 
infinite slab. The accuracy of this method is 
determined by the accuracy of the assumed form 
of the temperature profile. Whereas Goodman 
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used a polynomial to approximate the tempera- 
ture profile, an exponential profile corresponds 
more closely to quasi-state ablation 
The temperature profile during ablation ts 
assumed therefore to be of the form: 
Tix. 1) =F T,)e-*" (10) 


Substitution of equation (10) into the heat 
balance equation for the surface recession, 
ds dr, vields the following two equations for the 
e-folding length of the temperature profile, f: 

dt ae ds 
dr di 


A(T 


(Ila) 


(11b) 


Am 4H, 


Ablation of Teflon is assumed to commence 
when the surface temperature reaches 7 
Initially the heat transfer rate is of the form: 


q (12) 


For this heat transfer rate. the solution to the 
heat conduction equation for constant thermal 
properties ts 

q 
Tix, t) — T, e (13) 
ay (kpC,) 

Since the temperature profile during ablation 
was assumed to be of the form given by equation 
(10), the e-folding distance at the time of the 
beginning of ablation 1, is as follows 


\aa (14) 


and the time /, is determined with the aid of the 
following expression 


gAt,) KT (15) 


Initial conditions for equations (Ila, I1b) at 
time /,, are thus 
= 0 (16) 


The constant (a) in equation (12) is calculated 
for that portion of the trajectory where the heat 
transfer curve fits equation (12). From equation 
(14) is calculated and g,(1,) results from 
equation (15) 


The ablation continues until time /,, when 
ds/drt becomes zero. At this time *(/,) ts given 
by the following expression: 

K(T T,) 
(17) 

If the heating rate at the end of ablation is 
substantially zero, then the temperature profiles 
after time /, are given by the solution of the heat 
conduction equation for the initial conditions 
given by equations (10) and (17). This has been 
obtained by simple integration as follows: 

T T, 


5 


T(x, 1) — Ty 


X 
11 + erf 18) 
| (5. [a(t 


\ 


x \ lel? 
erf | = 

The above equation assumes the slab is 
semi-infinite in the x direction 

The final equilibrium temperature for a finite 
thickness slab can be found from the energy 
balance equation: 


dr + [C, p(T dx 
 T,)Wo (19) 


which upon integration yields: 


} pC, X, ( ) (20) 


The thermal properties of Teflon were taken as 
follows for the calculation of the ablation rates 


a—0-973 « *ft?/see M_—50 T, —0°F 


p= 137 Ib/ft* ~1240°F ft 


ABLATION OF GRAPHITE 
Some of the chemical surface reactions which 
graphite undergoes with dissociated air during 
hypersonic re-entry have been investigated 
experimentally. If it is assumed that the surface 
temperatures remain below 4500 F, the nitrogen 
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atoms present will have recombined in the gas 
phase. Hence, only oxidation reactions need be 
considered since the nitrogen molecules are 
chemically inert in the presence of a carbon- 
aceous surface. It has been found experimentally 
that both carbon dioxide and monoxide are 
present. Therefore, two oxidation reactions may 
be assumed for the determination of the graphite 
ablation rate. The first process consists of the 
formation of both CO and CO, in a reaction 
between C and O, at the surface. The second 
reaction entails the formation of CO, in a 
reaction between C and O,, followed by reactions 
with the gas phase to form CO 

A simple model was employed for the analysis 
of the reactions between the multi-component 
C—O—N system because of the lack of reaction 
rate data 
of the conservation equations for the gas phase 
been made.‘ 
represented by a 
mixture of nitrogen, atomic oxygen and carbon 


In addition, simplifying assumptions 
have The gas phase has been 
three-component frozen 
monoxide. The surface combustion product is 
assumed to be carbon monoxide, and nitrogen 
the 
Finally, the Lewis number was assumed constant 


reactions were not considered at surface 
and equal to 1-2, while the Prandtl number was 
taken to be 0-75. With the above assumptions, 
the ablation rate of graphite at the stagnation 
point of a blunt body of revolution is given by 


the following simple relation 


~ Oly Qp, (21) 


Equation (21) applies in the diffusion- 
controlled ablation regime where the ablation 
rate is insensitive to surface temperature. 
provided that the surface temperature exceeds 
1000 R 

Equation (21) may be simplified, with the aid 
of the modified the 


stagnation point velocity gradient given by 


Newtonian relation for 


m,VvR~= 5 &(p*/p,) (22) 


An energy balance of the solid yields the heat 
transfer into the graphite: 


eT 
k 
Am) 
The ablation rate rt, of the graphite due to 


surface combustion is extremely small for the 
low 


Gaero 


h As) 


Stagnation pressure re-entry trajectories 
the heat 


transfer to the surface would be altered primarily 


(satellite re-entry). Consequently, 
due to the large negative heats of formation of 
the combustion products. This is reflected in the 
term /,,, which may be a negative quantity. At 
low wall temperatures, the chemical heat release 
actually exceeds the blocking action due to 
injection of the products of combustion into the 
gas phase. It is possible, under these conditions, 
for the term — (keT/@x)s 


cent than the aerodynamic energy transfer to 


to be larger by 20 per 
the surface 

Because of the low ablation rates and large 
thermal conductivity, graphite utilization as a 
heat shield is limited by its heat penetration 
characteristics. In order to calculate the tempera- 
ture the temperature profile 
assumed to have the following form: where x, 


history, was 


is measured from the backface 


T(x) ; B (x: 


(24) 


This 
profile is applicable to an insulated backface 
Including the effects of re-radiation, the heat 


where s, is now the remaining thickness 


balance equations become 


6kB 


B 


where k kK(T,,.) 


and 
+ hh, 


9-98 lo-* v2 1098 A (26) 


This method is applicable only if ag > GW? 
which is true for the satellite re-entry, but not 
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for ballistic missile re-entry. For the latter case. 
additional terms are required in equation (25) 


ABLATION OF GLASSY MATERIALS 

A material which melts and then vaporizes 
constitutes a third class of ablation materials 
Because a liquid phase is formed, such materials 
should necessarily be highly viscous in nature so 
that a protecting liquid film remains on the 
surface while under the influence of aerodynamic 
and inertia forces. These forces tend to convect 
the melt downstream. Because of the high 
viscosity, large gas-liquid interface temperatures 
may develop such that vaporization, with its 
associated heat absorption and heat blockage 
action on the gas phase, may take place. Glasses 
are typical of this type of material: in particular, 
fused silica appears to be most attractive because 
of its high viscosity at high temperatures and 
because of its large heat of vaporization. 

When vaporized. silica forms gaseous 
monoxide and dioxide. The reactions are highly 
endothermic and hence a decrease in the energy 
transfer to the liquid melt results. The reactions 
are given by 
SiOWs) Si0(1) SiO(g) + 12 
SiOAs) Si0,()) 

A momentum integral technique has been 
utilized for the determination of the steady-state 
ablation characteristics of the liquid layer. The 
resulting integro-differential equations, when the 
coordinates are now attached to the gas liquid 
interface (cf. Fig. 1), are given by: 


Vomentum 


d . 
z= (4,u*?) — ug 


Enereg\ 


gy T x) 


(uA T, 
r I 


where 4,, 4, and @, are integrals which result 
after integration of the conservation equations 
in the norma! coordinate. In this formulation 
the momentum equation has been integrated 
through the liquid layer which has an assumed 
finite thickness 6, while the energy equation has 
an infinite upper limit. These equations may be 
solved after evaluation of the integrals for 
assumed velocity and temperature profiles. The 
particular profiles were assumed to be 
exponential based on some previous exact 
solutions. They are given by: 


a(x)(v/8 — y?/8?) (29) 


A(x)y) 


where a(x) and A(x) are parameters to be 
determined. 

The stagnation point equations are derived by 
passing to the limit in the x coordinate with the 


requirement that (u,/x)tim and (u,/X)jim are finite 
-() 


and non-zero and (u.)jjim — 0. Equations (27) 
x +0 


and (28) then reduce to algebraic equations 
which were matched with exact solutions for the 
dissociated gas phase“) to determine the liquid 
layer thickness 4, the wall temperature 7,, in 
addition to the gasification ratio /° and the 
ablation rate. The results for /’ and Q* are 
shown in Figs. 7 and 8 respectively for various 
stagnation enthalpies and pressures. Details of 
this method are given in Reference 11. Figures 7 
and & are independent of the nose radius R since 
the emissivity is assumed zero. However, for the 
trajectory calculations, radiation is included in 
the analysis. 


EXPERIMENTAL TECHNIQUE AND 
DATA REDUCTION 
Experimental investigations were conducted in 
the laboratory to examine the behavior of the 
subject materials at simulated re-entry con- 
ditions. For the high heat transfer or ballistic 
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environment, tests were performed in a shroud 
nozzle electric arc heated facility, while for the 
low heat transfer or satellite re-entry environ- 
ment, studies were conducted in an electric arc 
heated supersonic wind tunnel. The facilities 
are described in Reference 15. From_ these 
investigations the heats of ablation were deter- 
mined and self insulation characteristics of the 
various materials were observed. 

The shroud nozzle technique, first applied in 
wind tunnels by Ferri and Libby” in this 
country, involves the production of a desired 
pressure distribution over a test surface by 
properly contouring the nozzle walls. This 
design criterion has been incorporated with an 
electric arc heater in the laboratory to permit 
the testing of relatively large models (up to 2 in 
dia.) with a minimum of electric power." The 
nozzles have been designed to produce a sub- 
sonic flow field about hemispherical models 
making both facility and model stagnation 
properties equivalent. Operation at pressures 
above ambient results in the attainment of heat 
transfer rates greater than 1000 B.t.u./ft®-sec 
A second test facility. the arc tunnel, is a sub- 
ambient, Mach 4 free jet, with nozzle exit 
diameters up to 2°6 in. In this unit the test 
models are exposed to stagnation point heating 
rates less than 100 B.t.u./ft®-sec. for test periods 
greater than five minutes duration. 

Shown in Fig. 26 are schematics of the various 
models used in these investigations. With the 
exception of quartz, all the test specimens were 
1/4 in. diameter slug inserts thus enabling weight 
loss measurements to account accurately for 
losses due to pyrolysis and charring. Thermo- 
couples were located at the backface of the 
specimens whose length was varied to adjust for 
differences in the specific weights of the materials. 
Using copper silver calorimeters, 
measurements were made of the model stagna- 
tion point heating rates (calorimeter slugs were 
same diameter as test specimens) which showed 
good agreement with the theoretical heat transfer 
calculations of Scala“ for equilibrium air 
properties. Unlike the free jet arc tunnel where 
stagnation test properties are controlled by the 
throat of the supersonic nozzle, constant 


properties were established in the shroud by 
maintaining choked flow between the model and 
nozzle at the outer extremities of the model 
proper through constant model feed. Examina- 
tion of model surface curvature at the stagnation 
point after test revealed the geometrical changes 


to be insignificant, resulting in negligible effect 
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Fig. 26. Sketch of model specimens 


The performance of Teflon and quartz at high 
heat transfer rates is shown in Figs. 27 and 28 
where ablation is plotted against time for two 
test conditions. As indicated, stagnation pressure 
was essentially constant at about two and one 
half atmospheres absolute, while the calorimeter 
heating rate was varied from 435 to 1390 
B.t.u./ft®-sec. as the stagnation enthalpy (/,/ RT,) 
was increased from 100 to 165. (Calorimeter 
heating rate is defined as the heat transfer rate 
to a non ablating surface at the temperature of 
the ablating model). Computed values of heats 
of ablation obtained from these data are shown 
in Fig. 29 along with theoretical calcula- 
tions. 

Experimental values of Q* determined from 
tests conducted at the low heat transfer 
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Fig. 27. Stagnation point ablation of transparent fused 
quartz. 


conditions for Teflon, quartz and phenolic-nylon 
are shown in Fig. 30. These results are for a 
Stagnation enthalpy (4,/R7,) of 125, a model 
Stagnation pressure of 0-02 atmospheres, and a 
heating pulse of 69 B.t.u./ft®-sec. (7, 660° R). 
Testing times of 120 sec and greater were used 
in order to expose the materials to total inte- 
grated heating commensurate with typical 
satellite environments. Also shown on_ the 
figure for comparison purposes are the theoreti- 


cal results.?® Since the major portion 
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Fig. 28. Stagnation point ablation of Teflon. 


(timewise) of the re-entering trajectory of a 
satellite more after 
heating, it is important to consider the thermal 
insulation properties of ablation shield 
material. To examine these characteristics at 
low heating rates, the specimens were exposed to 
a square heat pulse for a two minute period after 
which the facility was turned off and the models 
were allowed to cool down at evacuated con- 
ditions. Under these circumstances, heat loss is 
primarily by radiation: however, the convective 
and combustion processes that would normally 
occur during actual re-entry tend to oppose each 
other, permitting at least some insight to the 
insulation problem to be obtained from such 
tests. In Fig. 31 typical temperature profiles of 
these studies are shown. 
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Fig. 29. Experimental heats of ablation at high heating rates. 
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DISCUSSION 


Experiment 
Observation of the ablation rates of Teflon and 


transparent fused quartz indicates rather 
definitely that the latter has a much larger heat 
capacity lag than does the Teflon before the 
ablation process is in equilibrium (linear varia- 
tion with time). As would be expected for both 
materials, the initial heat soak time increased 
with decreasing stagnation enthalpy, or in effect 
decreasing heat transfer rate. The experimental 
heats of ablation at the high heating rates for 
both the Teflon and the transparent fused quartz 
show good agreement with the calculations of 
Scala“ and Fanucci“!") respectively and exhibit 
a rising trend as the stagnation enthalpy is 


Fig. 30. Experimental heats of ablation at low heating rates. 
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Fig. 31. Relative backface temperature rise in materials—low heating rates. 
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increased. For these calculations, calorimeter 
heat transfer values and radiation effects were 
calculated based on theoretical determination 
of surface temperature for both materials. An 
emissivity of 0-1 was used for the reduction of the 
quartz data. Experimental values of heats of 
ablation were not determined for graphite 
specimens at these test conditions. 
Measurements of backface surface tempera- 
ture at the higher stagnation enthalpy condition 
for Teflon resulted in a 100°F rise when the 
material was exposed to a heating rate of 
1390 B.t.u./ft®-sec. for a period of 9 sec. In 
comparison, similar tests with graphite for 
equivalent specific weight inserts indicated a 
temperature rise of approximately 2300°F at the 
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nine second period. Although graphite’s high 
thermal conductivity results in its behavior to a 
large extent as a heat sink at these enthalpy 
levels. considerable success is now being attained 
in materials research whereby alterations to the 
thermal conduction characteristics of this 
material have been evolved. Because of such 
advances, graphite, with its low ablation, could 
assume an increasing role in the very high speed 
re-entry designs 

Examination of the heat of ablation of Teflon 
at low heating rates shows the data are on the 
average about 20 per cent higher than the theory 


of Scala“ for a stagnation enthalpy ratio of 


125. However, when these data are compared 
with the values obtained at the higher stagnation 
pressure condition (high heating rate data) the 
general trend predicted by Scala, namely the 
increase in Q* with decreasing stagnation 
pressure, appears to be indicated in the experi- 
mental results 

The preliminary theoretical calculations of 
Scala” for the O* of phenolic-nylon were used 
along with the experimental data to infer a 
material surface temperature. The experimental 
results in Fig. 30 for O* represent a reduction of 
the data assuming a surface temperature of 
2500 R 

Examination of the temperature history at the 


backface of the various models again shows that 


plastics like Teflon and phenolic-nylon are 
considerably superior to a material like graphite 
from the point of view of thermal insulation, 
because of the differences in thermal con- 
ductivity. The theoretical backface temperature 
history during satellite re-entry for graphite has 
been compared with an experimental value in 
Fig. 25 at the end of the heating cycle. Although 
the experimental point represents a temperature 


measurement resulting from a square pulse of 


equivalent total satellite heating, the agreement 
with theory is very good. This figure indicates 


the poor thermal insulation characteristics of 


graphite for this application. A comparison of the 
Teflon and phenolic-nylon temperature histories 
is very interesting. Initially, the phenolic-nylon 
backface temperature is higher than that of the 
Tefion even though the former has a lower 


thermal conductivity and the distance from the 
model surface to the backface is greater. The 
reason for this is that the surface temperature 
of the Teflon is much less than that of the 
phenolic-nylon. However, since the Teflon abla- 
tion rate is the greater of the two, and as men- 
tioned above is the shorter specimen, its outer 
surface approaches the backface much faster 
resulting in the Teflon backface temperature 
increasing above that of the phenolic-nylon in 
the vicinity of the 90-sec. point. By the end of the 
heat soak period the Teflon temperature finally 
has decreased to approximately the same level 
as the phenolic-nylon. For satellite type re-entry 
therefore, one must consider not only the heat 
soak during re-entry but also the continually 
increasing temperature profiles that exist in the 
non-heating descent and recovery portion of the 
trajectory. 


Trajectory Calculations 

The ablation rates for the three materials, 
Teflon, quartz, and graphite, are compared to 
each other for the three trajectories in Figs. 12. 
13 and 14. The net ablation for the various 
materials and trajectories is shown in Figs. 15, 
16 and 17. It may be noted that graphite ablation 
rates are much smaller than the quartz and 
Teflon ablation rates for all three trajectories. 
However, for the low heating rates, graphite is 
acting as a heat sink and because of its high 
thermal conductivity, the insulation weight re- 
quired would be excessive. In Fig. 21 is shown the 
graphite temperature profiles for the satellite 
trajectory which has a peak heating rate of 
approximately 75 B.t.u./ft®-sec. The backface 
temperatures are only slightly less than the 
wall temperatures. For the same trajectory, the 
temperature profiles for quartz as shown in 
Fig. 18 also demonstrate large thermal penetra- 
tion characteristics. The quartz is likewise 
operating as a heat sink. Because of a high 
thermal diffusivity and low ablation rate, both 
quartz and graphite ablation must therefore be 
considered as non-steady ablation phenomena 
and should be calculated in this manner. How- 
ever, by inspection of Fig. 22 which shows the 
thermal profiles for Teflon, it may be deduced 
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that the Teflon is ablating basically in a quasi- 
steady fashion at the low heat fluxes because of 
its lower thermal conductivity. In other words, 
the ablation and thermal penetration rates are 
approximately equal. This is the case for quartz 
at the higher heating rates as shown in Figs. 19 
and 20 for the 1.C.B.M. trajectories. However, 
the thermal thicknesses for quartz are somewhat 
larger than those for Teflon shown in Figs. 23 and 
24 for the same trajectories. 


CONCLUDING REMARKS 


A theoretical analysis of the ablation and 
thermal penetration characteristics for three 
materials, each chosen as representative of a 
distinct category of ablators, has been performed 
for three specific trajectories. In particular, the 
materials chosen were Teflon. graphite, and 
quartz. It has been demonstrated that on the 
basis of high heat flux environments (1.C.B.M. 
re-entry), low ablation rate characteristics re- 
flected by high heats of ablation dominate the 
choice of the material 

Experimental values of heats of ablation for 
Teflon and transparent fused quartz agreed 
reasonably well with theoretical calculations for 
this type of environment. Although large values 
of heats of ablation were indicated for graphite 
under these same conditions, its high backface 
temperatures prevent serious consideration as an 
ablating shield material. Only at extremely high 
heating rates does graphite appear to show 
promise 

At low heating rates of long duration, 
characterized by satellite re-entry vehicles, heat 
penetration characteristics of the material dictate 
the choice. Results of experiments for such 
environments showed values of heat of ablation 
for Teflon to be in agreement with theory. Com- 
parison of these data with results for Teflon at the 
high heating rates appears to verify the trend of a 
pressure effect on the heat of ablation of Teflon 
as predicted by Scala. For satellite type environ- 
ments a material such as Teflon shows up very 
well even though its ablation rate is considerably 
higher than a material like graphite which acts 
essentially as a heat sink. Phenolic-nylon which 


SEVERAL ABLATION MATERIALS FOR RE-ENTRY 


477 


was only included in the experimental investiga- 
tion at the low heating rate showed similar 
thermal insulation characteristics as Teflon. 
However, calculated values of heat of ablation 
were considerably higher. 
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LIST OF SYMBOLS 


form parameter of velocity profile 
defined by equation (29) 

thermal thickness factor as defined 
by equation (29) 

concentration of oxygen 

specific heat at constant pressure 
diameter of specimen 

test diameter 

coefficient of thermal conductivity 
nose radius 

radius as shown in Fig. ! 
coordinates parallel and perpen- 
dicular to surface, respectively (ex- 
cept where noted otherwise) 
velocity components in x and 3 
directions, respectively 

gaseous stagnation enthalpy, in- 
cluding chemical enthalpy 

heat of combustion per unit mass of 
oxygen 

enthalpy change, initial to surface 
temperature of plastic H, Ag) 
H,As) 

heat of depolymerization per unit 
volume for plastic: latent heat of 
vaporization 


RT» 


(du,/dx) 
a 


€ 


(40/Am) 


Subscripts 
aero 
cal 
L 


time 

mass rate 

pressure 

temperature 

heating rate 

slab thickness 

ablation rate 

nondimensionalized stagnation 

enthalpy of free stream 
gas phase velocity gradient 

thermal diffusivity 

emissivity 

shear stress 

density 

liquid layer thickness 

gasification ratio, 

m (ablated) 

heat of ablation, — gear/m (ablated) 
change in energy transfer per 
unit change in interphase mass 
transfer, for no combustion 


m (vaporized) 


aerodynamic 
calorimeter 

liquid value 
reference value or 
interior of the solid 
plastic 

wall value 
gas-liquid interface 
value 

gas 

outer edge of gaseous boundary 
layer 

final value 


value in the 


or stagnation 


a 
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AMMONIUM CHLORIDE AS AN ABLATING MATERIAL 
FABRICATION AND EVALUATION 


B. LINDER 
Material and Thermal Research Department, Avco Research and Advanced Development Division 


Abstract 


Ammonium chloride was studied as a low temperature ablation material. The advantage in 


using a material that sublimes at a low temperature is that it permits its use on a space capsule or similar 
vehicle without the need of insulating the back up structure 

The program entailed development of fabrication techniques and evaluation of physical and thermal 
properties. The ablation characteristics were measured in tests performed in a hydrogen—oxygen rocket 
motor exhaust and in high-intensity air stabilized arcs 


INTRODUCTION 

Thermochemical calculations reported by S. 
Ruby ef al.” show the theoretical heat of 
ablation of ammonium chloride to be of the 
of 2000 B.t.u./lb. This high heat of 
ablation and the low temperature at which it 
sublimes (611°K) made ammonium chloride 
appear promising as an ablation material 

A study was initiated to develop a suitable 
fabrication technique and to determine all the 
properties that would effect its use as an ablative 
structure. The program entailed the determina- 
tion of strength, heat of ablation, thermal 
expansion, thermal conductivity as well as 


order 
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PRESSED AT |50°C 


COMPRESSIVE STRENGTH 
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Fig. |. Compressive strength versus density of pure 
ammonium chloride. 


method of fabrication’ and bonding to metallic 
back-up structure. 

The fabrication was accomplished by hot 
pressing a blend of NH,CI containing 5 per 
cent Lucite binder. The resulting product ex- 
hibited an increase in strength and better ablative 
properties than the pure NH,CI pressed at 
higher pressures. 


DISCUSSION 
A. Fabrication 
Ammonium chloride fabricated by 
pressing in matched metal dies. The raw material 
was an analytical grade reagent and required no 


was 


THEORETICAL 
DENSITY 


MEASURED 
BULK DENSITY 


DENSITY , GRAMS/CUBIC CENTIMETER 


0 20 
PERCENTAGE LUCITE BINDER 


Density versus percentage binder. 
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ball The 
blending in of plastic binder was accomplished 


milling or pulverizing before use 
by hand mixing 

The cold pressing of NH,C! results in a weak 
porous structure unless a pressing pressure of at 
least 11.000 psi is used. The pressing at elevated 
temperature (150 C) of pure NH,CI resulted ina 
higher density for a given pressure, but a decrease 
in strength for a given density was observed as 


shown in Fig. |! 


The fabrication pressure can be considerably 
reduced if a small percentage of plastic binder is 


incorporated in the mix. A density of 99 per 


cent theoretical has been attained by using 5 per 


cent by weight of Lucite powder and hot pressing 
at 2000 psi and 150 ¢ 

X-ray microscope photographs utilizing 20 k\ 
The 


of the samples using 


as shown in Fig. 2 


tungsten radiation are shown in Fig. 3 
differences in porosity 


varying amounts of plastic binder is discernible 


Fig. 3. X-ray microscope photographs 


Pure ammonium chloride, cold pressed 2000 psi bulk density 


Ammonium chloride 
Ammonium chloride 
Ammonium chloride 


20 per cent Lucite, pressed at 2000 psi 150 C bulk density 
5 per cent Lucite pressed at 2000 psi 150 C bulk density 1-48 
5 per cent polyethylene pressed at 2000 psi 150°C bulk density 1-45 


1-40 
1-40 


: 

— 

(A) (B) 

? j 
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Figure Material 


Pressing Bulk 


condition density 


iA Pure ammonium chloride Cold pressed ~1-35 
$000 psi 

3B Ammonium chloride 20°,, Lucite 150 « 2000 psi ~1-40 

« Ammonium chloride 5°. Lucite 150 ¢ 2000 psi ~ 1-48 

ip Ammonium chloride + 5°, Polyethylene 150°C 2000 psi ~1-4§ 


B. Moisture Resistant Coating 

Moisture adsorption of ammonium chloride 
in a high humidity atmosphere necessitates the 
coating of the material with a plastic film that 
will retard the reaction of ammonium chloride 


with water. Spray coating of a thin film of 


polyvinyl chloride over the pressed NH,C! 
reduces the moisture adsorption of the sample 
to 20 per cent of the uncoated sample. Polyvinyl 


Table |. Measurements of Samples Exposed for One Week to 100 per cent Humidity Conditions 


he relative penetration of moisture in each 
sample can be clearly seen in Fig. 4 


C. Physical Properties 

he strength of pure ammonium chloride has 
been determined to be a function of the bulk 
density and temperature of fabrication Samples 
of comparable density pressed at room tempera- 
ture exhibited compressive strengths about 


Per cent weight loss 


Weight loss per exposed area g/cm" 


coated Uncoated 


0-013 per cent 
0-15 g/cm* 


0-051 per cent 
0:77 g/cm 


B 


Fig. 4. Samples of aminonium chloride after exposure to 100 per cent humidity atmosphere for one week 


chloride was dissolved in tetrahydrofuran to 
permit application by spray coating 

Measurements performed on samples exposed 
for one week to 100 per cent humidity conditions 
are reported in Table | 


Q 


A. Uncoated. B. Coated with polyviny! alcohol 


40 per cent higher than those pressed at 150°¢ 
as shown in Fig. |. The increase in strength with 
increase in density, of samples pressed at one 
temperature, can also be seen from these curves 

The strength of Lucite-ammonium chloride 


— 
a 
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Table 2. Mechanical Properties of Ammonium Chloride 


Test Fracture Additional 
Type of test strength properties 
(pst) (psi) 


Pressing 
Material temp Density temp 
(g cm") 


Pure NH,C! Room 1-49 Room ompression 2500 


Pure NH,Cl 150 Room ompression 1500 
Pure NH,Cl Room Room Tension 168 
Pure NH,Cl Room Room Shear 332 


NH,CI + 20 per cent Acrylic s Room ompression 3270 10 10° 


NH,C! 20 per cent Acrylic 5 250 ompression 2020* Yield 960 


NH,C! + 20 per cent Acrylic 5 300 ompression 1010* Yield — 485 A 


NH,C! + 20 per cent Acrylic 5 Room Shear 


NH,CI + 5 per cent Acrylic 5 Room ompression 


NH,C! + 5 per cent Acrylic 5 200 ompression 


NH,Cl 5 per cent Acrylic 5 Room Shear 


NH,Cl 5 per cent Acrylic 5 200 Shear 


* Loading stopped with no fracture 


Table 3. Bond Strength NH,C! Bonded to Aluminium 


Number of tests Type of test Test temperature Strength (psi) 

Shear Room 400 

Shear 200 50 

Tension Room 250 . 


Tension 


room and elevated temperatures. The results of 
these tests are shown in Table 3 


mixtures is considerably greater than that of the 
pure NH,Cl. The softening of the Lucite. 
however, causes a decrease in strength when 
tested at elevated temperature. Table 2 is a FE. Thermal Properties 


Radial heat flow’ thermal 


summary of the physical tests performed on 
NH,Cl 


D. Bonding to Metal 

Ammonium chloride cylinders, { in. in 
diameter, containing 5 per cent Lucite, have been 
bonded to aluminum cylinders using Rubber 
and Asbestos Company adhesive M695 + CH7 
Shear and tension tests were performed at 


conductivity 
measurements were made over a temperature 
range of 200-350 F. The values for ammonium 
chloride containing five per cent Lucite range 
from 0-41 B.t.u./hr ft F at 200°F to 0-32 B.t.u./hr 
ft F at 350 F. The curve of thermal conductivity 
versus temperature is shown in Fig. 5. 

The thermal expansion of pure ammonium 
chloride was measured to be 62 « 10°°/°C over 
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AMMONIUM CHLORIDE AS 


a temperature range of 25 -100 C. The thermal 
expansion of samples containing Lucite was 
measured to be 80 


range of 25-150 °C. 


10-*/ C over a temperature 


0.5 


THERMAL CONDUCTIVITY, BTU/FT °F 


200 300 
TEMPERATURE, °FI 


Fig. 5. Thermal conductivity versus temperature 
Material is ammonium chloride plus 5 per cent Lucite 


F. Thermochemical Behavior 

Solid ammonium chloride undergoes a phase- 
change from the cesium chloride to the sodium 
chloride structure, at 457-7'K which absorbs 
940 cal/mol. This coupled with the heat necessary 
to raise the solid from 311 K (100 °F) to 611°K 
absorbs 270 B.t.u./lb. Ammonium chloride 
decomposes, without melting to form gaseous 
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ammonia and hydrogen chloride as shown in 
equation (1). At about 611 K (640 F), the total 
pressure of ammonia and hydrogen chloride ts 
one atm. The heat absorbed by de- 
composition ts 1320 B.t.u./Ib. 


this 


Ammonia gas is thermodynamically unstable 
at 611 K with respect to nitrogen and hydrogen 
This decomposition of ammonia will absorb 419 
B.t.u 

The total heat absorbed through vaporization 
at 611 K is, therefore, 2009 B.t.u./Ib 

Heating from 311 K to 611 K including solid 
phase change at 457-7 K 
NH,Ci(a) at 311 K 

NH,Cl(8) at 611 K 


lb of ammonium chloride 


270 B.t.u 
NH,CI(f) 

NH,(¢) + HCL (g) 1320 B.t.u. 
NH.,(¢) 


419 B.t.u. 


3/2 


Total 2009 B.t.u. 


G. Ablation Properties 


Ammonium chloride has been tested in a 
hydrogen—oxygen rocket motor exhaust and in 
high-intensity air stabilized arcs. The effective 
heat of ablation was calculated by measuring 
the ablation rate and heat flux impinging on the 


sample. 


Fig. 6. Motor-exhaust samples before and after |0-sec exposure. Material is ammonium chloride plus 5 per cent Lucite 
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Table 4. Results of Rocket Motor Tests (H RT, ~ 80) 


LINDER 


Number of tests Material 


Ammonium Chloride 


Ammonium Chloride 


Ammonium Chloride 


Ammonium Chloride 10 per 


Ammonium Chloride 


Ammonium Chloride S per cent 


20 per cent Lucite 1:35 
ent Fpoxs 1-40 


S per cent Lucite 


Polyethylene 


Density Ablation rate 
cm”) (in 


Effective heat ab‘ation 
(B.t.u./Ib)* 


sec) 


1-50 0-04 1700 


0-09 1000 
0-04 1800 
0-06 1200 
0-03 2300 


0-03 2100 


* Theoretical heat flux QO 724 
Effective heat of ablation Q* QO 


Ablation rate 


Samples having low density spalled badly and 
ablated unevenly. The effective heat of ablation 
as measured in the rocket motor exhaust was 
about 1000 B.t.u./lb. High pure 


ammonium chloride samples ablaied smoothly 


density 


and exhibited an effective heat of ablation of 
about 1700 B.t.u.lb. Tests performed on 
samples containing five per cent Lucite showed 
an increase to about 2300 B.t.u. Ib. A photograph 


of a five per cent Lucite-ammonium chloride 


sample before test and after a 10-sec exposure 


Hy =SOOBtu /Ib 


« 
3 


0 40. 80 120 60 200 240 280 
H/RTo 


Fig. 7, Heat of ablation versus enthalpy for ammonium 
chloride 


density 
Ty Surface temperature measured by optical pyrometer (uncorrected) ~ 1000 


pressing at 150°C and 2000 psi 
product 
properties 


PURE AMMONIUM CHLORIDE | 


0-119 B.t.u. ft® sec 


B.t.u. Ib 
1100 ¢ 


in the rocket exhaust is shown in I ig. 6. Rocket 
motor tests are summarized in Table 4 

\ comparison of the ablation properties, as 
measured in the high intensity air arcs, of pure 
ammonium chloride and samples containing 
5 per cent Lucite is shown in Fig The devia- 
tion in the values of H 
tion, for pure ammonium chloride of 500 
B.t.u. Ib 2000 B.t.u./Ib for the samples 
containing 5 per cent Lucite may be accounted 
for by the mechanical erosion of the pure NH ,Cl 
samples which does not occur in the other 


the heat of sublima- 


and 


H. Conclusions 


Ammonium chloride can be fabricated by 
using 5 per cent Lucite as a plastic binder and hot 
The resulting 
exhibits the 


following average 


Bulk density 


Per cent theoretical 


1-47 
density 99 per cent 
Heat of sublimation 
(predicted) 
Compressive strength 
RT 2200 psi 
Shear strength RT 500 psi 
Tensile strength RT 200 psi 


2000 B.t.u./Ib 


6 
4 
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Compressive strength 
200 

Shear strength 200° F 

Modulus of elasticity 
RT 

Thermal conductivity 


1700 psi 
250 psi 


10° psi 
0-35 B.t.u./hr ft°F 


Thermal expansion 80 « 10°-*/°C 
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APPLICATION OF EPICYCLIC TECHNIQUES TO 
FLIGHT TEST DATA ANALYSIS 


RE-ENTRY 


C. R. BRYAN 


Radio Corporation of America 


Abstract 


dynamic data obtained from re-entry flight tests 


of the manual data handling 
known time variat 


correlation to the 


inherent in the usual curve-fitting methods 


A technique of data analysis is presented which has specific application to the reduction of 
This technique was designed to utilize directly the 


body-axis measurements of the instruments in the re-entry vehicle 


thus obviating the necessity for much 


Use is made of measured or 


ions of vehicle velocity and spin rate as well as atmospheric density to provide positive 


internally sensed free-flight motions 


The body-axis equations of motion are solved for the case of varying velocity, density, and spin rate, so 


lone as those variations 


represents the dvnamic motion of the 


handling may be reduced to a minimum 


and accuracy over other methods. In common with most reduction techniques, however 


is limited to small aneles of attack 


INTRODUCTION 
re-entry 


An ICBM upon 
experiences a rapidly changing environment in 


vehicle, re-entry, 
which Reynolds number varies from near zero 
to several million: velocity, from ~ 25 times 
the speed of sound to subsonic speeds: air 
degrees 
No 
present testing facility can successfully simulate 


temperature from many thousand 


centigrade to ground temperatures: etc 


all these conditions, not to speak of the changing 
manner in which they are felt by the re-entry 


vehicle. Complete experimental confirmation of 


aerodynamic design characteristics may then be 
obtained only in flight test wherein the vehicle ts 

subjected to conditions, the 
aerodynamic measured, and 
available to the 


actually re-entry 
behavior 
those made 
designer for analysis. With proper instrumenta- 


tion, gross aerodynamics such as pitching and 


gross 


measurements 


yawing rates, rough angle of attack, loads, etc.. 
may be determined from a preliminary examina- 
tion of the data. If. however, it is desired to 
reduce the data further to obtain aerodynamic 
coefficients, such as lift, drag. pitching-moment. 
damping-in-pitch, etc.. a much more precise 
data analysis is required. 

Free-flight test data are generally in the form 


can be represented by certain preselected mathematic forms 
chicle as measured by internal instrumentation 


The solution 
The data reduc- 


procedure, furthermore, may be programmed on automatic digital machinery so that manual data 


This technique thus offers the distinct advantages of expedition 


its accurate use 


ind no provision is included for nonlinear aerodynamic coefficients 


of histories of angular rates and attitudes and 
accelerations about and along each of the three 
body axes, together with pertinent trajectory 
information, such as spatial position, velocity, 
altitude. etc. In a ballistic range. these data are 
pre- 
these 


vehicle and at 
For 
reasons, range data are reduced using a system 
based on ballistic axes and with the data varying 
with downrange distance 

In ordinary flight tests, measurements will 


measured exterior to the 
determined positions in the range 


be interior to the vehicle and will be presented as 
functions of time. Measurements of rates and 
accelerations interior to an oscillating, spinning 
vehicle are in a body-axis system. Furthermore, 
any operation required to put the data in a form 
compatible with any other system of axes will, by 
the very nature of such computations, reduce 
the data accuracy and thus the accuracy of the 
results of any computations involving these 
data. For this reason, it is desirable that our 
data reduction be conducted in the body-axis 
system of coordinates. Also, since the various 
bits of data are time-correlated, we will use time 
as the independent variable for our solution. 

In the ballistic range, much has 
attended the use of a technique of curve fitting 


success 
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an epicyclic or tricyclic motion to that measured 
in or from the vehicle, and subsequently deter- 
mining the aerodynamic coefficients from the 
damping rates and oscillation frequencies thus 
found. The solutions to the equations of motion 
(which solutions take the form of the epicycle 
or tricycle used in this context involve the 
assumption of constant velocity, density, and 
spin rate. Unfortunately, they would be of 
limited application to the case of a re-entry 
vehicle descending at the rate of thousands of 
feet per second. decelerating at a dozen g’s and 
simultaneously being spun up by aerodynamic 
fins. It is then necessary, for this reduction, to 
obtain a solution to equations permitting known 
changes in density, in velocity, and in spin, 
inasmuch as spin rate has been shown to exercise 
a significant effect on both damping and oscilla- 
tion rates 

Fortunately. in a large part of the time from 
re-entry to impact, a_ well-designed vehicle 
oscillates at relatively small angles of attack. 
Second-order variations of the coefficients with 
angle of attack may then be ignored in the first 


approximation. Once “‘effective’’ values—those 
computed assuming linearity with angle of 
attack—have been obtained for several flights, 


they may be correlated with angle-of-attack 
envelope and ultimately with angle of attack 
Mach number also ts essentially constant through 
much of the trajectory. The simplification is 
therefore used that, for the range of applicability 
of a given solution, the aerodynamic coefficients 
are essentially invariant with both Mach number 
and angle of attack. Some of these conditions 
have been met in previous solutions. Migotsky, 
for instance, in his analysis.“ varies density, 
velocity. and all the aerodynamic coefficients, 
being limited only to small angles of attack, 
constant moderate spin, and (unfortunately for 
our purposes) a ballistic axis system 

It can be shown readily that the full aero- 
dynamic six-degree-of-freedom 
motion are much too difficult for direct solution 
in closed form. However, certain simplifications 
do make it possible to obtain an approximation 
to the general solution by a device known as the 
WKB method. For our purposes, we will present 
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the aerodynamic body-axis equations as they 
apply to the re-entry 
ballistic vehicles and then proceed to the simpler 
forms which are still applicable and which are 


present generation of 


in addition amenable to solution. 


SYMBOLS 


Numerical determined 
by the exponential 
velocity, density, and spin: u — uy 
Po They 
have the dimension I/sec 

Coefficients in the equation of the 
Ax + Bx = C 
may or may 


a, bh, ¢ quantities 


variation of 


e. p 


form xX These 


coefficients not be 
complex or constant 
Direction cosines from the gravity 


z body axes, 


4z. Bz. Cz 
vector to the x, y, 

respectively. 
C, The rolling-moment coefficient, 
(Moment about x-axis) 

kp Su® D 


C, The damping in roll derivative, 


ag The pitching moment coefficient, 


(Moment about y-axis) 
D 
C,, The pitching moment derivative, 
oC, 
Ca 
Ci The damping in pitch derivative, 


That coefficient of pitching or 
yawing moment induced at zero 
angle of attack by manufacturing 
error. 

The coefficient of Magnus pitching 
moment, 


#C, 
8 OpD/2u) 


(Coal 


| 
2u 
Ca 
0 
(Cm), 


C. R. BRYAN 


The yawing moment coefficient. 
(Moment about z axis) 
D 
The yawing moment derivative, 
( eC,,/cB 
The damping in yaw derivative, 
rD 
The coefficient of Magnus yawing 


moment. 
fac 


2u 
The coefficient of normal force. 
(Force normal to x axis) 
The normal force derivative. 


The 


derivative. 


damping in normal force 
g D 
CC | 


aU 


The coefficient of Magnus normal 


7) 


force. 
(Cy) c*¢ 


coefficient the 


The 


vr, vy, 2 body axes, respectively, 


force along 
force 


That force coefficient along the 


x, vy. 2 axts induced by manu- 


facturing error 


The force derivatives along the 
and = axes, respectively, 


The damping in force derivatives 
along the y and 2 axes, respectively, 


Cy (5), 
dD 
(5, ). 


Cz 


(Cy), 


(Cz), 


The Magnus force coefficients 


along the vy and 
pD 


fac | 
2u 


(Cy), c* ¢ 


pb 
(5, 


Reference dimension, ft 
Operator, (x) dx di 

Indicator of envelope value, Faq 
Fiq + ir) = Kt) + Kat) 
Acceleration of gravity, ft sec* 
Altitude above Earth’s surface. ft 
Reference altitude in the function, 
h h, ft 
Numerical value of 


sin > 
equal 
inertia. 


the 
transverse moments of 
slug-ft* 

The special function. 


B 


inertia 


4° 4 
about 


4 5 
Moments of the 
indicated axis 


Products of 


slue-ft* 


inertia about the 
indicated axes, slug-ft® 

See equation (25) 

Accumulated constants of integra- 
tion 

Yawing moments about the x, rv, z 
axes ft-lb. When 


written with subscripts, they are 


respectively, 


dimensional coefficients as defined 
in the following 

Dimensional rolling-moment 
DC, 21,. Note that 
coefficients con- 


efficient. 
the dimensional 
tain no variables; when p, p or u 
are varied, the 
(designated by the subscript 0) are 


reference values 
used in the coefficients 

The dimensional coefficient of 
damping in roll, pSuD*C, /4/, 
Mass, slugs 

The dimensional pitching-moment 
derivative, pSuDC,,, /2/ 

The dimensional coefficient of 
damping in pitch, pSuD*C,,/4/. 


> 
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D 
(C,) 

Cy 
} A 
" 

Cy 

(Cy) 

3 
Cx, Cy.Cz M,N 

Cz 
cp Ca 
g 
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The dimensional coefficient 
Magnus moment, pSD*(C,,),, /4/ 

The transverse moment about y, 
axes respectively induced at zero 
angle of attack by manufacturing 


error. 
pSu® DC, /21 or pSu?DC,, /21 

The dimensional normal-force 
derivative, pSuCy /2m 
The dimensional damping-in- 
normal-force derivative. 

oSuDCy /4m 
The dimensional derivative § of 
Magnus force, pSD(Cy),, /4m 
Angular rates shout x, y, = body 


axis respectively, rad/sec 
Reference spin rate defined by the 
Poet 


The complex yawing rate. g — ir, 


relation p ' rad/sec 
rad/sec 

The reference area, ft* 

Time. sec 

free-stream 
= body 


Components of 
velocity along the x, y¥. 
axes, respectively, ft/sec 
Reference velocity defined by the 
relation. = u, ft/sec 

The complex transverse velocity. 
iw, ft/sec 

Total velocity of the center of 
gravity with respect to the ground, 
ft/sec 

Total vehicle weight. Ib 

Body axes: a Cavtesian coordinate 
system fixed in the body. x lies 
along the body axis of symmetry 
and is directed positively from the 
origin of x to the nose of the body 
The x, 3 coordinates of the 
center of gravity, ft 

Aerodynamic or other forces lying 
along the x, vy, 2 body axes, 
respectively, Ib 

Aerodynamic force along the x, y. 
> axes, respectively, induced at 
manu- 


2m, |b 


zero angle of attack by 
facturing errors, pSu*C 


0 
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Greek 


a, B The classic body-axis angles of 
attack and sideslip, respectively, 
rad. 

trim Angular trim angle (off-zero), rad 

a [he non-dimensional radius of 
gyration, o (/mD*) 
Flight-path angle, measured nor- 
mal to and positive above the 
horizontal, rad. 

p mass density of air, slug/ft® 

Po reference density defined by the 
relations, p = p, slug/ft® 

Wy natural pitch oscillation frequency, 


rad/sec. 


Special Notation 


total derivative of ( ) with 
respect to time, d( )/dr 
exponential of ( ), 


see equation (25) 


b, or ) 


exp( ) 
[k,. ke, ks} 
DERIVATION 
Body-axis Equations of Motion 
The standard body-axis system of aerodynamic 
coordinates is shown (Fig. |). Subject to certain 
qualifications, the six-degree-of-freedom equa- 
tions of motion containing all the terms and 


X,Y,Z= INERTIAL AXES 
x f K,y,2= BODY AXES 
Vv VELOCITY VECTOR 
— 
Y 
V 
\ 
\ \ 4 
\ 
Z 


Fig. |. Body axis coordinate system. Note: Az, Bz, Cz 
are the cosines of the indicated angles. 


M,. 
No 
N 
\ 
; 
= \ 
P.q.! 
Uy 
3 
rv. 2 
4x. Ay. Az 
: 
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quantities significantly affecting the dynamics of (b) Cy 
a simple (no-control) vehicle during re-entry may ic) Cy 


be written as 
id) ¢ 
‘ : fe) (¢ ) cf ) 


Ax(pi = 22 (Cy) (Cz) (Cy) 
2) The above derivatives are linear with angle 
of attack or side slip 
The body travels in a flat-Earth Cartesian 
ug rp — Az(p* + q*) + coordinate system 
Axirp j Avira ~ py Winds aloft are negligible 
Angles of attack and side slip are small 
such that 
(r*—¢° (pi aul 


ur)| ; For convenience of notation, these equations 


, COS a COs 


may be rewritten 
gr\l 


m{ wa) Avipq — + 


(¢* (rq pV rp p* q*) 
m{Ax(t np ur) Axtrp qd) Avirg p) 


mgAz pq, 1, +t? — 
v. + }pSVDrCy (pr 1 mI — ug 
LoS Dwpi(Cy), + meBz rp) — Art up 
bLpSVwCy loSVDqCy. + j> Ul (p+and,, 
| pS Drpi(Cy) meCz (p? — C,./1,) + (pq — FM, 1 
mg|4zCz — AyBz) + — vr wg) 
(g? — p*)U,,/1.) + — 1.) 


Dw 
SV Dig bp SV2DC 


| pS D*pr(Cy),,, + mgdzAz — wp + wr) 


vA 
Dr u wq)] 


oSV boSV2DC,, + gAz 
oS D*pwiC,) (ly) tN, + rN, — pwN,, + Yo + gBz 
To thus write the equations, one assumes: wi q \ > pt N, j Zo of 7 


(1) The body is nearly axisymmetric such that, m/I,g(42Cz — + 
to first order: wM, + qM, + prM,, 
(a) C,,, + M, + (meg/l,) 


Cz CA 
Cz Cy 
mole 
2 
> 
A 
=M 
=A 7 
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XN rM, 


Vo 


pwM, 


(meg/l.) AvAz. (2) 


Certain simplifications are necessary before 
these equations may be solved to a usable form. 
Let us the 3 that 
/ / I. We may further relocate the origin 
such that 4x 
such that 4y 
then 


relocate and 2 axes such 
0, and we may balance the body 
4z=I! 0. If we 
manufacturing errors to be 
M N, = 0, 
the body is in perfect balance. It can be shown 
that to first order, all these eccentricity terms 


assume 
negligible such that 


which we have omitted enter the second-order 
differential the 
geneous term, and that this term contributes (at 
first the third—the 
tricyclic-arm of the solution. Inasmuch as the 


equation only in nonhomo- 


least to order) only to 


solution we find will represent small perturba- 


tions about a predetermined trajectory, 


effect 
changes in trajectory path angle. It is not difficult 


we 
must bias the data to eliminate the of 
to bias the data so as to eliminate the third arm 
also. This arm, in body axes, is a slowly changing 
point off the origin about which the dominating 
motion revolves 
From some source (be it measured, computed, 

or derived) we assume a knowledge of the 
trajectory and spin characteristics, and that by 
some means we can reduce the velocity, density, 
and spin time histories to known algebraic 
functions of time: 

u(t) 

p(t) 


p p(t). (3) 


With these assumptions we may reduce the 


equations to: 


wp + ur rN, pw N, (4a) 


ug + Up wh qN, puN,, (4b) 


q (1 I )pr wM qM, pl M (4c) 


(1 — rM, + pwM,, (4d) 


where, it must be remembered, u, p. p, and any 
function containing one or more of these values 
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are varying with time. The g terms are dropped 
because their effects on trajectory are included 
in the w and p functions, and their effects on 
oscillatory dynamics are automatically biased out 
of the basic data. 

Let 
reduce our equations to two complex second- 
order differential equations. Let us define 


us now follow common practice and 


(5) 
If we multiply equations (4b) and (4d) by the 
imaginary i and add them, 


respecti\ ely, to 


equations (4a) and (4c), we obtain 
(6a) 
(6b) 
where 
ipN, 
iN, 
=—iM 
ipl 


iu 
pM, 


M, (7) 


By performing the proper operations, we can 
separate the variables in these two equations, 
(6a) and (6b), and obtain two equations, each 
in only one of the dependent variables. If we 
perform the operation 


3 


f, (a). 


we eliminate the variable ¢ and obtain 


G+ Aqg-— 


where 
A, 
B, 


fa/fs 


(8a) 


i 
On the other hand, if we perform the operation 
+f, — ff) (a) — fo (>). 


we eliminate g and obtain: 


where 
fy 
- 


fife 


(a) 


the understanding of the vehicle 


| | 
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dynamics is a knowledge of the time history of 
angle of attack. By the use of the small-angle 
assumption, we may transform equations (9) and 
(9a) into angle-of-attack terms. Let us note that. 
at small angles 4 3 + ja = &/u, and using the 
functional approximation to the velocity u. we 
can write (remembering that r is here variable 
with time) 


ft > ua (10) 


We may find the first and second derivatives 
of ¢ from equation (10) and substitute for the 
corresponding values in equations (6) and (7). 
After collecting terms we find that we have a 
new set of simultaneous differential equations 
namely 


(lla) 
(IIb) 
where 
\ ipN 
iN i 
iuM upM 
ipl V/ 


We perform the operation 


[F + fe —falfel (a) fyb). 


and obtain still a third linear second-order 
differential equation with non-constant co- 
efficients 

(13) 


where 


The WKB Solution 

All these equations have certain characteristics, 
namely. that under our assumed conditions of 
small angles of attack the motion will be nearly 
harmonic in that the damping magnitude will be 
small compared to that of the oscillation. The 
WKB method of solution is ideally suited for 
such equations and has been used by Migotsky 
It is unnecessary to repeat that derivation here. 


Suffice it to indicate that the approximate 
solution for small, constant spin rewritten tn 
terms of body axes and with a time reference, is 


> 


| 4d 


il (14) 
4\9 


where 
(15) 


Exponential Variation of Velocity, Density, and 
Spin Rate 

The atmospheric density may be approxi- 
mated in any given altitude range by the relation, 
p > py e®". Indeed, if the range is sufficiently 
restricted and the coefficients p, and 8 carefully 
chosen. the approx::aation to data obtained in 
high-altitude soundings can be very accurate 
This approximation does not, of course, account 
for variations induced by local weather 
conditions. Allen and Eggers’ showed that if 
the drag coefficient is assumed constant, velocity 
can be determined as a function of altitude, so 
long as the flight-path angle remains constant, 
and is 


DPoS 


Vp exp < (16) 
} 28m 


This expression can be rewritten in terms of 
time by use of the relation, 


h—h, + Vrsiny. 


and ts then 


| | ( DPo® 
4 
28m 


) 
exp + Vrsiny)] 


The velocity and density time histories given by 
these expressions have been plotted for typical 
re-entry conditions of a  low-performance 
CpS 100) and a_ high-performance 
(HW CpyS 1000) vehicle. (Fig. 2.) It can be seen 
that no one simple exponential will accurately 
describe even this analytic history of either V or 
p throughout the time region shown. The prob- 
lem is even further complicated by the addition 
of nonstandard weather conditions, changing 
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Fig. 2a. Variation of velocity with time for typical re-entry trajectories 
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40 
TIME. t. SECS Fig. 3. Variation of density and velocity with time 
during a typical re-entry T = 0 ath = 300,000 ft 
2b. Variation of air density with time for typical 
re-entry trajectories Ventry — 23,500 ft/sec 
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flight-path angle, and a drag coefficient varying 
Mach number Reynolds number 

variations which should be expected in most 
flights. An example time history of velocity and 
density is given (Fig. 3) for a specific flight of 
a typical high-performance body. It be 


with or 


may 


Table |. Velocity 
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tions would be merely curves comprised of 
straight-line segments between tics (when plotted 
on semi-log paper). The actual slopes a and bh 
determined from thise plots and used in later 
computations are given in Table | 

In the event that, during re-entry, spin is 


and Density Approximations 


0-000925 


0-00111 


0-00146 


0-00174 


0-00187 


0-00208 


0-000311 0-2218 
0-00436 
0.01398 
0-02440 
0-03996 
0-05987 0-2395 
0-08174 0:2180 
0-1031 0-1675 
0-1124 0-1375 
01123 0-09148 
0-1037 0-06079 
00-0989] 
0-08835 0-02502 
0-06027 0-01801 
0-02605 0-01775 


0-01473 0-01764 


Note: In these approximations, ¢ begins anew at zero in each time segment. Therefore, 
at the beginning of the time segment, and a 


seen that these time histories can be approxi- 
mated per cent by 
To illustrate this point, between 
any two tics on the curves (Fig. 3) a given set of 
to apply. The 
differences between the representation of the 
actual curves of density and velocity by the 
exponentials and the actual curves themselves 
would scarcely be noticeable. Such representa- 


within few several 


exponentials 
considered 


exponentials was 


introduced by aerodynamic means, it can be 
shown that the spin growth with time will be 
similar to the density curve (Fig. 3). Again. 
obviously, the spin variation with time can be 
represented for more or restricted time 
ranges by an exponential expression 

Let us then suppose that we obtain, by what- 
ever means, a time history of the three para- 
meters, altitude (and thus density), velocity, and 


less 


16:1 23,587 5-80 10° 
25-1 23,522 4-2 10° 
21 22.815 28 10 
+1 22,188 5-21 10 
61 21,132 916 « 10 
38:1 19.513 1-53 10-4 
i 
40:1 17,311 2-47 « 10-4 
42:1 14.700 3-82 10-4 
9,601 703. 104 
491 6,854 
$,022 
59:1 2,513 
1,354 
83 
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spin rate. The method of doing this is of no Similarly, 


fonsequence to our equations, except the byt ‘ 
eqt ep R e2 | ) ip \ e(a+2 
determination should be as accurate as possible. rs 

u gM, e e 
Once having them, however, we may approxi- é, 
mate their variation with time in a given time pil f,/1) ip,M,e 
range by exponential functions such that ipoN, — ip 


(18) 


Note that the values a. b and c have no obvious 


relation to previous altitude-referenced 
exponential definitions: for instance, to that in NM, N,e@**' 
NACA TN 4047. ueM. — M, e“ 


pi (57) — ip M, + N.) 


Spinning Body-axis Solutions 
It is now desired to incorporate these 
exponential approximations to p and p into our 
WKB approximate solution. Relations (18) are / j 
inserted into relations (7) and (12), and thence p> >) ' ee 
into equations (8a), (9a) and (13a). These latter 
equalities are inserted into the WKB solution, + — oN, (q—c) 
equation (14), and the quadratures performed to 
reduce the solutions to closed form. Let us follow 
briefly the steps required in one of these reduc- for most vehicles of the type considered 
tions to show the assumptions that went into axisymmetric and with fairly small damping 
this solution. characteristics—the term involving — u)M, will 
Consider the nonconstant coefficients of be of larger magnitude than all the other terms 
equation (8), after the exponentials have been ¢ombined in the coefficient B. In this case. we 


Ha + by (21) 


incorporated. may closely approximate /'* by expanding the 
radical in the power series and retaining only 
the first two terms. Let us define the so-called 
“natural pitch frequency”, 


4, ipl ./1) 


ipoN, Wo ( uM.) * (22 
+ bye! — poM, (b — cy and we may write as 
(19) 
[i Me PoM, nine "Po 


The M,, term in the denominator of the large 
fraction can be shown to be an order of (a + b — cle (-a-b 
magnitude larger than the M, term. It is not 2/ 
unreasonable, then, to ignore the M, in the 

denominator and write 


VM, exp 


A, = ipf2 — — (M,— j 
PoN (19a) 


MN, 
p = poN,, M, (20) 
Poe. and 
g in (a cy ett 
| 
3h 
49 
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(3 


UoPoM,, exp 


(,,) exp | 2 
3h 


poN,, exp 


(23) 


The same assumption also yields 
a hb 
(5 4) 


, (all the other terms) 


gia x 2 exp 


Ke 


Because the w! 


term ts generally even more 
strongly dominant, we may drop the other terms 
in %'* If we absorb the wi? into the 
accumulated constants of integration K,, .. we 
have 


We are now in position to write the solution in 
a simplified closed form. Before we do. however 
let us note that there will be a repeated exponen- 
tial form fe ““" dt which upon in- 


tegration vields 
e 


For simplicity in writing the equations, so as 


not to obscure the meaning of the result any 
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more than absolu 
artificial definition 


[Ky. ka, Ky 


and write the solu 


q Ki, 2 4 


tely necessary, let us use the 

}= (25) 
+ 

tion as follows: 


(M, 


Po 
3/2, 1] 
uoM,, [0.4 1) 
0.4.1) 
4u, 
Pen (M V.){0, 3/2, 1] 
i} + we 4, 0} 
| 
/ 
Po | (0, 0. 1] 
VM 
2) + 3/2, 0] 
0) 
Pa we 
Rw, Neal 2, 2] 
{a hy | 
>t (26) 
Sw | 


where K, 


initial conditions 


are constants depending upon the 


i 
owe | 2 
| 
h / 0 } 
th 
nN (MV V Jex 
exp cH 
4w, 
h 
4w pe exp | | ) | c) 4 
oa 
2 
| 
x Po 4 
|__| 
1 | 
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In the same fashion, the solutions for # and and 
are: 
f h 
K,,, exp < 47 
+ 1, 0] 


N 1, 0) t N [0 | 0] 


vV_M,, (0, 3/2. 1] 


j N,(M, + N,)(0, 3/2. 1] 


Po 


[0, 4. 1) 
NV.) (0, 3/2, 1] 
Po (4, 
(5,)™, 4. 1) 


> 


uoM,, 4, 1] 


i} weft, 4.0] 


) ? ( 


NA 
Uo 


2 
(ay) 


hb? + ab 
4w ( a 
NV..)[0, 4, 0] 
4, 0] 
NV 3/2, 0) 
1/21) {0, 0, 1) 


(M, + 3/2, 0] 


N,) (0. 4, 0] 


(M, + 3/2, 0] 


5 


= 


(0, 1, 1] Pi (5) 


| 
Po 
(a c)i—!, —4, 1] 3 
Po ,, 
c){—1, 4, 1] I, b 
Vo 1, 3,1 
Po 
>, N M, ?. ] | 
Po /, 
>, N.) (0, 4, 1] 
h 
p 
2 
4 
: Po (—1, 3/2, 2] 
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by space and weight considerations, the angular 

rates can be obtained by pairing integrating 

accelerometers on a given axis. Other readings 

available without major data manipulation are 

likely to be linear accelerations and, possibly. 

angular accelerations. Of these, only the angular 

rates can be matched with a relatively simple 

solution. For the purpose of dynamic analysis of 

flight test data, therefore, we shall concentrate 

our attention on the angular rate (the q ir) 

solution 

An order-of-magnitude study has been made 

of the terms of the g solution to determine their 

DISCUSSION relative mportance in this regard. For this study 

Probably the most accurate data obtained in “ ‘YP cal high-performance re-entry vehicle was 

flight tests (i.c.. the data least likely to be dis- ChOSeM. Its aerodynamic coefficients estimated 
turbed by crosstalk from unwanted axes) is 
that obtained from angular rate gyros. Even 


where the use of linear accelerometers is dictated 


Fig. 4a. Order of magnitude comparison of the damping Fig. 4b. Order of magnitude comparison of the damping 
and frequency terms in the g solution; (a) damping and frequency terms in the @ solution; (b) frequency 
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(insofar as was possible or necessary), and each 
term computed from re-entry to impact for a 

ICBM The 
chosen mile 


re-entry trajectory 
5500 


high-per- 


generalized 


trajectory was a standard 


minimum-energy trajectory for a 
CpyS =~ 1000) vehicle Re-entry 
an altitude of 300,000 feet were 
21-7 


formance 
conditions at 
Vy 23.500 fps. (Fig. 3) 

Term by term, the contributions to the general 
The 


individual contributions to the g solution which 


solutions were computed and compared 


may be significant are shown (Fig. 4). The solu- 
tions were then rewritten omitting those terms 
which were shown by this analysis to be negli- 
gible in comparison with the others The reduced 
solutions thus obtained are 


(1. 4,0] Pol! 0, 1] 
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Comparison with Allen's Solution 

At first examination, Allen's planar, nonspin- 
ning solution for Ea/ag“) apparently lacks the 
velocity exponential found in the present solu- 
tion. A litthke manipulation shows its presence 
however. Let us consider as follows 


(1Se) of TN 4048 reads 


equation 


a 


e 


> 
2)! 2 


so that 


Ea — constant ef"'4 if k, 0 


We need not define Allen’s symbols except to 
point out that in his notation p We 
differentiate Ea to find: 

d) 


Pa 
constant 
dka dy dka 
V sin 
dr dy dr dy 
so that with the present velocity approximation: 


namely 
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this expression becomes 


dka dFa 
di 


sin Ve 


constant e 


constant ‘) 
Now, for a straight-line trajectory, 


d) 


sin 
di 


sin 


and. 


Vosin@e 
e 
a 
Substituting: 
constant exp .al e 
dr 4a 


The term 8, sin @¢ e*'/at is the integrated 
density change and thus corresponds to the 
term hr. We may thus rewrite the last equation as 


dka 
dr 


constant exp {ja — b/4}1 


and finally obtain upon integration. 


Fa = constant exp {a — b/4}1. 


Thus, the real part of the present solution 
(for p \ 0) corresponds 
directly to Allen’s form using density which 
varies exponentially with altitude. Allen’s form 
has the advantages of simplicity of use and a 
longer single range of applicability (because 
velocity 1s more accurately represented by the 
compound exponential form. } 
exp [constant 


constant 
exp (constant . y)]. The present 
solution has, however, the advantage that, un- 
like Allen’s it may be applied with accurate 
results at any altitude, including those below 
that for maximum dynamic pressure 

Sellars and L. Lees have published on more or 
less restricted circulation WKB solutions to the 
planar equations. These solutions are in integral 
form and require a high-speed digital computer 
for their efficient use. None of these previous 
solutions are for the body—axis equations. 
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Comparison with Nelson's Solution 


If velocity, density, and spin are constant, 


equation (31) can be much simplified to the 


following form: 


a “trim 


K,,.exp — N.) 


+ N.) 
2w, 2] ; 


(M, + N.¥ — +. 2) 
| 


Nelson" solved the constant-velocity and 
spin, horizontal-flight equations to obtain the 
solution in the following form (rewritten in terms 
defined herein): 


a trim 


Note that the w, in Nelson’s solution is not the 
same as that used in this paper but rather is 
defined as the last term in equation (33). 

If the same approximations are now made on 
the radicals in Nelson’s solution, it can be made 
to coincide term by term with the present form. 
An advantage of the present form is that, even 
in the constant-coefficient case, the effect of an 
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| P =*(M, + N,) 
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individual parameter can be traced more easily. 
In addition, there is the main advantage of the 
varying velocity, density, and spin rate. 


Data Reduction 


The technique for utilizing the solution de- 
termined in this paper is fairly straightforward. 
The steps required may be outlined as follows: 


(1) Raw telemetered data is read, instrument 
calibrations are determined from inflight cali- 
bration signals, and time histories of the turning 
rates about the three body axes are prepared 

(2) These time histories are broken into short- 
time segments. 

(3) The q 
ment is fit to a constant-arm, constant-w epicycle. 


ir time history in each time seg- 


Any tricyclic arm, representing a vehicle trim 
induced by body weight or geometric inbalance, 
is biased out for the reasons given above. In 
effect, in this step, an epicycle is found whose 
arm magnitudes and rotational velocities are 
the average of those really in the data. This 
epicycle is assumed to exist at the mid-point 
of the time segment. If the epicycle arms are not 
damping too rapidly, this can be quite accurate 
a procedure. 

(4) A time history of epicyclic arm magnitude 
and rotation-rate is prepared. 

(5) These time histories are fitted by means of a 
least-squares technique to the damping and 
frequency functions found in the solution. 

(6) Simultaneously with the above, the tra- 
jectory data are analyzed, and in each time 
segment, the exponential approximations to 
velocity, density, and spin rate are prepared. 

(7) Once the damping and frequency time 
histories are known, standard computer tech- 
niques permit the determination of each of their 
constituent terms, provided (and this is an im- 
portant restriction) nonlinearity of the deriva- 
tives and coefficients with angle of attack is not 
excessive. However, even where there is reason 
to believe strong nonlinearity exists, “effective” 
damping terms can be found as a function of 
altitude, velocity and angle-of-attack envelope 
for any given flight. If then several flights are 
obtained under varying re-entry conditions and 
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the data reduced, these data can be usefully 
correlated to an angle-of-attack reference. In 
this form, the coefficients and derivatives are 
most useful for design purposes. 


The data reduction routine which has here 
been described in a simplified fashion was de- 
tailed in an Avco RAD internal document by 
W. C. Wettergreen, and is presently being pro- 
grammed for use in flight-test data reduction. 
Essentially this is the same technique proposed by 
Nelson, except that the solution used imposes 
no restriction on velocity, density, and spin. 
Since these parameters change by orders of 
magnitude during re-entry, use of the present 
solution should yield substantially more ac- 
curate results than those yielded by use of the 
constant-condition solution. Data accuracy is 
further improved in that input data are used 
which have been subjected to a minimum of 
manipulation. 

Incidentally, although this has not been em- 
phasized, the solution herein described is very 
useful for design purposes in that it provides a 
useful tool for a rapid accurate analysis of angle- 
of-attack, transverse velocity, and/or transverse 
rotational velocity during conditions of rapidly 
changing velocity, density, and/or spin. 


CONCLUDING REMARKS 

Elementary curve-fitting techniques of data 
reduction depend for their accurate use upon the 
effective smoothing given by a multitude of in- 
solutions to the equations of 
Generally, no particular form is imposed upon 
the data, and further smoothing consists of high- 
and/or filtering. In the 
epicyclic technique imposes a definite form on 
the data. Even fairly rough data can be forced 
into an epicyclic routine, provided there are 
enough data points, and provided the original 
motion was epicyclic. The accuracy with which 
the resultant epicycle represents that original 
epicycle depends to a large extent upon the 
degree to which the equations, represented by the 
solution used, conform to the nonlinearity of 
the aerodynamics involved. The advantage of 
this over Nelson’s technique is simply that the 


verse motion 


low-pass contrast, 


3 
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present solution is applicable over longer inter- 
vals of time with the concomitant improvement 
in confidence in the accuracy of the signal with- 
drawn from the inevitable background noise. 
By use of the solution given herein the com- 
ponent arms and rotations of the determined 


epicycles can be reduced to actual variations of 


coefficients of lift. moment, moment damping, 
and, in exceptional circumstances, Magnus 
moments. The accuracy with which these aero- 
dynamic derivatives can be obtained is ob- 
viously a function of confidence in the trajectory 
data. 
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